
definition:

<latexit sha1_base64="/Qxxsnpz7O7hhDUjhkW4bGmuibQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDJTRd0IBUW6kor2AZ1aMmlGQzOZIbkjlHE+wo2/4saFIm5duPNvTGsXWj0QOJxzLjf3eJHgGmz708pMTc/MzmXncwuLS8sr+dW1hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE2vfzz0m7dMaR7KSxhErBOQa8l9TgkYqZvfuSj6Xbl95PqK0MQ9YQIIhjQ5S+8SVwX45PQyHSXursrdfMEu2SPgv8QZkwIao9bNf7i9kMYBk0AF0brt2BF0EqKAU8HSnBtrFhHaJ9esbagkAdOdZHRUireM0sN+qMyTgEfqz4mEBFoPAs8kAwI3etIbiv957Rj8w07CZRQDk/R7kR8LDCEeNoR7XDEKYmAIoYqbv2J6Q0w9YHrMmRKcyZP/kka55OyXds/3CpXquI4s2kCbqIgcdIAqqIpqqI4oukeP6Bm9WA/Wk/VqvX1HM9Z4Zh39gvX+BViZncg=</latexit>

S(fn) =
�t

N
|DFT(fn)|2

<latexit sha1_base64="6B98QFHRZ7AuJ4R0GAdFL75+lpM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyqqBehoIeepEK/YLuUbJptQ7PJkswKZenP8OJBEa/+Gm/+G9N2D1p9MPB4b4aZeWEiuAHX/XIKK6tr6xvFzdLW9s7uXnn/oG1UqilrUSWU7obEMMElawEHwbqJZiQOBeuE49uZ33lk2nAlmzBJWBCToeQRpwSs5Ddv7nt3TADB0C9X3Ko7B/5LvJxUUI5Gv/zZGyiaxkwCFcQY33MTCDKigVPBpqVealhC6JgMmW+pJDEzQTY/eYpPrDLAkdK2JOC5+nMiI7Exkzi0nTGBkVn2ZuJ/np9CdB1kXCYpMEkXi6JUYFB49j8ecM0oiIklhGpub8V0RDShYFMq2RC85Zf/kvZZ1busnj9cVGr1PI4iOkLH6BR56ArVUB01UAtRpNATekGvDjjPzpvzvmgtOPnMIfoF5+MbXLKQrw==</latexit>

T = N�t

power spectral density (PSD)

of a sampled signal with duration 



definition:

<latexit sha1_base64="/Qxxsnpz7O7hhDUjhkW4bGmuibQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDJTRd0IBUW6kor2AZ1aMmlGQzOZIbkjlHE+wo2/4saFIm5duPNvTGsXWj0QOJxzLjf3eJHgGmz708pMTc/MzmXncwuLS8sr+dW1hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE2vfzz0m7dMaR7KSxhErBOQa8l9TgkYqZvfuSj6Xbl95PqK0MQ9YQIIhjQ5S+8SVwX45PQyHSXursrdfMEu2SPgv8QZkwIao9bNf7i9kMYBk0AF0brt2BF0EqKAU8HSnBtrFhHaJ9esbagkAdOdZHRUireM0sN+qMyTgEfqz4mEBFoPAs8kAwI3etIbiv957Rj8w07CZRQDk/R7kR8LDCEeNoR7XDEKYmAIoYqbv2J6Q0w9YHrMmRKcyZP/kka55OyXds/3CpXquI4s2kCbqIgcdIAqqIpqqI4oukeP6Bm9WA/Wk/VqvX1HM9Z4Zh39gvX+BViZncg=</latexit>

S(fn) =
�t

N
|DFT(fn)|2

<latexit sha1_base64="6B98QFHRZ7AuJ4R0GAdFL75+lpM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqeyqqBehoIeepEK/YLuUbJptQ7PJkswKZenP8OJBEa/+Gm/+G9N2D1p9MPB4b4aZeWEiuAHX/XIKK6tr6xvFzdLW9s7uXnn/oG1UqilrUSWU7obEMMElawEHwbqJZiQOBeuE49uZ33lk2nAlmzBJWBCToeQRpwSs5Ddv7nt3TADB0C9X3Ko7B/5LvJxUUI5Gv/zZGyiaxkwCFcQY33MTCDKigVPBpqVealhC6JgMmW+pJDEzQTY/eYpPrDLAkdK2JOC5+nMiI7Exkzi0nTGBkVn2ZuJ/np9CdB1kXCYpMEkXi6JUYFB49j8ecM0oiIklhGpub8V0RDShYFMq2RC85Zf/kvZZ1busnj9cVGr1PI4iOkLH6BR56ArVUB01UAtRpNATekGvDjjPzpvzvmgtOPnMIfoF5+MbXLKQrw==</latexit>

T = N�t

power spectral density (PSD)

of a sampled signal with duration 

For interpretation, the observed system should be stationary in time (in wider sense).

<latexit sha1_base64="18zKS+8qJ+Pulv+Gm0AatdDP8GA=">AAACHHicbZDLSgMxFIYz3q23qks3wSLUTZlpi7opCCK4VLAXaMchk6ZtaCYzJGeEMsyDuPFV3LhQxI0LwbcxnXZRWw8k/Hz/OSTn9yPBNdj2j7W0vLK6tr6xmdva3tndy+8fNHQYK8rqNBShavlEM8ElqwMHwVqRYiTwBWv6w6ux33xkSvNQ3sMoYm5A+pL3OCVgkJevXLd1EU5dLwHPSR/MXU5rM6ySsWpaSzoqwDSUGlIvX7BLdlZ4UThTUUDTuvXyX51uSOOASaCCaN127AjchCjgVLA014k1iwgdkj5rGylJwLSbZMul+MSQLu6FyhwJOKOzEwkJtB4FvukMCAz0vDeG/3ntGHoXbsJlFAOTdPJQLxYYQjxOCne5YhTEyAhCFTd/xXRAFKFg8syZEJz5lRdFo1xyzkqVu2rh8mYaxwY6QseoiBx0ji7RDbpFdUTRE3pBb+jderZerQ/rc9K6ZE1nDtGfsr5/ATiaoYU=</latexit>

E[s(t)]t2t1 = E[s(t)]t4t3 = const
<latexit sha1_base64="BcqfSmmC31IQWsNiNmxx9aaKFIU=">AAACHHicbZDLSgMxFIYz9VbrrerSTbAIFaTMtEVduBDcuFSwF2jHIZNm2tBMZkjOCGWYB3Hjq7hxoYgbF4JvY1q7sK0HEn6+/xyS8/ux4Bps+9vKLS2vrK7l1wsbm1vbO8XdvaaOEkVZg0YiUm2faCa4ZA3gIFg7VoyEvmAtf3g19lsPTGkeyTsYxcwNSV/ygFMCBnnFWpOoji7Dseul4DnZvbmr2QmewbUJrmcXXS4DGHnFkl2xJ4UXhTMVJTStG6/42e1FNAmZBCqI1h3HjsFNiQJOBcsK3USzmNAh6bOOkZKETLvpZLkMHxnSw0GkzJGAJ/TvREpCrUehbzpDAgM9743hf14ngeDcTbmME2CS/j4UJAJDhMdJ4R5XjIIYGUGo4uavmA6IIhRMngUTgjO/8qJoVivOaaV2Wy9dXk/jyKMDdIjKyEFn6BJdoxvUQBQ9omf0it6sJ+vFerc+fltz1nRmH82U9fUDDfehZw==</latexit>

V ar[s(t)]t2t1 , V ar[s(t)]t4t3 < 1

temporal average independent of time window temporal variance is finite



1. Periodogram
<latexit sha1_base64="/Qxxsnpz7O7hhDUjhkW4bGmuibQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDJTRd0IBUW6kor2AZ1aMmlGQzOZIbkjlHE+wo2/4saFIm5duPNvTGsXWj0QOJxzLjf3eJHgGmz708pMTc/MzmXncwuLS8sr+dW1hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE2vfzz0m7dMaR7KSxhErBOQa8l9TgkYqZvfuSj6Xbl95PqK0MQ9YQIIhjQ5S+8SVwX45PQyHSXursrdfMEu2SPgv8QZkwIao9bNf7i9kMYBk0AF0brt2BF0EqKAU8HSnBtrFhHaJ9esbagkAdOdZHRUireM0sN+qMyTgEfqz4mEBFoPAs8kAwI3etIbiv957Rj8w07CZRQDk/R7kR8LDCEeNoR7XDEKYmAIoYqbv2J6Q0w9YHrMmRKcyZP/kka55OyXds/3CpXquI4s2kCbqIgcdIAqqIpqqI4oukeP6Bm9WA/Wk/VqvX1HM9Z4Zh39gvX+BViZncg=</latexit>

S(fn) =
�t

N
|DFT(fn)|2 DFT: computed from full signal

time series
periodogram

frequency [Hz]

time [s]

SamplingError_5.py



1. Periodogram
<latexit sha1_base64="/Qxxsnpz7O7hhDUjhkW4bGmuibQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDJTRd0IBUW6kor2AZ1aMmlGQzOZIbkjlHE+wo2/4saFIm5duPNvTGsXWj0QOJxzLjf3eJHgGmz708pMTc/MzmXncwuLS8sr+dW1hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE2vfzz0m7dMaR7KSxhErBOQa8l9TgkYqZvfuSj6Xbl95PqK0MQ9YQIIhjQ5S+8SVwX45PQyHSXursrdfMEu2SPgv8QZkwIao9bNf7i9kMYBk0AF0brt2BF0EqKAU8HSnBtrFhHaJ9esbagkAdOdZHRUireM0sN+qMyTgEfqz4mEBFoPAs8kAwI3etIbiv957Rj8w07CZRQDk/R7kR8LDCEeNoR7XDEKYmAIoYqbv2J6Q0w9YHrMmRKcyZP/kka55OyXds/3CpXquI4s2kCbqIgcdIAqqIpqqI4oukeP6Bm9WA/Wk/VqvX1HM9Z4Zh39gvX+BViZncg=</latexit>

