MULTIPLYING PYTHAGOREAN TRIPLES

FRED BARNES

Usually when people speak of multiplying Pythagorean triples they are referring
to multiplying the hypotenuses of of two triples to generate another Pythagorean
triple. For example, if (a1,b1,c¢1) and (ag,bs,cy) are Pythagorean triples then
(arag —b1ba, a1ba +asby, cico) is also a Pythagorean triple. However, Pythagorean
triples can be generated by multiplying the other sides of two triples as well. That
is, not only does cyco generate a Pythagorean triple, so does ajas, b1bs, bias, and
albg.

Preliminaries

We will first derive identities for multiplying the sums of two squares and for
multiplying the differences of two squares to give the sum of two squares and the
difference of two squares respectively.

Let a4 b and ¢+ d be elements of an integral domain. Then,
(a® = 6*8%) (¢ — d*B°) = (a +bB3)(a — bB)(c + dB)(c — dp)
= ((@+vB)(c+d)) ((a—1B)(c— D))
((ac+bds?) + (ve + ad)8) ((ac+ bas?) — (be + ad)3)

(ac + bdB%)* = (be + ad)* 32

((a+b8)(c—d®)) ((a - b3)(c+dB))
((ac — bdﬁz) + (be — ad)ﬂ) ((ac — bdﬂQ) - (bc — ad)ﬂ)

(ac — bdB%)* — (be — ad)?5?|.

Hence, we have
(1)
(a2 = 8°8°) (¢ — d*3?) = (ac+bdB?)’ — (betad)’ 52 = (ac—bdB?)* - (be—ad)” 5.

Set § =14 = +/—1, and substitute into equation (1) to get Fibonacci’s Identity
for multiplying the sums of two squares,

(2) (a® +b%) (¢® + d*) = (ac — bd)* + (bc + ad)® = (ac + bd)* + (bc — ad)?.
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Set 0 = 1, to get an analogous identity for multiplying the differences of two
squares,

(3)  (a®>=b%) (¢® = d*) = (ac+ bd)* — (bc + ad)?® = (ac — bd)* — (bc — ad)®.

Each of these identities is a special case of Brahmagupta’s identity,
(4)
(—na® +b?) (—nc® + d*) = (nac + bd)> —n (be + ad)® = (nac — bd)* — n (be — ad)?

Set n =—1and n =1 in (4) to get equations (2) and (3) respectively.
Multiplying Pythagorean triples

Note that a? = ¢ — b?, b?> = ¢ — a2, and a? + b? = ¢? are equivalent methods of
writing a Pythagorean triangle.

If (a1, b1,¢1) and (asg,be, c2) are two Pythagorean triples then, from equations(2)
and (3), we have
(a) i = (af +b7) (a3 + 03
b1b2) + (a1bg — byaz)?
(b)  afa3 = (c —b3) (c3 — b3
blbg) (Cle - b162)2.

) = (ara — biby)? + (arby + bras)? = (araz +
5) =

() B3 = (3 —a?) (—ad) = (crca + araz)? — (cras + arcs)? = (crea —
5) =
5) =

(c1ca + bibe)? — (c1bg + bic2)? = (creo —

(11(12)2 (Clag — a102)2.
(d)  ba3 = (cf —a) (3 —b

(llbg) (Clbg — alcg) .
(e) afb3 = (cF—b})(3—a

blag) (Clag — blcg) .

(crea + arbg)? — (c1ba + arc2)? = (c1c0 —
(c1c2 + braz)? — (craz + bic2)* = (c1e2 —
From which we will define the following multiplications where (a1, b1,¢1) and

(a2, ba, c2) are Pythagorean triples. And the over bars designate multiplier and
multiplicand.

(1) (a1,b1,¢1) ® (az, bz, c2) = (araz — biba, arbs + azby, cica).
(2) (di1,b1,¢1) ® (d2,be, c2) = (ara2, c1ba + c2b1, c1co + b1b2).

