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HOMEWORK

2006.12.7

4. Solve the Ornstein-Uhlenbeck equation:
dXy = pXidt +0dBy, t > 0; Xg = g

where u, o and zg are constants. And then, find E[X;] and var(X}) for each ¢ > 0.
Solution:

dX; = (b1 (£) X, + ba(t))dt + 0(t)dB, (2.3)

t
& —expf [ bi(s)ds)
0
then,

t t
Xt:@t-(§+/ bg(s)q)s_lds—i-/ o2(s)®; tdBy)
0 0

b1(t) = u, ba(t) =0, 02(t) = o, satisfies (2.3)

¢
o, = exp{/ pds} = ekt
0
Hence,
¢ ¢ ¢
X; = e (zg —|—/ 0-e Mds —|—/ oe "dBy) = el (xg —|—/ oe " dBy)
0 0 0

By Theorem 6.2.3. linear SDE(2.3) satisty,
let m(t) = E[X;], and p(t) = E[X?], with the following system ODE.

{ dm(t) = (b(t)m(t) + ba(t))dt
dp(t) = 2by (t)p(t)dt + 2m(t)ba(t)dt + o3 (t)dt

dm( ) = p-m(t)dt = m~(t)dm(t) = pdt = In(m(t)) = p [ dt = pt +In(me(t))
lt) = molt) - ¢ = aper”

Where o(t) = E(Xp) = ](E))(xg) = 20, hence E[X{] = zoe! X

dp(t) = p - p(t)dt + 2xoe“t 0dt + o2dt

= dp(t) = (n-p(t) +0)dt

= (u-p(t)+02)” 1dp() dt
= In(p §>() o) =t+1In(u-po(t) + 0°)

= p-plt = (u-po(t) +0°) e
=p(t)=p"" ((p $0+0') et—az)
Therefore, E[ X2 = (p- 23+ 0?)e’t —o?),

Hence, var(X;) = E[ 2] — B[X,]? = [((pad + 02)eXt —o2?) - p~! — CL'(%@ZMXt]%
7. Solve the reducible SDE:

1 _2 _
dX; = —a(a— V)X, " dt +aX, *dB,, t > 0; Xo = 0.
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Solution:
1
dXt = 50'(Xt)0'/(Xt)dt + U(Xt)dBt (33)
1et T 1
h(zx) :/a o(a) du; Vz € Dom(o)
then,

X; = h™ By + h(zo))

1—2

let o(X3) = athfi, then, ¢/(X;) = a(1 — %)X;% = (a— 1)X;% and o(X})o'(Xy) = ala—1)X; ©,
satisfies (3.3), so that

Hence,
Xy =h™ By + h(xzo)) =h ' (By +ag) = (By + x§ )"

8. Solve the reducible SDE:

dX; = z(Ina)®X,dt + (Ina)X,dBy, t > 0; Xo = 2o

N =

Solution: )
dX; = 5(in a)?>Xydt + (Ina) X;dB;

X ldx, = %(lna)zdt + (Ina)dB,

In(X,) = In(Xo) + %(m 0)2 / dt + (na) / dB,
X: = exp{In(zo) + %(ln a)?-t+ (Ina) - By}

X; = exp{In(zp) + %t(ln a)-(lna)+ (Ina) - By}

X, = xoa%tln a+ By

9. Solve the reducible SDE:

1 1
b 2Xedt + — b XtdB,, t > 0; Xo = x0

AXe = =500 Inb

Solution: let o(X;) = 150~ ~, then, o/ (X;) = b=t - (Inb) - (=1) = (—=1)b™,

and 20(X;)o'(Xy) = —515b7 2%, satisfies (3.3), so that

h(x):/ Lclu:/ Inb-b%du =b"*

o(u) a
Inz
-1 e
@) =17
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Hence,
X = h™H(By + h(xo)) = h—1(B; +b"™) = ﬁ ‘In(By + ™), YO<t<T

where 7 = inf{t > 0|B; + b® < 0}

10. Solve the reducible SDE:

1
dX, = —éaQXtdt +ay/1 — X?dB,

Solution: let 0(X;) = ay/1 — X2, then, 0/(X;) = a-(—3)(v/1 — X?) 71 (2Xy) = (—1)aXy(v/1 — X2)~*
and o(X;0'(X; = (—1)a® Xy, satisfies (3.3), so that
b 1" 1 1
h(z) = /a mdu = a/a ﬁdu = arcsin &
h~!(x) = sin(ax)

Hence,

1 1
X; = h™ (B + h(zo)) = h (B + " arcsin xg) = sin(aB; + a - - arcsin xo) = sin(aB; + arcsin xg).

