II.  Solving Oblique  Triangle
       Introduction:

                1. The Problem:

                            Oblique triangle has no equal sides and angles and no angle 900. One angle might be more than 900. Is the   trigonometric functions hold true?   

                2. Trigonometric Function of Any Angle. 

                     a. Generation of Angle on a Rectangular Coordinate.

                                                                                Y - ordinate 

                                                                                                            P

                                                                                    (+)        r                         Positive angle (Counter clockwise)
                                                           II                         Terminal side     I 

                                                                                                             y

                                                         (-)                              ( Initial side    (+)          X - Abscissa

                                                                               O             x

       Negative Angle (clockwise)    

                                                          III                                  IV   

                                                                                     (-)                                                            

                     b. Trigonometric Function of Any Angle

                                         y                ordinate                                                   r                 radius    

                          Sin ( =               =                                        Cosecant  ( =                = 

                                          r                  radius                                                     y                ordinate

                                                x             Abscissa                                           r                radius

                          Cosine  ( =          =                                       Secant (  =                 =

                                                r                radius                                             x               Abscissa

                                                  y           ordinate                                               x                Abscissa

                          Tangent ( =           =                                    Cotangent ( =             =

                                                  x           Abscissa                                              y                ordinate
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	y/r (+)
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	r/-x (-)
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	r/-x (-)
	r/-y (-)

	QIV 270<(<360
	-y/r (-)
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	-y/x (-)
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	r/x (+)
	r/-y (-)
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      A.  Law  of  Sine:

             1.   Formula:

                                       a              b                   c

                                                =                =  

                                   Sin A         Sin B          SinC

     2. Derivation:

                                                 C                                                                                    C

        

                                                              a                                                    b

                                      b        h                                                                               a        h

                                 A                 c                    B                    A           c          B   c'        D 


                                 sin A = h/b ;   h = bsinA   1                       sin A = h/b;    h = bsinA  1

                                 sin B = h/a  ;   h = asinB   2                       sin (180-B) =  h/a;    h = asinB   2

                                 bsinA = asinB    1 = 2                                 bsinA = asinB  1 = 2

                                       a               b                                               a                b

                                                =                                                                 =

                                     sin A        sin B                                         sin A         sin B    

       B.  Law  of  Cosine

             1.  Formula:

                   a2 = b2 + c2 - 2bcCos A

                   b2 = a2 + c2 - 2acCos B 

                   c2 = a2 + b2 -2abCos C

             2.  Derivation:

                                              C                                                                                         C


                                     b          h            a                                                    b                      h

                                                                                                                                     a

                            A                                                B                    A                         B 

                                      m              c-m                                                    c                      m

                                                 c

                                 h2 =b2 -m2     1                                                     h2 = b2 - (c+m)2         

                                 h2 = a2 - (c-m)2                                                    h2 = b2 - (c2 +2cm +m2)

                                 h2 = a2 - (c2 -2cm + m2)                                      h2 = b2 -  c2 -2cm -m2        1

                                 h2 = a2 - c2 +2cm - m2       2                                h2 = a2 -m2      2

                                 b2 -m2 = a2 - c2 +2cm - m2    1 = 2                      a2 -m2 = b2 -  c2 -2cm -m2
                                 a2 = b2  + c2  -2cm    3                                          a2 = b2 -  c2 -2cm    3
                                  cos A = m/b                                                        cos A = (c+m)/b

                                         m =  bcos A     4                                           m = bCos A - c        4
                                 a2 = b2  + c2  -2cbcos A  4 to 3                            a2 = b2 -  c2 -2c(bcosA - c)    4 to 3

                                                                                                               a2 = b2  - c2  -2cbcos A + 2 c2
                                                                                                              a2 = b2  + c2  -2cbcos A
       C.  Ambiguous Cases

                      Four Cases of Oblique Triangle.

                                 a. Case I - Two angle and a side given.

                                                   Principle in solving:

                                                           a.1 Solve for the remaining angle if the given side is not the opposite 

                                                                  of  any of the given angle..   A+B+C=1800
                                                           a. 2 Apply sine law for the remaining sides.
                                                   Example:
                                                                Find the other parts of the triangle if A =400, B=600 and c =50m. 