(3) (al,ba,fh) & (az,b;,cz) = (c1ag + caay, biby, cica + aras).
(4) (al,b_l,cl) ® (a2, ba, c2) = (c1ba + ajca, bras, c1ca + a1bs).
(5) (d1,b1,c1) ® (QQ,b_Q,CQ) = (c1a2 + bica, arba, c1co + bras).
(6) (a1,b1,¢1) ® (ag,be, é2) = (a1a2 + bibe, a1be — asby, c1c2).

(7) (d1,b1,¢1) © (az,b2,c2) = (araz, c1by — cab1, cico — biba).
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(8) (al,b_l,cl) ® (ag,b_g,CQ) = (c1a2 — caaq, biba, c1co — ajas).
9) (al,b_l,cl) © (a2, ba, c2) = (c1b2 — ajca, bras, c1ca — a1bs).
(10) (d1,b1,c1) ® (az,b2,c2) = (c1az — bica, arbs, c1c2 — braz).

If a1 = as = a, by = by = b, and ¢; = ¢o = ¢ then, from items 1 — 10,
i.  (a,b,0) ®(a,b,¢) = (a® —b?, 2ab, ?).

ii. (@,b,c)®(ab,c)=(a% 2cb, *+ b2)
iii. (a,B, c) ® (a,B c) (b2 2ca, ¢ +a )
iv. (a,B, c) ® (a,b,¢c) = (a,a,c) ® (a,b, c) = (ca +cb, ab, 2 + ab) )
v. (a,B, c) © (a,b,c) = (a,a,c) ® (a,B, c) = (ca —¢b, ab, 2 — ab) )

Examples

The ordered triples (3,4,5) and (5,12,13) are Pythagorean triples, hence from
1 — 10, we get the resultant Pythagorean triples,

= (33,56, 65).
= (15,112, 113).
= (64, 48, 80).
= (99,20,101).
= (77,36,85).
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Let a be odd. Then clearly, from items i through v, if (a,b,c) is a primitive
Pythagorean triple (PPT) then so are

P2 2 2
(|a2 —b2|, 2ab, 02), (aQ, 2ch, 02—|—b2), (ca7 5 ¢ —&2—a ) ,

(ca +cb, ab, * + ab), and (|ca —cb|, ab, * — ab).

Example: Since (3,4,5) is a PPT, so are

(7,24,25), (9,40,41), (15,8,17), (35,12,37), and (5,12,13).

Supplemental
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Claim 1. Let (a1,b1,¢1) and (ag,ba, co) be vectors in 3-space. Then, if (a1,b1,¢1)
and (ag,ba, c2) are also primitive Pythagorean triples, where a; and as are of op-
posite parity, the scalar product

a2
[al b1 Cl] bo | = ajas + b1by + ci1cg
C2
is a perfect square.

Proof. Without loss of generality let a; be odd and ay even. So, since both vectors
are also PPTs, there exists positive integers m1, ni, mo, and ny such that

ay = m% — n%, by =2miny, and ¢ = m% —l—n%

as = 2maong, by = m% - n%, and c¢g = m% —l—n%
Where m; and n; are relative prime, have opposite parity, and m; > n; for i = 1
and 2.

Hence we have,

a1as + b1bs + c1co = (m% — n%) as + 2miniby + (mf + n%) Co

=m3(ca + az) + 2miniv/ca + azv/ca — az +ni(ca — az)
2
:(mlch “+ ag + nivco — CLQ)
2
=(m1(m2 + n2) + ni(ma — na))

:((ml +ni)ma + (my — nl)nz)Q,

Similarly it can be shown that the sums (—ajas+bi1ba+cic2), (a1as—biba+cica),
and (—ajas — b1by + c1¢2) are also perfect squares. O

Example: Let (a,b,c) be a PPT where a is even, then each of the sums (3a +
4b+5¢), (—3a+4b+ 5¢), (3a —4b+ 5¢), and (—3a — 4b + 5¢) is a perfect square.