11. Solve the reducible SDE:
dXy = a®X¢(1 + XP)dt +a(1 4+ X7)dBy, t > 0; X =0

Solution: let o(X;) = a(1 + X?), then, o/(X;) = a - 2X; = 2aX;
and $0(Xy)o'(Xy) = 2a(l 4+ X?) - 2aX; = a®X,(1 + X7), satisfies (3.3), so that

z 1 1 [ 1
h(x):/ :—du:—/ ﬁdu:aarctanx

h~Y(x) = tan(ax)
Hence,
1
X; =h 4By + h(zg)) = h (B + - arctan xg) = tan(aB; + arctanzg), V0 <t <1
where 7 = inf{t > 0||aB; + arctan x| < 5}

12. Solve the reducible SDE:

dX; = —%athdt —ay/1 — X?2dB;
Solution: let 0(X;) = —ay/1 — X2, then, 0/ (X;) = —a-(—3)(v/1 — X?) 71 (2X;) = aXy(y/1 — X?) 7!

and o(X;0'(X; = (—1)a? Xy, satisfies (3.3), so that

h()—/t—l d ——1/9071 du = = arcsi
x) = @ u=— Vi u=—arcsinz
h~Y(x) = sin(—ax)

Hence,

1 1
X; = h™ (B +h(xo)) = h™(B; — = arcsin ) = sin(—aB; +a- — arcsin o) = sin(—aB; +arcsin o).
a
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14. Solve the stochastic Verhulst equation:

dX; = (AX; — X7)dt + 0 XydBy, t > 0; Xo = 20

Solution
dXt = (OZXZFL + ﬁXt)dt + UXtdBt; X() =X ?é 0 (313)
let,
1
©; = exp{(8 — 502)t + 0B}
then,

t
Xi =0 (x5 +(1— n)a/ @Qilds)ﬁ
0

Since a = 1, B = A, 0 = 0, n = 2, satisfies (3.13)
1
O = exp{(A — 50°)t + 0B} = (AR
Hence,

X =exp{(\ — %az)t + 0B}t 4 (=1)(-1) /t exp{(A — %O'Q)t + oB;}yds) ™!
0

t
the()\_%az)t+UBt(l‘al+/ e(A—%Uz)H‘UBtdS)—l_
0

15. Solve the stochastic Ginzbury-Landau equation:
1
dXe = [-X} + (a+ EJQ)Xt]dt +0X,dBy, t >0; Xo =10
Solution: Since o = —1, f =a + %02, o = o, satisfies (3.13), so that
1 2 1 2 at+oB
O =exp{(a+=0°—=0°)t+0B;} =¢ ¢

2 2

Hence,

t
X, = eothroBt(va +2/ 62(a5+oBs)ds)7%
0
17. Solve the reducible SDE:
1
Xy = §a2th2m’1dt +aX"dBy, m# 1, t > 0; Xo = 20

Solution: let o(X;) = aX;™, then, o/(X;) = amX[" "' and $0(X;)0o’(X;) = 2a?mX7™ ™,
satifies (3.3), so that

— vl _ 1 ‘ —-m _ 1 1 1-m __ 1 1-m
h(x)—/a a(u)du_Q/a u du—a T _a(lfm)x

1
=Y (z) = a(l = m)zT—m
(@) ( gtochastic Processes and Stochastic Analysis




HO 10 TONG(MA66530-6) 5

Hence,
1 1 1
X :hfl B h :hfl B 1—my _ 1— B l-m\ya=7y
t (Bt + h(z0)) ( t+a(1—m)x0 ) =a(l —m)( t+a(1—m)x0 )@
18. Solve the reducible SDE:
1 1 2
dX, = gxf'dt v X2 dB,, >0, Xo =0
Solution: let o(Xy) = Xt%, o (Xy) = %Xt_%, and 10(X;)o'(X;) = 3 -Xt% . %X‘é = %X%,
satisfies (3.3), so that
! T2 1
h(z) = ——du = u 3du=3X73
o o(u) a
3
hle) = =
Hence,
1 1 1 1 1
Xi = h™Y(By + h(zo)) = h~ ' (B + 33 = = (Bi + 323)3 = (3B + z3)?
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