S(fn) =
�t

N
|DFT(fn)|2 DFT: computed from full signal

2. Bartlett method
<latexit sha1_base64="/Qxxsnpz7O7hhDUjhkW4bGmuibQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDJTRd0IBUW6kor2AZ1aMmlGQzOZIbkjlHE+wo2/4saFIm5duPNvTGsXWj0QOJxzLjf3eJHgGmz708pMTc/MzmXncwuLS8sr+dW1hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE2vfzz0m7dMaR7KSxhErBOQa8l9TgkYqZvfuSj6Xbl95PqK0MQ9YQIIhjQ5S+8SVwX45PQyHSXursrdfMEu2SPgv8QZkwIao9bNf7i9kMYBk0AF0brt2BF0EqKAU8HSnBtrFhHaJ9esbagkAdOdZHRUireM0sN+qMyTgEfqz4mEBFoPAs8kAwI3etIbiv957Rj8w07CZRQDk/R7kR8LDCEeNoR7XDEKYmAIoYqbv2J6Q0w9YHrMmRKcyZP/kka55OyXds/3CpXquI4s2kCbqIgcdIAqqIpqqI4oukeP6Bm9WA/Wk/VqvX1HM9Z4Zh39gvX+BViZncg=</latexit>

S(fn) =
�t

N
|DFT(fn)|2

DFT: average over segments



1. Periodogram
<latexit sha1_base64="/Qxxsnpz7O7hhDUjhkW4bGmuibQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDJTRd0IBUW6kor2AZ1aMmlGQzOZIbkjlHE+wo2/4saFIm5duPNvTGsXWj0QOJxzLjf3eJHgGmz708pMTc/MzmXncwuLS8sr+dW1hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE2vfzz0m7dMaR7KSxhErBOQa8l9TgkYqZvfuSj6Xbl95PqK0MQ9YQIIhjQ5S+8SVwX45PQyHSXursrdfMEu2SPgv8QZkwIao9bNf7i9kMYBk0AF0brt2BF0EqKAU8HSnBtrFhHaJ9esbagkAdOdZHRUireM0sN+qMyTgEfqz4mEBFoPAs8kAwI3etIbiv957Rj8w07CZRQDk/R7kR8LDCEeNoR7XDEKYmAIoYqbv2J6Q0w9YHrMmRKcyZP/kka55OyXds/3CpXquI4s2kCbqIgcdIAqqIpqqI4oukeP6Bm9WA/Wk/VqvX1HM9Z4Zh39gvX+BViZncg=</latexit>

S(fn) =
�t

N
|DFT(fn)|2 DFT: computed from full signal

2. Bartlett method
<latexit sha1_base64="/Qxxsnpz7O7hhDUjhkW4bGmuibQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDJTRd0IBUW6kor2AZ1aMmlGQzOZIbkjlHE+wo2/4saFIm5duPNvTGsXWj0QOJxzLjf3eJHgGmz708pMTc/MzmXncwuLS8sr+dW1hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE2vfzz0m7dMaR7KSxhErBOQa8l9TgkYqZvfuSj6Xbl95PqK0MQ9YQIIhjQ5S+8SVwX45PQyHSXursrdfMEu2SPgv8QZkwIao9bNf7i9kMYBk0AF0brt2BF0EqKAU8HSnBtrFhHaJ9esbagkAdOdZHRUireM0sN+qMyTgEfqz4mEBFoPAs8kAwI3etIbiv957Rj8w07CZRQDk/R7kR8LDCEeNoR7XDEKYmAIoYqbv2J6Q0w9YHrMmRKcyZP/kka55OyXds/3CpXquI4s2kCbqIgcdIAqqIpqqI4oukeP6Bm9WA/Wk/VqvX1HM9Z4Zh39gvX+BViZncg=</latexit>

S(fn) =
�t

N
|DFT(fn)|2

DFT: average over segments

time series

time [s]
frequency [Hz]

Bartlett PSD

SamplingError_5.py



1. Periodogram
<latexit sha1_base64="/Qxxsnpz7O7hhDUjhkW4bGmuibQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDJTRd0IBUW6kor2AZ1aMmlGQzOZIbkjlHE+wo2/4saFIm5duPNvTGsXWj0QOJxzLjf3eJHgGmz708pMTc/MzmXncwuLS8sr+dW1hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE2vfzz0m7dMaR7KSxhErBOQa8l9TgkYqZvfuSj6Xbl95PqK0MQ9YQIIhjQ5S+8SVwX45PQyHSXursrdfMEu2SPgv8QZkwIao9bNf7i9kMYBk0AF0brt2BF0EqKAU8HSnBtrFhHaJ9esbagkAdOdZHRUireM0sN+qMyTgEfqz4mEBFoPAs8kAwI3etIbiv957Rj8w07CZRQDk/R7kR8LDCEeNoR7XDEKYmAIoYqbv2J6Q0w9YHrMmRKcyZP/kka55OyXds/3CpXquI4s2kCbqIgcdIAqqIpqqI4oukeP6Bm9WA/Wk/VqvX1HM9Z4Zh39gvX+BViZncg=</latexit>

S(fn) =
�t

N
|DFT(fn)|2 DFT: computed from full signal

2. Bartlett method
<latexit sha1_base64="/Qxxsnpz7O7hhDUjhkW4bGmuibQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDJTRd0IBUW6kor2AZ1aMmlGQzOZIbkjlHE+wo2/4saFIm5duPNvTGsXWj0QOJxzLjf3eJHgGmz708pMTc/MzmXncwuLS8sr+dW1hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE2vfzz0m7dMaR7KSxhErBOQa8l9TgkYqZvfuSj6Xbl95PqK0MQ9YQIIhjQ5S+8SVwX45PQyHSXursrdfMEu2SPgv8QZkwIao9bNf7i9kMYBk0AF0brt2BF0EqKAU8HSnBtrFhHaJ9esbagkAdOdZHRUireM0sN+qMyTgEfqz4mEBFoPAs8kAwI3etIbiv957Rj8w07CZRQDk/R7kR8LDCEeNoR7XDEKYmAIoYqbv2J6Q0w9YHrMmRKcyZP/kka55OyXds/3CpXquI4s2kCbqIgcdIAqqIpqqI4oukeP6Bm9WA/Wk/VqvX1HM9Z4Zh39gvX+BViZncg=</latexit>

S(fn) =
�t

N
|DFT(fn)|2

DFT: average over segments

time series

time [s]
frequency [Hz]

Bartlett PSD

smoothens PSD

SamplingError_5.py



3. Bartlett-Welch method
<latexit sha1_base64="/Qxxsnpz7O7hhDUjhkW4bGmuibQ=">AAACFHicbVDLSgMxFM3UV62vqks3wSJUhDJTRd0IBUW6kor2AZ1aMmlGQzOZIbkjlHE+wo2/4saFIm5duPNvTGsXWj0QOJxzLjf3eJHgGmz708pMTc/MzmXncwuLS8sr+dW1hg5jRVmdhiJULY9oJrhkdeAgWCtSjASeYE2vfzz0m7dMaR7KSxhErBOQa8l9TgkYqZvfuSj6Xbl95PqK0MQ9YQIIhjQ5S+8SVwX45PQyHSXursrdfMEu2SPgv8QZkwIao9bNf7i9kMYBk0AF0brt2BF0EqKAU8HSnBtrFhHaJ9esbagkAdOdZHRUireM0sN+qMyTgEfqz4mEBFoPAs8kAwI3etIbiv957Rj8w07CZRQDk/R7kR8LDCEeNoR7XDEKYmAIoYqbv2J6Q0w9YHrMmRKcyZP/kka55OyXds/3CpXquI4s2kCbqIgcdIAqqIpqqI4oukeP6Bm9WA/Wk/VqvX1HM9Z4Zh39gvX+BViZncg=</latexit>

S(fn) =
�t

N
|DFT(fn)|2 DFT: average over overlapping segments

time series

time [s]

frequency [Hz]

Bartlett PSD Bartlett-Welch PSD

smoothens more PSD

SamplingError_5.py



data sampling

Fourier analysis

errors in analysis

linear filters

time-frequency analysis



input Ioutput s system



inputoutput
impulse  

response function

input Ioutput s system

<latexit sha1_base64="sDiS7bCgDHPBWS1WhIyVFVsESwQ=">AAACFHicbVDLSgMxFM34rPU16tJNsAgt0jKjom6Eopu6q2Af0NaSSTNtaCYzJHeEMvQj3Pgrblwo4taFO//G9LHQ1gPJPZxzL8k9XiS4Bsf5thYWl5ZXVlNr6fWNza1te2e3qsNYUVahoQhV3SOaCS5ZBTgIVo8UI4EnWM3rX4/82gNTmofyDgYRawWkK7nPKQEjte0jnYXcZZNLaCd5U3wYDO8Bl7KQbwKJczfZcemM7radcQrOGHieuFOSQVOU2/ZXsxPSOGASqCBaN1wnglZCFHAq2DDdjDWLCO2TLmsYKknAdCsZLzXEh0bpYD9U5kjAY/X3REICrQeBZzoDAj09643E/7xGDP5FK+EyioFJOnnIjwWGEI8Swh2uGAUxMIRQxc1fMe0RRSiYHNMmBHd25XlSPS64Z4WT29NM8WoaRwrtowOURS46R0VUQmVUQRQ9omf0it6sJ+vFerc+Jq0L1nRmD/2B9fkDI0Sdow==</latexit>

