III.  Trigonometric  Equation  and Identities
         A.  Basic  Identities

               1.  Reciprocal Relations
                    a.  sin  x = 1/csc x         d. csc x = 1/sin x                g.  tan x = sinx / cos x

                    b. cos x = 1/ sec x         e.  sec x = 1/cos x               h.  cot x =  cosx / sin x

                    c.  tan x  = 1/cot x         f.   cot x = 1/ tanx   

               2.  Pythagorean Relationship

                    a. sin2x + cos2x = 1

                    b. sec2x - tan2x = 1

                    c.  csc2x - cot2x = 1

               3.  Functions of Sum and Difference of Two Angles
                    a. sin (x ( y) =  sinxcosy  ( cosxsiny

                    b. cos (x ( y) = cosxcosy +  sinxsiny

                                                tan x ( tan y

                    c.  tan (x ( y) =

                                                1 +  tanxtany

                                                 cotxcoty + 1

                    d.  cot (x ( y) =

                                                 cotx ( coty

                                                 (secxsecy)(cscxcscy)

                     e. sec (x ( y) =

                                                  cscxcscy + secxsecy  

    

                                                 (secxsecy)(cscxcscy)

                     f.  csc (x ( y) =

                                                 secxcscy ( secycscx  

             4.  Functions of Twice an angle
                     a. sin 2x = 2sinxcosx

                     b. cos 2x = cos2x - sin2x

                                     = 2cos2x -1  

                                     = 1- 2sin2x

                                         2tanx

                     c. tan 2x =

                                        1- tan2 x

                                        cot2x -1

                     d. cot 2x =

                                          2cotx    

                                          sec2xcsc2x

                     e.  sec 2x =

                                          csc2x - sec2x 

                                              sec2x

                                     =

                                            2 - sec2x

                                             sec2x

                                     =

                                           sec2x - 2  

                     f.  csc 2x =  1/2secx cscx

              5.  Function of Half an Angle:

                     

                                              1 - cos x

                   a. sin 1/2 x = (
                                                  2


                                               1+ cos x

                   b. cos 1/2 x = (
                                                   2   

                                           1- cos

                   c.  tan 1/2 x =

                                            sin x

                                            sin x

                   d. cot 1/2 x =

                                            1- cos


                                                 2secx

                   e. sec 1/2 x = (
                                                secx + 1

        

                                                 2secx

                   f. csc 1/2 x = (
                                                secx - 1

              6.  Sum and Difference of Two functions
                   a.  sinx (  siny = 2 sin1/2 (x ( y)cos1/2 (x + y)

                   b.  cosx +  cosy =   2 cos1/2 (x + y) cos1/2 (x - y)  

                   c.  cosx - cos y  = - 2 sin1/2 (x + y) sin 1/2 (x - y)  

                                                 2 tan  1/2 (x ( y) [1- tan2  1/2(x + y)]   

                   d. tanx ( tany =

                                                   1 – tan2 1/2 (x + y) tan2  1/2 (x - y) 

                                                 ( 2 cot 1/2 (x + y)[ 1 + cot2 1/2 (x ( y)]  

                   e. cotx ( coty = 

                                                      cot2 1/2 (x + y) - cot2 1/2 (x - y)  

                                                2sec1/2 (x + y) sec 1/2 (x - y) csc2 1/2 (x + y) csc2 1/2 (x - y)                 

                   f. secx + secy  = 

                                                csc2 1/2 (x + y) csc2 1/2 (x - y) - 2sec21/2 (x + y) sec2 1/2 (x - y) 

                                                 2sec21/2 (x + y) sec2 1/2(x - y) csc 1/2 (x + y) csc 1/2 (x - y)

                   g. secx - secy  =

                                                 csc2 1/2 (x + y) csc2 1/2 (x - y) - 2sec21/2 (x + y) sec2 1/2 (x - y)

                                                 2sec21/2 (x + y) csc2 1/2 (x - y) sec 1/2 (x - y) csc 1/2 (x + y)

                   h. cscx + cscy =

                                                  sec21/2 (x + y) csc2 1/2 (x - y) - sec2 1/2 (x - y) csc2 1/2 (x + y)

                                                 -2sec2 1/2 (x - y) csc2 1/2 (x + y) sec1/2 (x + y) csc 1/2 (x - y)

                   i.  cscx - cscy  =

                                                   sec21/2 (x + y) csc2 1/2 (x - y) - sec2 1/2 (x - y) csc2 1/2 (x + y)
B. Sample Derivations
     1. Reciprocal Relations:
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2. Pythagorean Relations
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3.  Functions and sums and difference of two angles
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   B.  Proving Some  Trigonometric Identities

               1.  Using Reciprocal and Pythagorean relationships, prove:

                     a.  tan x + cotx = secx cscx

                     b.  (1 +  tan2 x)/cscx = secx tanx

                     c. (1+sinx)/cosx = cosx/(1-sinx)

                     d. (1-2cos2x)/sinxcosx = tanx -cotx  

               2.  Using the Function of sum and difference of two angle:

                     a. Find cos 750 and tan 150 by setting  x = 450, y = 300  

                     b. Simplify the expression:  sin (x +300) + cos (x+600)

                     c. Prove: sin (A + B + C) = sinAcosBcosC + cosAsinBcosC + cosAcosBsinC - sinAsinBsinC

                     d. Given sinA = 8/17,  tanB =  9/40 ,  A is in 2nd quadrant, B in 3rd quadrant. Find  cot (A+B)

               3.  Using the Functions of twice an angle and half an angle formula:

                     a. Verify tan2A by setting A = 300   

                     b. Verify sin (B by setting  B = 600   

                     c.  Given: cos A = 24/25 in 1st quadrant, Find tan 2A and sin(A

                     d. Prove: tan (450  + (B) = (1+cosB + sin B)/(1 + cosB -sinB)

               4.  Using the sum and difference of two functions:

                     a. Represent as product: a1. sin400 + sin200
                                                               a2. sin320 + cos220  

                                                               a3. cos5A +cos9A

                     b.  Prove: b1. sinA + cos A =  2 cos(A-450)

                                      b2. (sinA + sinB)/(cosA - cosB) = cot ( (B-A)    
        C.  Trigonometric  Equation 

               - Conditional equation - Can be satisfied only by some values.

               - Identities or identical equations - can be satisfied by any value.
               - Trigonometric eq'n - Is a conditional equation but using identities to solve the problem. 

             Principle: 

                   1. Express the equation in one function and one angle.

             Examples:

                 1. sin A = cos A

                 2. cos2A + 2sinA +1 = 0    

                 3. 2sin2x -cos2x = 0           

                 4. 3siny -4cosy = 1

                 5. sin 2B = cos 3B

                 6.  4sec22C + tan2C = 7    
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