                                 b. Case II -  Two sides and an angle opposite one of them given.

                                                   Principle in solving:            

                                                            b.1 Check for ambiguity
                                                                   b.1.1 If the angle given is less than 900

                                                                                   C

                                                                    b                      a1
                                                                           a3    h a2  a3     a4    a5

                                                      A                                                           B

                                                                                 c

                                                               If a = a1 < h (bsinA) ; No solution, hence no triangle formed.

                                                               If a = a2 = h (bsinA) ; One solution, hence right triangle is formed 

                                                               If  b>a = a3> h (bsinA); two solutions, hence one id obtuse and 

                                                                           acute angle are formed. 

                                                               If a = a4 = b ; one solution, hence isosceles triangle is formed.

                                                               If a = a5 > b; one solution, hence oblique triangle is formed.                                                          

                                                                   b.1.2 If the angle given is equal or greater than 900
                                               C                                                          C


                                               b        a1      a2                                                b     a1        a2    


                                               A                           B                                           A                          B

                                                                If a ( b No solution; hence no triangle formed.

                                                                If  a> b one solution; hence oblique triangle is formed. 

                                                            b.2  Apply sine law if there is a solution
                                                    Example: 

                                                                  A = 750,  a = 20 cm. ,  b = 10 cm. Find the remaining  parts

                                 c. Case III - Two sides and the included angle given:

                                                   Principle in solving:

                                                           c1. Apply cosine law to solve for the remaining side

                                                           c2. Apply sine law or cosine law for the remaining angles

                                                    Example

                                                                    a= 25,  b= 30,  C = 500 , find the remaining parts.                  
                                 d. Case IV - Three sides given

                                                   Principle in solving:

                                                          d1. check if there is a solution.

                                                                  If  a+b < c  no solution hence no triangle formed.

                                                                  If   a+c < b no solution, hence no triangle formed

                                                                  If   b+c < a no solution, hence no triangle formed.

                                                          d2. Apply sine law if solution is available to solve for the angles.

                                                    Example. 

                                                                      a = 5,  b = 6,   c= 9 find the other parts.

       D.  Areas

             1. Area of a triangle;

                  Formula:

                        a.   Area = ½  bh                          If the base and the height is known  

                        b.   Sine law

                              Area = ½  absinC

                                        = ½  acsinB              If  the two sides and the included angle is known. 
                                        =  ½ bc sinA

                         c.  Heron's 

                               Area =      s(s-a)(s-b)(s-c)                        If  the three sides are known.

                                     where:  s =  ½ (a+b+c)

                  Derivations:    

                           a. Sin law formula for area

                                                   C 

                                                 

                                            b                   a

                                                       h

                                   A                     c                 B

                                      Area = ½ bh ;   b = c ;   h = bsinA = asin B

                                               = ½ cbsin A =  ½ casin B

                           b.  Area by Heron's Formula:

                                                       C


                                             b                    a

                                                          h

                                       A            c                        B

                                                m           c-m

                                              At= ( bcsin A

                   Squaring:    (At)2 =  b2c2sin2A                              1         

                   Identity        sin2A = (1- cos2 A) =  (1+ cos A)(1-cosA)                2

                                From Cosine Law:

                                            a2 = b2 +c2 -2bc cos A 

                                         cos A = b2 +c2 - a2                                   3
                                                            2bc

                1+ 3                  1+ cos A =  1 + b2 +c2 - a2    =   2bc+ b2 +c2 - a2   =  (b+c)2 -a2
                                                                        2bc                         2bc                      2bc

                                                          = [( b+c)+a] [ (b+c)-a]    =   (b+c+a)(b+c-a)                  4

                                                                            2bc                               2bc

                 1 -3                    1- cos A =  1-  b2 +c2 - a2   =   2bc - b2 - c2 +a2    =  a2 - (b2 -2bc +c2)
                                                                        2bc                    2bc                                 2bc

                                                         =  a2 - (b-c)2   =   [a + (b-c)] [a - (b-c)]   = (a +b -c) (a -b +c)               5
                                                                  2bc                         2bc                                 2bc

                               if we let  s = ( a + b + c)