s(t) =

Z t

�1
H(t� ⌧)I(⌧)d⌧continuous time



<latexit sha1_base64="Jy7lNkj8Q9v4Ve6bERN2qq+C96I=">AAACE3icbZDLSgMxFIYzXmu9VV26CRbBCpYZFXVTKLipuwq2Cm0dMmmmDZNkhuSMUIa+gxtfxY0LRdy6cefbmF4W3g4EPv7/HE7OHySCG3DdT2dmdm5+YTG3lF9eWV1bL2xsNk2casoaNBaxvgmIYYIr1gAOgt0kmhEZCHYdROcj//qOacNjdQWDhHUk6SkeckrASn5h3+yBH5UqbZNKP5OVgzZXIQyGtxGuWSeLDuSwdGFJlvxC0S2748J/wZtCEU2r7hc+2t2YppIpoIIY0/LcBDoZ0cCpYMN8OzUsITQiPdayqIhkppONbxriXat0cRhr+xTgsfp9IiPSmIEMbKck0De/vZH4n9dKITzrZFwlKTBFJ4vCVGCI8Sgg3OWaURADC4Rqbv+KaZ9oQsHGmLcheL9P/gvNw7J3Uj66PC5Wa9M4cmgb7aA95KFTVEU1VEcNRNE9ekTP6MV5cJ6cV+dt0jrjTGe20I9y3r8ASiOdLQ==</latexit>

s(tk) =
kX

m=�1
H(tk�m)I(tm)

inputoutput
impulse  

response function

input Ioutput s system

discrete time



<latexit sha1_base64="Jy7lNkj8Q9v4Ve6bERN2qq+C96I=">AAACE3icbZDLSgMxFIYzXmu9VV26CRbBCpYZFXVTKLipuwq2Cm0dMmmmDZNkhuSMUIa+gxtfxY0LRdy6cefbmF4W3g4EPv7/HE7OHySCG3DdT2dmdm5+YTG3lF9eWV1bL2xsNk2casoaNBaxvgmIYYIr1gAOgt0kmhEZCHYdROcj//qOacNjdQWDhHUk6SkeckrASn5h3+yBH5UqbZNKP5OVgzZXIQyGtxGuWSeLDuSwdGFJlvxC0S2748J/wZtCEU2r7hc+2t2YppIpoIIY0/LcBDoZ0cCpYMN8OzUsITQiPdayqIhkppONbxriXat0cRhr+xTgsfp9IiPSmIEMbKck0De/vZH4n9dKITzrZFwlKTBFJ4vCVGCI8Sgg3OWaURADC4Rqbv+KaZ9oQsHGmLcheL9P/gvNw7J3Uj66PC5Wa9M4cmgb7aA95KFTVEU1VEcNRNE9ekTP6MV5cJ6cV+dt0jrjTGe20I9y3r8ASiOdLQ==</latexit>

s(tk) =
kX

m=�1
H(tk�m)I(tm)

inputoutput
impulse  

response function

<latexit sha1_base64="5iE2pQclXhnvaxa6zdHz+XxfGDc=">AAACDnicbZBNS8NAEIY39avWr6hHL8FSqJeSqKgXoeCl3irYD2hD2Wwm7dLNJuxuhBL6C7z4V7x4UMSrZ2/+GzdtDto6sPDMOzPMzuvFjEpl299GYWV1bX2juFna2t7Z3TP3D9oySgSBFolYJLoelsAoh5aiikE3FoBDj0HHG99k9c4DCEkjfq8mMbghHnIaUIKVlgZmpa8o8yGV02pwcp0njSzJ+TbjgVm2a/YsrGVwciijPJoD86vvRyQJgSvCsJQ9x46Vm2KhKGEwLfUTCTEmYzyEnkaOQ5BuOjtnalW04ltBJPTjypqpvydSHEo5CT3dGWI1kou1TPyv1ktUcOWmlMeJAk7mi4KEWSqyMm8snwogik00YCKo/qtFRlhgorSDJW2Cs3jyMrRPa85F7ezuvFxv5HYU0RE6RlXkoEtURw3URC1E0CN6Rq/ozXgyXox342PeWjDymUP0J4zPH3xYm8M=</latexit>

s̃(f) = H̃(f)Ĩ(f)

input Ioutput s system



<latexit sha1_base64="Jy7lNkj8Q9v4Ve6bERN2qq+C96I=">AAACE3icbZDLSgMxFIYzXmu9VV26CRbBCpYZFXVTKLipuwq2Cm0dMmmmDZNkhuSMUIa+gxtfxY0LRdy6cefbmF4W3g4EPv7/HE7OHySCG3DdT2dmdm5+YTG3lF9eWV1bL2xsNk2casoaNBaxvgmIYYIr1gAOgt0kmhEZCHYdROcj//qOacNjdQWDhHUk6SkeckrASn5h3+yBH5UqbZNKP5OVgzZXIQyGtxGuWSeLDuSwdGFJlvxC0S2748J/wZtCEU2r7hc+2t2YppIpoIIY0/LcBDoZ0cCpYMN8OzUsITQiPdayqIhkppONbxriXat0cRhr+xTgsfp9IiPSmIEMbKck0De/vZH4n9dKITzrZFwlKTBFJ4vCVGCI8Sgg3OWaURADC4Rqbv+KaZ9oQsHGmLcheL9P/gvNw7J3Uj66PC5Wa9M4cmgb7aA95KFTVEU1VEcNRNE9ekTP6MV5cJ6cV+dt0jrjTGe20I9y3r8ASiOdLQ==</latexit>

s(tk) =
kX

m=�1
H(tk�m)I(tm)

inputoutput
impulse  

response function

<latexit sha1_base64="5iE2pQclXhnvaxa6zdHz+XxfGDc=">AAACDnicbZBNS8NAEIY39avWr6hHL8FSqJeSqKgXoeCl3irYD2hD2Wwm7dLNJuxuhBL6C7z4V7x4UMSrZ2/+GzdtDto6sPDMOzPMzuvFjEpl299GYWV1bX2juFna2t7Z3TP3D9oySgSBFolYJLoelsAoh5aiikE3FoBDj0HHG99k9c4DCEkjfq8mMbghHnIaUIKVlgZmpa8o8yGV02pwcp0njSzJ+TbjgVm2a/YsrGVwciijPJoD86vvRyQJgSvCsJQ9x46Vm2KhKGEwLfUTCTEmYzyEnkaOQ5BuOjtnalW04ltBJPTjypqpvydSHEo5CT3dGWI1kou1TPyv1ktUcOWmlMeJAk7mi4KEWSqyMm8snwogik00YCKo/qtFRlhgorSDJW2Cs3jyMrRPa85F7ezuvFxv5HYU0RE6RlXkoEtURw3URC1E0CN6Rq/ozXgyXox342PeWjDymUP0J4zPH3xYm8M=</latexit>

s̃(f) = H̃(f)Ĩ(f)

input Ioutput s system

<latexit sha1_base64="DRfF+xC/6r1jn4k22p5hyOdWfrk=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoC8tMKepGKOqi7iraB3TGkkkzbWjmQZIRyrRf4cZfceNCEbfizr8x046grRcC53EvN/c4IaNCGsaXlllYXFpeya7m1tY3Nrf07Z2GCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTqDi8Rv3hMuaODfymFIbA/1fOpSjKSSOvpRbHEP1m4uxwX38GxkScq6JK4mbHRX+uFXKe/oeaNoTArOAzMFeZBWraN/Wt0ARx7xJWZIiLZphNKOEZcUMzLOWZEgIcID1CNtBX3kEWHHk7PG8EApXegGXD1fwon6eyJGnhBDz1GdHpJ9Mesl4n9eO5LuqR1TP4wk8fF0kRsxKAOYZAS7lBMs2VABhDlVf4W4jzjCUiWZUyGYsyfPg0apaB4Xy9flfOU8jSML9sA+KAATnIAKqIIaqAMMHsATeAGv2qP2rL1p79PWjJbO7II/pX18A71tnn8=</latexit>

PSD(f) = |H̃(f)|2|Ĩ(f)|2



data sampling

Fourier analysis

errors in analysis

linear filters

time-frequency analysis

frequency pass filter
time-dependent filters



Lowpass filter
Highpass filter

<latexit sha1_base64="DRfF+xC/6r1jn4k22p5hyOdWfrk=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoC8tMKepGKOqi7iraB3TGkkkzbWjmQZIRyrRf4cZfceNCEbfizr8x046grRcC53EvN/c4IaNCGsaXlllYXFpeya7m1tY3Nrf07Z2GCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTqDi8Rv3hMuaODfymFIbA/1fOpSjKSSOvpRbHEP1m4uxwX38GxkScq6JK4mbHRX+uFXKe/oeaNoTArOAzMFeZBWraN/Wt0ARx7xJWZIiLZphNKOEZcUMzLOWZEgIcID1CNtBX3kEWHHk7PG8EApXegGXD1fwon6eyJGnhBDz1GdHpJ9Mesl4n9eO5LuqR1TP4wk8fF0kRsxKAOYZAS7lBMs2VABhDlVf4W4jzjCUiWZUyGYsyfPg0apaB4Xy9flfOU8jSML9sA+KAATnIAKqIIaqAMMHsATeAGv2qP2rL1p79PWjJbO7II/pX18A71tnn8=</latexit>