Theorem 1. Let (a,b,c) = (b, a,c) be greater than (3,4,5). Then (a, b, c) is a prim-
itive Pythagorean triple (PPT) if and only if there exists another PPT, (u,v,w),
such that (a,b,c) equals either (3,4,5) @ (u,v,w) or (3,4,5) ® (4, v,w).

Proof. We know that since (a,b,c) is a PPT then a and b have opposite parity.
That is, one of a and b is odd and the other is even. We also know that 3 divides
exactly one of a and b. Label (a,b,c) such that 3 divides a. Then there are two
cases: a is even, or a is odd.

Case 1, a is even: So, there exists relatively prime positive integers of opposite
parity, m and n, m > n, such that

a=2mn, b=m?—-n% and c=m?+n?

where 3 divides exactly one of m and n.
If 3 | m, set s equal to the greater of m/3 and n and ¢ equal to the lesser. Then
choose u, v, and w such that

u=2st, v=s>—1t%3, and w=s>+t%.
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Then we have
Case 1la, s=m/3>n=t:

a=2mn =2-3(m/3)n =3 2st = 3u,
b=m®—n*=9(m/3)" —n* =5 ((m/3)* —n’) + 4 ((m/3)* +n?)
=4 (s> +1%) +5 (s> = t*) = 4w + 5v,
c=m?+n*=9(m/3)> +n*=5 ((m/3)2 + ”2) +4 ((m/S)Z - nz)
=5(s% + %) +4 (s> — t*) = bw + 4v.
Therefore

(a,b,c) = (3u,5v + 4w, 5w + 4v) = (3,4,5) @ (@, v, w) .

And since m and n are relatively prime positive integers of opposite parity so are
s and t. Hence (u,v,w) is a PPT.

Case 1b, s=n>m/3 =t

a =2mn =2-3n(m/3) = 3 - 2st = 3u,
b=m>—n?=9(m/3)*> —n®> =4 (n® + (m/3)%) + 5 ((m/3)> — n?)
=4 (82 —|—t2) -5 (32 - t2) = 4w — bv,
c=m®+n*=n*>+9(m/3)> =5 (n*+ (m/3)%) — 4 (n® — (m/3)?)
=5 (32 —|—t2) —4 (32 — t2) = dw — 4v.
Therefore
(a,b,c) = (3u,5v + 4w, 5w + 4v) = (3,4,5) ® (4, v, w) .

Where (u,v,w) is a PPT.

Case 2, a is odd: So, there exists relatively prime positive integers of opposite
parity, m and n, m > n, such that

a=m?-n?=(m+n)(m—n), b=2mn, and c=m?+n>

Note that since m and n are relatively prime then so are m + n and m — n.

Case 2a, 3 divides m +n

set s = QT”T_" and t = Q"T_m Then choose u, v, and w such that

u=s>—1t>, v=2st, and w=s>+t%.
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We have,

a=m?®—n®=3 <<2m3_")2 = (2”;7”)2) —3(s>— %) = 3u.
b=2mn = 4 ((2m3_">2+ <2n;m)2> +5.2 (2m3_"> (2";’”)

=4 (s* + ) + 5(2st) = 4w + 5v.

content (25 (25 o aa () (252)

=5 (s* +t%) + 4(2st) = bw + 4v.

Therefore, if 2n —m > 0, (a,b,c) = (3u, 4w + 5v, 5w + 4v) = (3,4,5) @ (4, v, w).
And (u,v,w) is a PPT. And if 2n —m < 0 then v = —2st and (a,b,¢) = (3u, 4w —
5v, 5w — 4v) = (3,4,5) ® (4, v, w).

Case 2b, 3 divides m —n set s = 24" and ¢ = 2% Then choose u, v, and
w such that

u=s>—t>, v=2st, and w=s>+ .

