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4.6  Determine ub from Potential-Flow Theory

This development paralleled that of Davies et al., (1950) for

determining the rise velocity Ub of gas slug or bubble ascending in an

otherwise stagnant inviscid liquid in a vertical tube of radius a. By

Superimposing a downwards velocity Ub on the system, the analysis was

performed for liquid streaming downwards past a stationary bubble, as shown

in Figure 4.20.

The following relationships may be assumed for the velocities

potential function, and stream function in the coordinate system shown, with

symmetry about the z-axis:
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The following forms are assumed for the potential and stream

function:
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Substitute (17) in (15),
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Deviding both sides by –Aekz/a
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Also note that for Bessel’s equation:
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And the following relations will be needed:
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Therefore Eqn. (25) becomes
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Therefore the solution of Eqn. (25) is:
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In a similar way, substitute (18) in (16):
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The solution of Eqn. (39) is:
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Therefore, the potential and stream functions are:
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Therefore, Eqn. (13) becomes:
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Figure 4.20  Gas slug in a tube.

Far above the nose of the bubble (z is large negative.), check at r =0:

           ( ) 001
/ =






= Je
a
kAv akz

r            (45)

           ( ) akz
b

akz
bz e

a
kAUJe

a
kAUv /

0
/ 0 






−=






−=           (46)

Because z is large negative, so that 0/ ≈akze .

           bz Uv =                     (47)

And

           zrz vvvv =+= 22           (48)
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It shows that the velocity is uniformly Ub downwards at far above the nose of

the bubble. Since there is no radial velocity component at the tube wall (r=a).
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( ) 01 =∴ kJ                     (54)

The lowest root of that equation is k=3.832.

Along r=0, the centerline above the nose of the bubble at the origin O:
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At the wall (r=a) is also streamline, whose value of ψ corresponds to a flow

rate through the tube of bUa
2π . The stream function at a point is ψ if the flow

rate in the negative z direction, through a circle formed by rotating the point

about the axis of symmetry, is πψ2 .
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At the stagnant point O  ,z=0, r=0
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The requirement that vz is zero gives
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Note that because of the gas in the bubble, the pressure is uniform along OPQ,

so that the Bernoulli condition along the bubble surface is:

gzvv zr 222 =+            (63)

With only a single term in the approximation for φ, this condition can only be

observed at a single point, which we shall take at r= a/2. By considering the
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streamline ψ=0, and assuming that J1(3.832/2)=0.580 and also assuming that

J0(3.832/2)=0.273.

Along the streamline ψ=0:
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From Eqn. (63)
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gzU b 2219.1 2 =          (78)
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