PSD(f) = |H̃(f)|2|Ĩ(f)|2



Bandpass filter
<latexit sha1_base64="6ylAYlzJWWm47uXJIdtAZMgZJOw=">AAAB+XicbVBNT8JAEJ3iF+JX1aOXjcQEL6RFox5JvHDERD4SqGS7bGHDdtvsbklI4Z948aAxXv0n3vw3LtCDgi+Z5OW9mczM82POlHacbyu3sbm1vZPfLeztHxwe2ccnTRUlktAGiXgk2z5WlDNBG5ppTtuxpDj0OW35o/u53xpTqVgkHvUkpl6IB4IFjGBtpJ5tT7ua8T5Na7NScDl9qvTsolN2FkDrxM1IETLUe/ZXtx+RJKRCE46V6rhOrL0US80Ip7NCN1E0xmSEB7RjqMAhVV66uHyGLozSR0EkTQmNFurviRSHSk1C33SGWA/VqjcX//M6iQ7uvJSJONFUkOWiIOFIR2geA+ozSYnmE0MwkczcisgQS0y0CatgQnBXX14nzUrZvSlfPVwXq7UsjjycwTmUwIVbqEIN6tAAAmN4hld4s1LrxXq3PpatOSubOYU/sD5/AALRk0Y=</latexit>

|H̃(f)|2

bandwidth B

<latexit sha1_base64="DRfF+xC/6r1jn4k22p5hyOdWfrk=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoC8tMKepGKOqi7iraB3TGkkkzbWjmQZIRyrRf4cZfceNCEbfizr8x046grRcC53EvN/c4IaNCGsaXlllYXFpeya7m1tY3Nrf07Z2GCCKOSR0HLOAtBwnCqE/qkkpGWiEnyHMYaTqDi8Rv3hMuaODfymFIbA/1fOpSjKSSOvpRbHEP1m4uxwX38GxkScq6JK4mbHRX+uFXKe/oeaNoTArOAzMFeZBWraN/Wt0ARx7xJWZIiLZphNKOEZcUMzLOWZEgIcID1CNtBX3kEWHHk7PG8EApXegGXD1fwon6eyJGnhBDz1GdHpJ9Mesl4n9eO5LuqR1TP4wk8fF0kRsxKAOYZAS7lBMs2VABhDlVf4W4jzjCUiWZUyGYsyfPg0apaB4Xy9flfOU8jSML9sA+KAATnIAKqIIaqAMMHsATeAGv2qP2rL1p79PWjJbO7II/pX18A71tnn8=</latexit>

PSD(f) = |H̃(f)|2|Ĩ(f)|2



Example: 2nd order bandpass filter 

<latexit sha1_base64="65msasToTegJAiCy0N89ZUYybDI=">AAAB+XicbVBNT8JAEN36ifhV9ehlIzHBC2nRqEeiF46YyEcClWyXLWzYbpvdKQkp/BMvHjTGq//Em//GBXpQ8CWTvLw3k5l5fiy4Bsf5ttbWNza3tnM7+d29/YND++i4oaNEUVankYhUyyeaCS5ZHTgI1ooVI6EvWNMf3s/85ogpzSP5COOYeSHpSx5wSsBIXduedICLHkur02JwMXkqd+2CU3LmwKvEzUgBZah17a9OL6JJyCRQQbRuu04MXkoUcCrYNN9JNIsJHZI+axsqSci0l84vn+Jzo/RwEClTEvBc/T2RklDrceibzpDAQC97M/E/r51AcOulXMYJMEkXi4JEYIjwLAbc44pREGNDCFXc3IrpgChCwYSVNyG4yy+vkka55F6XLh+uCpW7LI4cOkVnqIhcdIMqqIpqqI4oGqFn9IrerNR6sd6tj0XrmpXNnKA/sD5/AAEDk0A=</latexit>

|H̃(f)|2

<latexit sha1_base64="dwa+3HuN3H7mvSKFd3WvJwYDirU=">AAAB+nicbVBNSwMxEM36WevXVo9egkXwVHZV1GPRi8cK9gPapWTT2TY0ya5JVilrf4oXD4p49Zd489+YtnvQ1gcDj/dmmJkXJpxp43nfztLyyuraemGjuLm1vbPrlvYaOk4VhTqNeaxaIdHAmYS6YYZDK1FARMihGQ6vJ37zAZRmsbwzowQCQfqSRYwSY6WuW8o6SuBIwX0Kko7GOOq6Za/iTYEXiZ+TMspR67pfnV5MUwHSUE60bvteYoKMKMMoh3Gxk2pICB2SPrQtlUSADrLp6WN8ZJUejmJlSxo8VX9PZERoPRKh7RTEDPS8NxH/89qpiS6DjMkkNfax2aIo5djEeJID7jEF1PCRJYQqZm/FdEAUocamVbQh+PMvL5LGScU/r5zenpWrV3kcBXSADtEx8tEFqqIbVEN1RNEjekav6M15cl6cd+dj1rrk5DP76A+czx9ME5QI</latexit>

frequencyf

<latexit sha1_base64="7mrsVIY1BVu2iFGaSJr4otVC8QM="></latexit>

|H̃(f)|2 =
B

2
f
2

(f2
0 � f2)2 +B2f2

B=1

B=4



Example: 2nd order bandpass filter 

<latexit sha1_base64="REVP9ejfSjnF25n5YXTBDJ7UrTI=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZKupGKHXjsoJ9QGcsmTTThiYzIckopbS48VfcuFDErT/hzr8xbWehrQcuHM65l3vvCQSjSjvOt5VZWFxaXsmu5tbWNza37O2dmooTiUkVxyyWjQApwmhEqppqRhpCEsQDRupB72rs1++JVDSObnVfEJ+jTkRDipE2Usvee7gseoLCcHQ8Kt95QlJOpkq5ZeedgjMBnCduSvIgRaVlf3ntGCecRBozpFTTdYT2B0hqihkZ5rxEEYFwD3VI09AIcaL8weSHITw0ShuGsTQVaThRf08MEFeqzwPTyZHuqllvLP7nNRMdXvgDGolEkwhPF4UJgzqG40Bgm0qCNesbgrCk5laIu0girE1sOROCO/vyPKkVC+5Z4eTmNF8qp3FkwT44AEfABeegBK5BBVQBBo/gGbyCN+vJerHerY9pa8ZKZ3bBH1ifPzpilp8=</latexit>

w = 2⇡f , B0 = 2⇡B

<latexit sha1_base64="NuYf/RF1Th4Vwaqv9n6a7R1RtVc="></latexit>

s̃(w) =
iB0w

�w2 + iB0w + w2
0

Ĩ(w)



Example: 2nd order bandpass filter 

<latexit sha1_base64="REVP9ejfSjnF25n5YXTBDJ7UrTI=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZKupGKHXjsoJ9QGcsmTTThiYzIckopbS48VfcuFDErT/hzr8xbWehrQcuHM65l3vvCQSjSjvOt5VZWFxaXsmu5tbWNza37O2dmooTiUkVxyyWjQApwmhEqppqRhpCEsQDRupB72rs1++JVDSObnVfEJ+jTkRDipE2Usvee7gseoLCcHQ8Kt95QlJOpkq5ZeedgjMBnCduSvIgRaVlf3ntGCecRBozpFTTdYT2B0hqihkZ5rxEEYFwD3VI09AIcaL8weSHITw0ShuGsTQVaThRf08MEFeqzwPTyZHuqllvLP7nNRMdXvgDGolEkwhPF4UJgzqG40Bgm0qCNesbgrCk5laIu0girE1sOROCO/vyPKkVC+5Z4eTmNF8qp3FkwT44AEfABeegBK5BBVQBBo/gGbyCN+vJerHerY9pa8ZKZ3bBH1ifPzpilp8=</latexit>

w = 2⇡f , B0 = 2⇡B

<latexit sha1_base64="NuYf/RF1Th4Vwaqv9n6a7R1RtVc="></latexit>

s̃(w) =
iB0w

�w2 + iB0w + w2
0

Ĩ(w)

<latexit sha1_base64="hmMbw/O/846E7z8/F+1/6p66PXU=">AAACJ3icbZBLS0JBFMfn9jR7WS3bDEmgSHKvRbUpxDa1M8gH+GLueNTBuQ9m5iZy8du06au0CSqiln2TRr0L0w4M/Pn9z+HM+ds+Z1KZ5rextLyyurYe24hvbm3v7Cb29svSCwSFEvW4J6o2kcCZCyXFFIeqL4A4NoeK3b8Z+5VHEJJ57oMa+tBwSNdlHUaJ0qiVuE6dDJo5nMGs0Kz7gjmAB5lBy2zm0nXFeBtCOUoN0lczdsTvxryVSJpZc1J4UViRSKKoiq3EW73t0cABV1FOpKxZpq8aIRGKUQ6jeD2Q4BPaJ12oaekSB2QjnNw5wseatHHHE/q5Ck/o7ERIHCmHjq07HaJ6ct4bw/+8WqA6l42QuX6gwKXTRZ2AY+XhcWi4zQRQxYdaECqY/iumPSIIVTrauA7Bmj95UZRzWes8e3p/lswXojhi6BAdoRSy0AXKo1tURCVE0RN6Qe/ow3g2Xo1P42vaumREMwfoTxk/vxsqpFc=</latexit>

(�w2 + iB0w + w2
0)s̃(w) = iB0wĨ(w)



Example: 2nd order bandpass filter 

<latexit sha1_base64="REVP9ejfSjnF25n5YXTBDJ7UrTI=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZKupGKHXjsoJ9QGcsmTTThiYzIckopbS48VfcuFDErT/hzr8xbWehrQcuHM65l3vvCQSjSjvOt5VZWFxaXsmu5tbWNza37O2dmooTiUkVxyyWjQApwmhEqppqRhpCEsQDRupB72rs1++JVDSObnVfEJ+jTkRDipE2Usvee7gseoLCcHQ8Kt95QlJOpkq5ZeedgjMBnCduSvIgRaVlf3ntGCecRBozpFTTdYT2B0hqihkZ5rxEEYFwD3VI09AIcaL8weSHITw0ShuGsTQVaThRf08MEFeqzwPTyZHuqllvLP7nNRMdXvgDGolEkwhPF4UJgzqG40Bgm0qCNesbgrCk5laIu0girE1sOROCO/vyPKkVC+5Z4eTmNF8qp3FkwT44AEfABeegBK5BBVQBBo/gGbyCN+vJerHerY9pa8ZKZ3bBH1ifPzpilp8=</latexit>

w = 2⇡f , B0 = 2⇡B

<latexit sha1_base64="NuYf/RF1Th4Vwaqv9n6a7R1RtVc="></latexit>

s̃(w) =
iB0w

�w2 + iB0w + w2
0

Ĩ(w)