We have,

2 2 /2 2
a=m?—-n?>=3 mtn — ntm :3(52—t2)=3u.
3 3
2m+n 2 2n+m 2 2m+n 2n+m
=2 =4 ~5.2

=4 (s* + ) — 5(2st) = 4w — 5v.

2m+n 2 2n+m 2 2m+n 2n+m
=m? +n® = —4-2
c=m“+n 5<< 3 ) —|—< 3 ) ) 3 3

=5 (s* +t*) — 4(2st) = bw — 4w.

Therefore (a, b, c) = (3u, 4w — 5v, 5w — 4v) = (3,4,5) © (@, v,w). And (u,v,w) is a
PPT.

And going in the other direction, if (u,v,w) is a PPT then either (3,4,5) ®
(@, v,w) or (3,4,5) ® (u,v,w) is a PPT.

Proof.  If (3u, 4w+ 5v, 5w +4v) and (3u, 4w — 5v, 5w — 4v) or both not primitive
then (4w + 5v, 5w +4v) = dy > 1 implies dy | 4w + 5v + 5w + 4v = 3%(w +v). And
dy | 4w —5v+bw+4v =w—v. Since 1 < dy | w—wv, d; > 1 can not divide w + v
since (w,v) = 1. Hence d; = 3 or 3%

Similarly, if (4w — 5v, 5w — 4v) = dy > 1 then dy = 3 or 32. That is, 3 |
4w +5v + 4w — 5v = 4w and 3 | 4w + 5v — (4w — 5v) = 10v. This implies that 3 | w
and 3 | v, a contradiction. Hence either (3,4,5) ® (4, v,w) or (3,4,5) ® (&, v,w) is
primitive. (I

O
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That is, if 3 divides a > 3 then (a,b,c) is a primitive Pythagorean
triple if and only if there exists a primitive Pythagorean triple (u,v,w)
such that

(a,b,c) = (3u, 4w + 5v, 5w + 4v) or (3u, 4w — 5v, 5w — 4v).

Examples

(780,1421,1621) and (780,731,1069) are primitive Pythagorean triples where 3
divides the even side.
Problem 1: Find a PPT (u,v,w) such that

(3,4,5)® (u,v,w) = (780,1421,1621) and (3,4,5)® (&, v,w) = (780,731,1069).

Solution: Since (780,1421,1621) is primitive, m/n = 780/(1621 — 1421) (re-
duced to lowest terms) equals 39/10. So s = m/3 = 39/3 = 13 and t = n = 10.
Then

(u,v,w) = (2st, s> — 2, 5° + t7) = (260, 69, 269).
And

(3,4,5)(1, v, w) = (3,4, 5)®(260, 69, 269) = (3-260, 4-269+569, 5-269+4-69) = (780, 1421, 1621).

Similarly, since (780, 731,1069) is primitive, m/n = 780/(1069 — 731) = 30/13.
So s =30/3 =10 and t = n = 13. Since s < ¢, we have

(3,4,5)® (1, v, w) = (3,4,5)0(260, 69, 269) = (3-260,4-269—5-69, 5-269—4-69) = (780, 731, 1069).

(1365, 18988,19037) is a PPT where 3 divides the odd side.
Problem 2: Find a PPT (u, v, w) such that (3,4, 5)®(a, v, w) = (1365, 18988, 19037).

Solution: Since (1365,18988,19037) is a PPT, m/n = 18988/(19037 — 1365) =
101/94. And 3 divides m +n = 101 4+ 94 = 195, therefore s = (2-101 — 94)/3 = 36,
and t =294 —101) = 29. So,

(3,4,5) @ (u,v,w) =(3,4,5) ® (362 — 292, 2- 29 - 36, 36 + 29°)
=(3,4,5) ® (455, 2088,2137)
—=(3-455, 52088 + 4 - 2137, 5 - 2137 + 4 - 2088)
=(1365, 18988, 19037).
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