                                              2s = a +b + c                      6

                   6 - 2a           2s - 2a =  a +b + c -2a

                                              2(s-a) = b +c -a                        7 

                    6 - 2b        2s - 2b =  a + b + c -2b

                                      2(s-b)  = a - b + c                           8

                   6 - 2c         2s - 2c  =  a + b + c - 2c

                                       2(s-c)  =   a + b - c                          9

   
     ubs. 6 & 7 to 4     1+ cos A =  (b+c+a)(b+c-a)   = 2s (2)(s-a)   =  2s(s-a)                      10
                                                                 2bc                    2bc                  bc


    Subs 8 & 9 to 5      1- cos A =  (a +b -c) (a -b +c)  =  2(s-c) 2(s-b)  = 2(s-b)(s-c)              11
                                                                  2bc                         2bc                    bc

    Subs 10 & 11 to 2     sin2A =    2s(s-a) .  2(s-b)(s-c)   = 4s (s-a)(s-b)(s-c)                       12

                                                            bc          bc                    b2c2             

    Subs 12 to 1         (At)2  =  b2c2 sin2A  =   b2c2 .  4s (s-a)(s-b)(s-c)    
                                                                                                  b2c2

                                  (At)2 =  s(s-a)(s-b)(s-c)

                                    At   =    s(s-a)(s-b)(s-c)                                         Heron's Formula

                          Where:  s =   ( a + b + c)

                                         a,b & c are sides of the triangle.

             2.  Area of the circumscribed circle:

                       Acc = ( D2

                                                      4

                             D = a/sinA = b/sin B  = c/SinC 

                                                      

                                


                                                                                            2( + 180-2(  + 180 -2( = 360

                                                                                                      ( = ( + ( = A

                         Derivation:

                                         sin A = ( a/R = a/2R

                                               2R = D = a/sinA

             3. Area of the Inscribed circle:

                       Aic = ( r2
                           r =   (s-a)(s-b)(s-c)
                                          s                              

           Derivation:

                                                                                  At =  ra +  rb  +  rc =  r (a + b +c)

                                                                                         but   s =   (a + b +c)

                                                                                   At = rs =  s(s-a)(s-b)(s-c)

                                                                                

                                                                                             r =   (s-a)(s-b)(s-c)
                                                                                                            s



    E.  Applications 

             1.  From a given position an observer notes that the angle of elevation of a rock is 470.  After   

                 walking 1000 ft. towards the rock, up a slope of 320, he finds the angle of elevation to be 750.  

                 Find the 

                   vertical distance of the rock above each point of observation.

             2.  find the radius of the circumscribed circle about the triangle for which  A = 500, B = 200, a = 35.  

                  Find also the area of the triangle.

             3. The area of the circle circumscribing a triangle whose two angle are 400 and 880 is 100 sq. m. 

                  Find   the area of the triangle. 

             4. a)  A= 400, a=8,  b = 5 Find the other parts.

                 b)  B = 30, a = 8, b= 5 Find the other parts.

             5.  A side and a diagonal of a parallelogram are 12 m. and 19m. respectively.  The angle between 

                  the  diagonals opposite the given side is 1240.  Find the length of the other diagonal.     

             6.  A lighthouse is 10 km. northeast of a dock.  A ship leaves the dock at noon, and sails east at a 

                  speed of 12 km/hr . At what time will it be 8 km. from the lighthouse?

             7.  Two ships leave a dock at the same time.  One sails northeast at the rate 8.5 km/hr.  The other 

                  sails north at a rate 10 km./hr. how far are they at the end of two hours.

             8.  the diagonals of a parallelogram are 7m and  9 m respectively.  They intersect at an angle of 520. 

                  Find the sides of the parallelogram. 

             9.  Three towns A, B, C are situated so that AB = 300 km., AC = 194 km.,  and  BC = 160 km..  B 

                  being due north of C.  Find the direction from  B to A.

            10. Three circles of radii 3, 4, 5 meters respectively tangent to each other externally.  Find the 

                   angles of the triangle formed by joining the centers.

            11.   Find the angles and area of the triangle whose sides are  a = 10m,  b = 19 m., and  c = 15 m.

                      Find also the area of the inscribe circle.