<latexit sha1_base64="hmMbw/O/846E7z8/F+1/6p66PXU=">AAACJ3icbZBLS0JBFMfn9jR7WS3bDEmgSHKvRbUpxDa1M8gH+GLueNTBuQ9m5iZy8du06au0CSqiln2TRr0L0w4M/Pn9z+HM+ds+Z1KZ5rextLyyurYe24hvbm3v7Cb29svSCwSFEvW4J6o2kcCZCyXFFIeqL4A4NoeK3b8Z+5VHEJJ57oMa+tBwSNdlHUaJ0qiVuE6dDJo5nMGs0Kz7gjmAB5lBy2zm0nXFeBtCOUoN0lczdsTvxryVSJpZc1J4UViRSKKoiq3EW73t0cABV1FOpKxZpq8aIRGKUQ6jeD2Q4BPaJ12oaekSB2QjnNw5wseatHHHE/q5Ck/o7ERIHCmHjq07HaJ6ct4bw/+8WqA6l42QuX6gwKXTRZ2AY+XhcWi4zQRQxYdaECqY/iumPSIIVTrauA7Bmj95UZRzWes8e3p/lswXojhi6BAdoRSy0AXKo1tURCVE0RN6Qe/ow3g2Xo1P42vaumREMwfoTxk/vxsqpFc=</latexit>

(�w2 + iB0w + w2
0)s̃(w) = iB0wĨ(w)

<latexit sha1_base64="J59qs4O0V5TcmV2nuez1n0NSuH8=">AAACF3icbVBNS8NAEN34bf2qevSyWIR6CYmKehS9eKxgVWhC2Wwm7eLmg92JpYT8Cy/+FS8eFPGqN/+N24+Dtj4YeLw3w8y8IJNCo+N8WzOzc/MLi0vLlZXVtfWN6ubWjU5zxaHJU5mqu4BpkCKBJgqUcJcpYHEg4Ta4vxj4tw+gtEiTa+xn4Mesk4hIcIZGaldt0fNQyBAKXdZ7+56ECJXodJEplfaoFynGi7AsQix1Hffb1ZpjO0PQaeKOSY2M0WhXv7ww5XkMCXLJtG65ToZ+wRQKLqGseLmGjPF71oGWoQmLQfvF8K+S7hklpFGqTCVIh+rviYLFWvfjwHTGDLt60huI/3mtHKNTvxBJliMkfLQoyiXFlA5CoqFQwFH2DWFcCXMr5V1mokATZcWE4E6+PE1uDmz32D68OqqdnY/jWCI7ZJfUiUtOyBm5JA3SJJw8kmfySt6sJ+vFerc+Rq0z1nhmm/yB9fkDkXWgzA==</latexit>

iws̃(w) $ d

dt
s(t)

<latexit sha1_base64="5yCpgAv1p6PJyzHzLw9/6z4xa0M=">AAACHXicbVDJSgNBEO1xN25Rj14ag5AcDDMxqEfRi8cIJhEyMfT01CRNeha6awxhyI948Ve8eFDEgxfxb+wsB7cHVTzeq6K7npdIodG2P625+YXFpeWV1dza+sbmVn57p6HjVHGo81jG6sZjGqSIoI4CJdwkCljoSWh6/Yux37wDpUUcXeMwgXbIupEIBGdopE6+eji4rbgopA+ZHhUHJVdCgEp0e8iUigfUDRTjmX9bGWU+mq6LWOrkC3bZnoD+Jc6MFMgMtU7+3fVjnoYQIZdM65ZjJ9jOmELBJYxybqohYbzPutAyNGIh6HY2uW5ED4zi0yBWpiKkE/X7RsZCrYehZyZDhj392xuL/3mtFIPTdiaiJEWI+PShIJUUYzqOivpCAUc5NIRxJcxfKe8xEweaQHMmBOf3yX9Jo1J2jstHV9XC2fksjhWyR/ZJkTjkhJyRS1IjdcLJPXkkz+TFerCerFfrbTo6Z812dskPWB9f/2SifA==</latexit>

�w2s̃(w) $ d2

dt2
s(t)



Example: 2nd order bandpass filter 

<latexit sha1_base64="REVP9ejfSjnF25n5YXTBDJ7UrTI=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBhZSZKupGKHXjsoJ9QGcsmTTThiYzIckopbS48VfcuFDErT/hzr8xbWehrQcuHM65l3vvCQSjSjvOt5VZWFxaXsmu5tbWNza37O2dmooTiUkVxyyWjQApwmhEqppqRhpCEsQDRupB72rs1++JVDSObnVfEJ+jTkRDipE2Usvee7gseoLCcHQ8Kt95QlJOpkq5ZeedgjMBnCduSvIgRaVlf3ntGCecRBozpFTTdYT2B0hqihkZ5rxEEYFwD3VI09AIcaL8weSHITw0ShuGsTQVaThRf08MEFeqzwPTyZHuqllvLP7nNRMdXvgDGolEkwhPF4UJgzqG40Bgm0qCNesbgrCk5laIu0girE1sOROCO/vyPKkVC+5Z4eTmNF8qp3FkwT44AEfABeegBK5BBVQBBo/gGbyCN+vJerHerY9pa8ZKZ3bBH1ifPzpilp8=</latexit>

w = 2⇡f , B0 = 2⇡B

<latexit sha1_base64="NuYf/RF1Th4Vwaqv9n6a7R1RtVc="></latexit>

s̃(w) =
iB0w

�w2 + iB0w + w2
0

Ĩ(w)

<latexit sha1_base64="hmMbw/O/846E7z8/F+1/6p66PXU=">AAACJ3icbZBLS0JBFMfn9jR7WS3bDEmgSHKvRbUpxDa1M8gH+GLueNTBuQ9m5iZy8du06au0CSqiln2TRr0L0w4M/Pn9z+HM+ds+Z1KZ5rextLyyurYe24hvbm3v7Cb29svSCwSFEvW4J6o2kcCZCyXFFIeqL4A4NoeK3b8Z+5VHEJJ57oMa+tBwSNdlHUaJ0qiVuE6dDJo5nMGs0Kz7gjmAB5lBy2zm0nXFeBtCOUoN0lczdsTvxryVSJpZc1J4UViRSKKoiq3EW73t0cABV1FOpKxZpq8aIRGKUQ6jeD2Q4BPaJ12oaekSB2QjnNw5wseatHHHE/q5Ck/o7ERIHCmHjq07HaJ6ct4bw/+8WqA6l42QuX6gwKXTRZ2AY+XhcWi4zQRQxYdaECqY/iumPSIIVTrauA7Bmj95UZRzWes8e3p/lswXojhi6BAdoRSy0AXKo1tURCVE0RN6Qe/ow3g2Xo1P42vaumREMwfoTxk/vxsqpFc=</latexit>

(�w2 + iB0w + w2
0)s̃(w) = iB0wĨ(w)

<latexit sha1_base64="TwkWHbvWvYwwDFjeGath58DxOgI="></latexit>✓
d2

dt2
+B0 d

dt
+ w2

0

◆
s(t) = B0 d

dt
I(t)

<latexit sha1_base64="J59qs4O0V5TcmV2nuez1n0NSuH8=">AAACF3icbVBNS8NAEN34bf2qevSyWIR6CYmKehS9eKxgVWhC2Wwm7eLmg92JpYT8Cy/+FS8eFPGqN/+N24+Dtj4YeLw3w8y8IJNCo+N8WzOzc/MLi0vLlZXVtfWN6ubWjU5zxaHJU5mqu4BpkCKBJgqUcJcpYHEg4Ta4vxj4tw+gtEiTa+xn4Mesk4hIcIZGaldt0fNQyBAKXdZ7+56ECJXodJEplfaoFynGi7AsQix1Hffb1ZpjO0PQaeKOSY2M0WhXv7ww5XkMCXLJtG65ToZ+wRQKLqGseLmGjPF71oGWoQmLQfvF8K+S7hklpFGqTCVIh+rviYLFWvfjwHTGDLt60huI/3mtHKNTvxBJliMkfLQoyiXFlA5CoqFQwFH2DWFcCXMr5V1mokATZcWE4E6+PE1uDmz32D68OqqdnY/jWCI7ZJfUiUtOyBm5JA3SJJw8kmfySt6sJ+vFerc+Rq0z1nhmm/yB9fkDkXWgzA==</latexit>

iws̃(w) $ d

dt
s(t)

<latexit sha1_base64="5yCpgAv1p6PJyzHzLw9/6z4xa0M=">AAACHXicbVDJSgNBEO1xN25Rj14ag5AcDDMxqEfRi8cIJhEyMfT01CRNeha6awxhyI948Ve8eFDEgxfxb+wsB7cHVTzeq6K7npdIodG2P625+YXFpeWV1dza+sbmVn57p6HjVHGo81jG6sZjGqSIoI4CJdwkCljoSWh6/Yux37wDpUUcXeMwgXbIupEIBGdopE6+eji4rbgopA+ZHhUHJVdCgEp0e8iUigfUDRTjmX9bGWU+mq6LWOrkC3bZnoD+Jc6MFMgMtU7+3fVjnoYQIZdM65ZjJ9jOmELBJYxybqohYbzPutAyNGIh6HY2uW5ED4zi0yBWpiKkE/X7RsZCrYehZyZDhj392xuL/3mtFIPTdiaiJEWI+PShIJUUYzqOivpCAUc5NIRxJcxfKe8xEweaQHMmBOf3yX9Jo1J2jstHV9XC2fksjhWyR/ZJkTjkhJyRS1IjdcLJPXkkz+TFerCerFfrbTo6Z812dskPWB9f/2SifA==</latexit>

�w2s̃(w) $ d2

dt2
s(t)



<latexit sha1_base64="8DaJOXrcTTc3+nOahDYOaUEfWnY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dDBbBVZlRUTdC0Y3LCvYh7VAyaaYNTTJDckcoQ7/CjQtF3Po57vwb03YWWj0QOJxzD7n3hIngBj3vyyksLa+srhXXSxubW9s75d29polTTVmDxiLW7ZAYJrhiDeQoWDvRjMhQsFY4upn6rUemDY/VPY4TFkgyUDzilKCVHrr9GDMzuUp75YpX9WZw/xI/JxXIUe+VP22WppIppIIY0/G9BIOMaORUsEmpmxqWEDoiA9axVBHJTJDNFp64R1bpu1Gs7VPoztSfiYxIY8YytJOS4NAselPxP6+TYnQZZFwlKTJF5x9FqXAxdqfXu32uGUUxtoRQze2uLh0STSjajkq2BH/x5L+keVL1z6und2eV2nVeRxEO4BCOwYcLqMEt1KEBFCQ8wQu8Otp5dt6c9/lowckz+/ALzsc3GKyQnA==</latexit>

ṡ = u
<latexit sha1_base64="yL3N7WJghkvfBYonPbsK7hrF2t0=">AAACFHicbVDLSsNAFJ34rPUVdelmsAhCaUmqqBuh1I3uKtgHtGmYTCft0MmDmYlSQj7Cjb/ixoUibl2482+cpkG09cDA4ZxzuXOPEzIqpGF8aQuLS8srq7m1/PrG5ta2vrPbFEHEMWnggAW87SBBGPVJQ1LJSDvkBHkOIy1ndDnxW3eECxr4t3IcEstDA5+6FCOpJFsvdvuBjKPkolTrdUNOPQKj0r1t9Cqi+KOkmevE1gtG2UgB54mZkQLIULf1TzWJI4/4EjMkRMc0QmnFiEuKGUny3UiQEOERGpCOoj7yiLDi9KgEHiqlD92Aq+dLmKq/J2LkCTH2HJX0kByKWW8i/ud1IumeWzH1w0gSH08XuRGDMoCThmCfcoIlGyuCMKfqrxAPEUdYqh7zqgRz9uR50qyUzdPy8c1JoVrL6siBfXAAjoAJzkAVXIE6aAAMHsATeAGv2qP2rL1p79PogpbN7IE/0D6+AcRtngc=</latexit>

u̇ = �B0u� w2
0s+B0İ

continuous time



<latexit sha1_base64="8DaJOXrcTTc3+nOahDYOaUEfWnY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dDBbBVZlRUTdC0Y3LCvYh7VAyaaYNTTJDckcoQ7/CjQtF3Po57vwb03YWWj0QOJxzD7n3hIngBj3vyyksLa+srhXXSxubW9s75d29polTTVmDxiLW7ZAYJrhiDeQoWDvRjMhQsFY4upn6rUemDY/VPY4TFkgyUDzilKCVHrr9GDMzuUp75YpX9WZw/xI/JxXIUe+VP22WppIppIIY0/G9BIOMaORUsEmpmxqWEDoiA9axVBHJTJDNFp64R1bpu1Gs7VPoztSfiYxIY8YytJOS4NAselPxP6+TYnQZZFwlKTJF5x9FqXAxdqfXu32uGUUxtoRQze2uLh0STSjajkq2BH/x5L+keVL1z6und2eV2nVeRxEO4BCOwYcLqMEt1KEBFCQ8wQu8Otp5dt6c9/lowckz+/ALzsc3GKyQnA==</latexit>

ṡ = u

<latexit sha1_base64="ORlUx162yuOvM1xtLUDQ2kXL3os=">AAACAHicbVBNS8NAEN3Ur1q/qh48eFksglAoiYp6EYp68FjB1kIbwma7aZduNmF3IpSQi3/FiwdFvPozvPlv3LY5aOuDgcd7M8zM82PBNdj2t1VYWFxaXimultbWNza3yts7LR0lirImjUSk2j7RTHDJmsBBsHasGAl9wR784fXYf3hkSvNI3sMoZm5I+pIHnBIwklfe014qq052qT1Z7d4wAQRD4hmnYtfsCfA8cXJSQTkaXvmr24toEjIJVBCtO44dg5sSBZwKlpW6iWYxoUPSZx1DJQmZdtPJAxk+NEoPB5EyJQFP1N8TKQm1HoW+6QwJDPSsNxb/8zoJBBduymWcAJN0uihIBIYIj9PAPa4YBTEyhFDFza2YDogiFExmJROCM/vyPGkd15yz2sndaaV+lcdRRPvoAB0hB52jOrpFDdREFGXoGb2iN+vJerHerY9pa8HKZ3bRH1ifP9ptlfE=</latexit>

sn+1 = sn +�tun

<latexit sha1_base64="yL3N7WJghkvfBYonPbsK7hrF2t0=">AAACFHicbVDLSsNAFJ34rPUVdelmsAhCaUmqqBuh1I3uKtgHtGmYTCft0MmDmYlSQj7Cjb/ixoUibl2482+cpkG09cDA4ZxzuXOPEzIqpGF8aQuLS8srq7m1/PrG5ta2vrPbFEHEMWnggAW87SBBGPVJQ1LJSDvkBHkOIy1ndDnxW3eECxr4t3IcEstDA5+6FCOpJFsvdvuBjKPkolTrdUNOPQKj0r1t9Cqi+KOkmevE1gtG2UgB54mZkQLIULf1TzWJI4/4EjMkRMc0QmnFiEuKGUny3UiQEOERGpCOoj7yiLDi9KgEHiqlD92Aq+dLmKq/J2LkCTH2HJX0kByKWW8i/ud1IumeWzH1w0gSH08XuRGDMoCThmCfcoIlGyuCMKfqrxAPEUdYqh7zqgRz9uR50qyUzdPy8c1JoVrL6siBfXAAjoAJzkAVXIE6aAAMHsATeAGv2qP2rL1p79PogpbN7IE/0D6+AcRtngc=</latexit>

u̇ = �B0u� w2
0s+B0İ

<latexit sha1_base64="z+LvLDkapjqrL4QFpIAusg9UeRQ="></latexit>

un+1 = un +�t(�B0un � w2
0sn +B0İn)

continuous time

discrete time



<latexit sha1_base64="8DaJOXrcTTc3+nOahDYOaUEfWnY=">AAAB8HicbVDLSgMxFL1TX7W+qi7dDBbBVZlRUTdC0Y3LCvYh7VAyaaYNTTJDckcoQ7/CjQtF3Po57vwb03YWWj0QOJxzD7n3hIngBj3vyyksLa+srhXXSxubW9s75d29polTTVmDxiLW7ZAYJrhiDeQoWDvRjMhQsFY4upn6rUemDY/VPY4TFkgyUDzilKCVHrr9GDMzuUp75YpX9WZw/xI/JxXIUe+VP22WppIppIIY0/G9BIOMaORUsEmpmxqWEDoiA9axVBHJTJDNFp64R1bpu1Gs7VPoztSfiYxIY8YytJOS4NAselPxP6+TYnQZZFwlKTJF5x9FqXAxdqfXu32uGUUxtoRQze2uLh0STSjajkq2BH/x5L+keVL1z6und2eV2nVeRxEO4BCOwYcLqMEt1KEBFCQ8wQu8Otp5dt6c9/lowckz+/ALzsc3GKyQnA==</latexit>

ṡ = u

<latexit sha1_base64="ORlUx162yuOvM1xtLUDQ2kXL3os=">AAACAHicbVBNS8NAEN3Ur1q/qh48eFksglAoiYp6EYp68FjB1kIbwma7aZduNmF3IpSQi3/FiwdFvPozvPlv3LY5aOuDgcd7M8zM82PBNdj2t1VYWFxaXimultbWNza3yts7LR0lirImjUSk2j7RTHDJmsBBsHasGAl9wR784fXYf3hkSvNI3sMoZm5I+pIHnBIwklfe014qq052qT1Z7d4wAQRD4hmnYtfsCfA8cXJSQTkaXvmr24toEjIJVBCtO44dg5sSBZwKlpW6iWYxoUPSZx1DJQmZdtPJAxk+NEoPB5EyJQFP1N8TKQm1HoW+6QwJDPSsNxb/8zoJBBduymWcAJN0uihIBIYIj9PAPa4YBTEyhFDFza2YDogiFExmJROCM/vyPGkd15yz2sndaaV+lcdRRPvoAB0hB52jOrpFDdREFGXoGb2iN+vJerHerY9pa8HKZ3bRH1ifP9ptlfE=</latexit>

sn+1 = sn +�tun

<latexit sha1_base64="yL3N7WJghkvfBYonPbsK7hrF2t0=">AAACFHicbVDLSsNAFJ34rPUVdelmsAhCaUmqqBuh1I3uKtgHtGmYTCft0MmDmYlSQj7Cjb/ixoUibl2482+cpkG09cDA4ZxzuXOPEzIqpGF8aQuLS8srq7m1/PrG5ta2vrPbFEHEMWnggAW87SBBGPVJQ1LJSDvkBHkOIy1ndDnxW3eECxr4t3IcEstDA5+6FCOpJFsvdvuBjKPkolTrdUNOPQKj0r1t9Cqi+KOkmevE1gtG2UgB54mZkQLIULf1TzWJI4/4EjMkRMc0QmnFiEuKGUny3UiQEOERGpCOoj7yiLDi9KgEHiqlD92Aq+dLmKq/J2LkCTH2HJX0kByKWW8i/ud1IumeWzH1w0gSH08XuRGDMoCThmCfcoIlGyuCMKfqrxAPEUdYqh7zqgRz9uR50qyUzdPy8c1JoVrL6siBfXAAjoAJzkAVXIE6aAAMHsATeAGv2qP2rL1p79PogpbN7IE/0D6+AcRtngc=</latexit>

u̇ = �B0u� w2
0s+B0İ

<latexit sha1_base64="z+LvLDkapjqrL4QFpIAusg9UeRQ="></latexit>

un+1 = un +�t(�B0un � w2
0sn +B0İn)

continuous time

discrete time

input Ioutput s system



application to time series

f0=0.4Hz , B=0.2Hz

Filter_1.py



application to time series

f0=0.4Hz , B=0.2Hz

selection of 0.4Hz oscillation,  

but contribution of neighbour 0.6Hz-band visible 



application to time series

f0=1.0Hz , B=0.5Hz

Filter_1.py



application to time series

f0=1.0Hz , B=0.5Hz

selection of 1.0Hz oscillation,  

but contribution of neighbour 0.4 and 0.6Hz-band visible 



application to time series: filter divergence

f0=1.0Hz , B=0.25Hz

Filter_1.py



application to time series: filter divergence

f0=1.0Hz , B=0.25Hz

enhancement of 1.0Hz oscillation by filter divergence 

due to too small bandwidth B



application to time series: filter divergence

f0=1.0Hz , B=0.25Hz

enhancement of 1.0Hz oscillation by filter divergence 

due to too small bandwidth B

solution: larger bandwidth or filter of higher order 



bandpass filter of higher order:

e.g. 4th order

with parameters a1, b1,..,b4

<latexit sha1_base64="HqNN182TBZZMOm2iDyr0Xfi1/xc="></latexit>

s̃(w) =
a1w2

b0 + b1w + b2w2 + b3w3 + b4w4
Ĩ(w)



bandpass filter of higher order:

e.g. 4th order

with parameters a1, b1,..,b4

advantage:  

faster decay at borders

<latexit sha1_base64="HqNN182TBZZMOm2iDyr0Xfi1/xc="></latexit>

s̃(w) =
a1w2

b0 + b1w + b2w2 + b3w3 + b4w4
Ĩ(w)



bandpass filter of higher order: 4th order Butterworth filter



bandpass filter of higher order: 4th order Butterworth filter

bandpass  
with center frequency 1.0Hz

bandpass  
with center frequency 0.6Hz

bandpass  
with center frequency 0.4Hz



bandpass filter of higher order: 4th order Butterworth filter

4th order Butterworth bandpass filter is more stable than previous 2nd order



bandpass filter of higher order: 4th order Butterworth filter

4th order Butterworth bandpass filter is more stable than previous 2nd order

Take home message: try different orders and check stability



data sampling

Fourier analysis

errors in analysis

linear filters

time-frequency analysis

frequency pass filter
time-dependent filters



<latexit sha1_base64="/GC1NcDYIuotfwxQ/ThDMOkgJ3k=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUhJqoqBuh6EZ3FewDmlAm00k7dPJg5sZSQv7Cjb/ixoUibnXn3zhps9DqgYHDOedy5x434kyCaX5phbn5hcWl4nJpZXVtfUPf3GrKMBaENkjIQ9F2saScBbQBDDhtR4Ji3+W05Q6vMr91T4VkYXAH44g6Pu4HzGMEg5K6etUGxns0kWlltH9hewKTxEoTNjqwDm3AcddM88RNlujqZbNqTmD8JVZOyihHvat/2r2QxD4NgHAsZccyI3ASLIARTtOSHUsaYTLEfdpRNMA+lU4yuSs19pTSM7xQqBeAMVF/TiTYl3LsuyrpYxjIWS8T//M6MXjnTsKCKAYakOkiL+YGhEZWktFjghLgY0UwEUz91SADrLoBVWVJlWDNnvyXNI+q1mn1+PakXLvM6yiiHbSLKshCZ6iGrlEdNRBBD+gJvaBX7VF71t6092m0oOUz2+gXtI9vlAWfjQ==</latexit>

s̃(w) =
1

iw + 1/⌧0
Ĩ(w)

Example:



<latexit sha1_base64="/GC1NcDYIuotfwxQ/ThDMOkgJ3k=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUhJqoqBuh6EZ3FewDmlAm00k7dPJg5sZSQv7Cjb/ixoUibnXn3zhps9DqgYHDOedy5x434kyCaX5phbn5hcWl4nJpZXVtfUPf3GrKMBaENkjIQ9F2saScBbQBDDhtR4Ji3+W05Q6vMr91T4VkYXAH44g6Pu4HzGMEg5K6etUGxns0kWlltH9hewKTxEoTNjqwDm3AcddM88RNlujqZbNqTmD8JVZOyihHvat/2r2QxD4NgHAsZccyI3ASLIARTtOSHUsaYTLEfdpRNMA+lU4yuSs19pTSM7xQqBeAMVF/TiTYl3LsuyrpYxjIWS8T//M6MXjnTsKCKAYakOkiL+YGhEZWktFjghLgY0UwEUz91SADrLoBVWVJlWDNnvyXNI+q1mn1+PakXLvM6yiiHbSLKshCZ6iGrlEdNRBBD+gJvaBX7VF71t6092m0oOUz2+gXtI9vlAWfjQ==</latexit>

s̃(w) =
1

iw + 1/⌧0
Ĩ(w)

Example:

<latexit sha1_base64="L+pzSUAk3CqvG6K6A0eyfaYFOLI=">AAAB+XicbVDLTgJBEJzFF+Jr1aOXicQEL2QXjXokeuGIiTwSWMnsbC9MmH1kZhZDFv7EiweN8eqfePNvHGAPClbSSaWqO91dbsyZVJb1beTW1jc2t/LbhZ3dvf0D8/CoKaNEUGjQiEei7RIJnIXQUExxaMcCSOByaLnDu5nfGoGQLAof1DgGJyD9kPmMEqWlnmlOuopxD9LatPR0Pnms9MyiVbbmwKvEzkgRZaj3zK+uF9EkgFBRTqTs2FasnJQIxSiHaaGbSIgJHZI+dDQNSQDSSeeXT/GZVjzsR0JXqPBc/T2RkkDKceDqzoCogVz2ZuJ/XidR/o2TsjBOFIR0schPOFYRnsWAPSaAKj7WhFDB9K2YDoggVOmwCjoEe/nlVdKslO2r8sX9ZbF6m8WRRyfoFJWQja5RFdVQHTUQRSP0jF7Rm5EaL8a78bFozRnZzDH6A+PzBxsLk1E=</latexit>

|H̃(w)|2

angle frequency w

time t’
t=

H(t-t’)

I(t’)

<latexit sha1_base64="RZK1K1hjplhsuz/0tQ624F0DIA8=">AAACEXicbVDLSsNAFJ34rPVVdekmWISKUJIq6kYouumygn1Ak4bJdNIOnTyYubGUNL/gxl9x40IRt+7c+TdOHwttPXDhcM693HuPG3EmwTC+taXlldW19cxGdnNre2c3t7dfl2EsCK2RkIei6WJJOQtoDRhw2owExb7LacPt3479xgMVkoXBPQwjavu4GzCPEQxKcnKFkQWMd2hSSQuDk1G7dG15ApPETBMLcOwY7dKgXTo1UyeXN4rGBPoiMWckj2aoOrkvqxOS2KcBEI6lbJlGBHaCBTDCaZq1YkkjTPq4S1uKBtin0k4mH6X6sVI6uhcKVQHoE/X3RIJ9KYe+qzp9DD05743F/7xWDN6VnbAgioEGZLrIi7kOoT6OR+8wQQnwoSKYCKZu1UkPq0RAhZhVIZjzLy+SeqloXhTP7s7z5ZtZHBl0iI5QAZnoEpVRBVVRDRH0iJ7RK3rTnrQX7V37mLYuabOZA/QH2ucPboKcvw==</latexit>

|H̃(w)|2 =
1

⌧
2
0w

2 + 1

lowpass filter



<latexit sha1_base64="/GC1NcDYIuotfwxQ/ThDMOkgJ3k=">AAACF3icbVDLSsNAFJ3UV62vqEs3wSJUhJqoqBuh6EZ3FewDmlAm00k7dPJg5sZSQv7Cjb/ixoUibnXn3zhps9DqgYHDOedy5x434kyCaX5phbn5hcWl4nJpZXVtfUPf3GrKMBaENkjIQ9F2saScBbQBDDhtR4Ji3+W05Q6vMr91T4VkYXAH44g6Pu4HzGMEg5K6etUGxns0kWlltH9hewKTxEoTNjqwDm3AcddM88RNlujqZbNqTmD8JVZOyihHvat/2r2QxD4NgHAsZccyI3ASLIARTtOSHUsaYTLEfdpRNMA+lU4yuSs19pTSM7xQqBeAMVF/TiTYl3LsuyrpYxjIWS8T//M6MXjnTsKCKAYakOkiL+YGhEZWktFjghLgY0UwEUz91SADrLoBVWVJlWDNnvyXNI+q1mn1+PakXLvM6yiiHbSLKshCZ6iGrlEdNRBBD+gJvaBX7VF71t6092m0oOUz2+gXtI9vlAWfjQ==</latexit>

s̃(w) =
1

iw + 1/⌧0
Ĩ(w)

Example:

<latexit sha1_base64="L+pzSUAk3CqvG6K6A0eyfaYFOLI=">AAAB+XicbVDLTgJBEJzFF+Jr1aOXicQEL2QXjXokeuGIiTwSWMnsbC9MmH1kZhZDFv7EiweN8eqfePNvHGAPClbSSaWqO91dbsyZVJb1beTW1jc2t/LbhZ3dvf0D8/CoKaNEUGjQiEei7RIJnIXQUExxaMcCSOByaLnDu5nfGoGQLAof1DgGJyD9kPmMEqWlnmlOuopxD9LatPR0Pnms9MyiVbbmwKvEzkgRZaj3zK+uF9EkgFBRTqTs2FasnJQIxSiHaaGbSIgJHZI+dDQNSQDSSeeXT/GZVjzsR0JXqPBc/T2RkkDKceDqzoCogVz2ZuJ/XidR/o2TsjBOFIR0schPOFYRnsWAPSaAKj7WhFDB9K2YDoggVOmwCjoEe/nlVdKslO2r8sX9ZbF6m8WRRyfoFJWQja5RFdVQHTUQRSP0jF7Rm5EaL8a78bFozRnZzDH6A+PzBxsLk1E=</latexit>

|H̃(w)|2

angle frequency w

time t’
t=

H(t-t’)

I(t’)

<latexit sha1_base64="uRERLnDfBXZu6VWzB/hpazLOJTA="></latexit>

s(t) =

Z t

�1
e�(t�t0)/⌧0I(t0)dt0

<latexit sha1_base64="Gopva+iuIQvuYgnCGkKGQWauOn4=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRahHqyJinoRil56rGA/oI1hs922SzebsDsRS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/yIMwW2/W3klpZXVtfy64WNza3tHXO32FRhLAltkJCHsu1jRTkTtAEMOG1HkuLA57Tlj24nfuuRSsVCcQ/jiLoBHgjWZwSDljyzWCvD0TV9SI7hpAs49uzUM0t2xZ7CWiRORkooQ90zv7q9kMQBFUA4Vqrj2BG4CZbACKdpoRsrGmEywgPa0VTggCo3md6eWoda6Vn9UOoSYE3V3xMJDpQaB77uDDAM1bw3Ef/zOjH0r9yEiSgGKshsUT/mFoTWJAirxyQlwMeaYCKZvtUiQywxAR1XQYfgzL+8SJqnFeeicnZ3XqreZHHk0T46QGXkoEtURTVURw1E0BN6Rq/ozUiNF+Pd+Ji15oxsZg/9gfH5A3bRk3E=</latexit>

H(t) = e
�t/⌧0

<latexit sha1_base64="RZK1K1hjplhsuz/0tQ624F0DIA8=">AAACEXicbVDLSsNAFJ34rPVVdekmWISKUJIq6kYouumygn1Ak4bJdNIOnTyYubGUNL/gxl9x40IRt+7c+TdOHwttPXDhcM693HuPG3EmwTC+taXlldW19cxGdnNre2c3t7dfl2EsCK2RkIei6WJJOQtoDRhw2owExb7LacPt3479xgMVkoXBPQwjavu4GzCPEQxKcnKFkQWMd2hSSQuDk1G7dG15ApPETBMLcOwY7dKgXTo1UyeXN4rGBPoiMWckj2aoOrkvqxOS2KcBEI6lbJlGBHaCBTDCaZq1YkkjTPq4S1uKBtin0k4mH6X6sVI6uhcKVQHoE/X3RIJ9KYe+qzp9DD05743F/7xWDN6VnbAgioEGZLrIi7kOoT6OR+8wQQnwoSKYCKZu1UkPq0RAhZhVIZjzLy+SeqloXhTP7s7z5ZtZHBl0iI5QAZnoEpVRBVVRDRH0iJ7RK3rTnrQX7V37mLYuabOZA/QH2ucPboKcvw==</latexit>

|H̃(w)|2 =
1

⌧
2
0w

2 + 1
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G(t): filter window = sliding window

s(t): correlation function of G and I
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s(t) =

Z 1

�1
G(t� t0)I(t0)dt0

time t’
t=

G(t-t’)

I(t’)

G(t): filter window = sliding window

linear filters  

can be seen as a time-dependent correlation function  

of a signal with a sliding window

s(t): correlation function of G and I



data sampling

Fourier analysis

errors in analysis

linear filters

time-frequency analysis



average time window average time window

time window:  

T=50sΔ

frequency resolution:  

0.02HzΔf =

very good frequency resolution, very bad time resolution



average time window average time window

frequency resolution:  

0.02HzΔf =

time-independent frequency on large time scale

time window:  

T=50sΔ



frequency resolution:  

0.1HzΔf =

average time windows

good frequency resolution — bad time resolution

time window:  

T=10sΔ



time window:  

T=10sΔ

frequency resolution:  

0.1HzΔf =

average time windows

time-dependent frequency on shorter time scale



time window:  

T=2sΔ

frequency resolution:  

0.5HzΔf =

bad frequency resolution — good time resolution



it is necessary to balance time and frequency resolution since

ΔT ∼
1
Δf
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ΔTΔf = const Heisenberg uncertainty relation



it is necessary to balance time and frequency resolution since

ΔT ∼
1
Δf

ΔTΔf = const Heisenberg uncertainty relation

Question: is there an instantaneous frequency ?



data sampling

Fourier analysis

errors in analysis

linear filters

time-frequency analysis

uni-resolution analysis
multi-resolution analysis
non-Fourier analysis



Short-time Fourier Transform (STFT)

input to filter
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filter window

finite size !!



Short-time Fourier Transform (STFT)
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s(t, f) =

Z 1

�1
w(t� t0)x(t0)e�i2⇡ft0dt0



typical finite size windows w(t)



choose Hanning window in STFT



overlap of  13.4s 

time window:  
T=20sΔ

frequency resolution:  
0.05HzΔf =

Filter_2.py



overlap of  19.7s 

time window:  
T=20sΔ

frequency resolution:  
0.05HzΔf =

Filter_2.py



time window:  
T=20sΔ

frequency resolution:  
0.05HzΔf =

with overlap

no overlap

overlapping sliding windows  

improve  

time and frequency resolution



Hanning window

Gaussian window

Hanning and Gaussian results are similar



comment: if

and

temporal variance

frequency variance



comment: if

and

then

Heisenberg-Weyl inequality

temporal variance

frequency variance
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|f̂ |2 =

||f ||42
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minimum uncertainty  

if 
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f(t) = c0e
i2⇡fte�c1(x�xm)2

best time-frequency resolution if window is of Gaussian  shape

Gabor transformation



data sampling

Fourier analysis

errors in analysis

linear filters

time-frequency analysis

uni-resolution analysis
multi-resolution analysis
non-Fourier analysis







correlation between signal x and impulse response function h



STFT has constant time-frequency resolution, 

but transient signals need different time resolutions 



temporal scale factor a



Ψ(t)

impulse response function fits to signal at that time instance

—> strong correlation X 



Ψ(t)

impulse response function does not fit to signal at that time instance

—> weak correlation X 



impulse response function doesn’t fit to signal at that time instance

—> weak correlation X 

Ψ(2t)



real part of wavelet transform X 

TimeFrequency_1.py





continuous wavelet transform

Ψ(t) : mother wavelet



properties:

adminissibility mother wavelet has to be oscillatory



properties:

adminissibility mother wavelet has to be oscillatory

in neuroscience: 5 ≤ σ ≤ 8 recommended

example: complex Morlet wavelet 
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X(⌧, a) =
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˜̄Ψ(af ) a

Morlet wavelet 



a=1

x̃( f )

a=1.5

a=3.5

˜̄Ψ(af ) a

frequency f [Hz]



absolute value of wavelet transform |X|

scalogram with Morlet wavelet

TimeFrequency_1.py



center frequency fc

relation between scales and frequency



center frequency fc

relation between scales and frequency

pseudo frequency  fp =
fc
a

pseudo frequency is the frequency of maximum mother wavelet power



center frequency fc

relation between scales and frequency

pseudo frequency  fp =
fc
a

pseudo frequency is the frequency of maximum mother wavelet power

“pseudo” : not a unique frequency, but represents a distribution



relation between scales and frequency

equidistant scales

equidistant frequencies

scales

scales

fre
qu

en
cy

fre
qu

en
cy



time-frequency plot

TimeFrequency_2.py

absolute value of wavelet transform |X|



from: A. Hutt and J. Lefebvre,  
Arousal fluctuations govern oscillatory transitions between dominant gamma- and alpha occipital activity during eyes open/closed conditions,  

Brain Top. (2021)

simulated cortical activity

TimeFrequency_3.py

Example:



data taken from: A. Hutt and J. Lefebvre, Brain Top. (2021); doi:10.1007/s10548-021-00855-z

simulated cortical activity

TimeFrequency_3.py

Example:

STFT



related Python libraries 

PyWavelets 

https://github.com/PyWavelets/pywt



comment: what is the Discrete Wavelet Transform ?

overlapping frequency bands for different a !!
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optimal decomposition of signal !!!!!!!!!!!



comment: what is the Discrete Wavelet Transform ?

po
w

er

frequency

filter bank with non-overlapping bands

optimal decomposition of signal !!!!!!!!!!!

but rarely applied in neuroscience  



data sampling

Fourier analysis

errors in analysis

linear filters

time-frequency analysis

uni-resolution analysis
multi-resolution analysis
non-Fourier analysis



Hilbert Transform

an oscillation with a single frequency has a power spectrum with negative frequency

s(t) = cos(2πf0t)



Hilbert Transform

analytical signal sa(t) contains a single positive frequency


