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Homework

2006.11.18

In each of Problem 1 through 4, find the mean E[X] and the variance var(X) of X, which is a
random variable defined on a complete probability space (Ω,F ,P).
4.X has a normal distribution with parameters µ and σ > 0.
Solution: its probability density is

n(x;µ, σ) =
1

σ
√
2π
e−

1
2
(x−µ

σ
)2

E[X] =
1

σ
√
2π

∫ ∞

−∞
xe−

1
2
(x−µ

σ
)2dx

let v = x−µ
σ

, x = σv + µ, dv = 1
σ
dx, then

E[X] =
1√
2π

∫ ∞

−∞
(σv + µ)e−

1
2
v2dv =

σ√
2π

∫ ∞

−∞
ve

1
2
v2dv +

µ√
2π

∫ ∞

−∞
e−

1
2
v2dv

since ve−
1
2
v2 is odd function, e−

1
2
v2 is even function, and integraling interval is symmetric, hence∫∞

−∞ ve
− 1
2
v2dv = 0, and then

E[X] =
2µ√
2π

∫ ∞

0

e−
1
2
v2dv

Only calcaulate
∫∞
0 e

− 1
2
v2dv , let I =

∫∞
0 e

− 1
2
v2dv

I2 =

∫ ∞

0

e−
1
2
x2dx ·

∫ ∞

0

e−
1
2
y2dy =

∫ ∞

0

∫ ∞

0

e−
1
2
(x2+y2)dxdy

change of variable x = r sin θ, y = r cos θ

I2 =

∫ π
2

0

∫ ∞

0

e−
1
2
r2rdrdθ =

∫ π
2

0

∫ ∞

0

(−1)e−1
2
r2d(e−

1
2
r2)dθ

I2 =

∫ π
2

0

(−1)e−1
2
r2 |∞0 dθ =

∫ π
2

0

dθ =
π

2
⇒ I2 = π

2
⇒ I =

√
2π

2

Therefore, the mean E[X] = µ

E[X2] =
1

σ
√
2π

∫ ∞

−∞
x2e−

1
2
(x−µ

σ
)2dx

let v = x−µ
σ

, x = σv + µ, dv = 1
σ
dx, then

E[X2] =
1√
2π

∫ ∞

−∞
(σ2v2+2σµv+µ2)e−

1
2
v2dv =

2σ2√
2π

∫ ∞

0

v2e−
1
2
v2dv+

2σµ√
2π

∫ ∞

−∞
ve−

1
2
v2dv+

2µ2√
2π

∫ ∞

0

e−
1
2
v2dv

since ve−
1
2
v2 is odd function, v2e−

1
2
v2 , e−

1
2
v2 are even function, and integraling interval is also

symmetric, hence
∫∞
−∞ ve−1

2v
2dv = 0, we only calculate

∫∞
0 v

2e−
1
2
v2dv

∫ ∞

0

v2e−
1
2
v2dv =

∫ ∞

0

(−1)vd(e− 1
2
v2) = (−1)ve− 1

2
v2 |∞0 +

∫ ∞

0

e−
1
2
v2dv = 0 +

√
2π

2
=

√
2π

2
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so that we have

E[X2] =
2σ2√
2π
·
√
2π

2
+

2µ2√
2π
·
√
2π

2
= σ2 + µ2

Therefore, the variance var(X) = E[X2]− (E[X])2 = σ2 + µ2 − µ2 = σ2.

In each of Problem 5 through 10. X and Y are random varibles defined on a complete proba-
bility space (Ω,F ,P).
5.Assume E[X2] <∞. Prove Chebyshev inequality:

P(X ≥ ε) ≤ 1

ε2
E[X2],∀ε > 0.

Proof: using notes P.11 properties (5) basic inequalities

P(X ≥ α) ≤ (g(α))−1E[g(X)]

let g(x) = x2, then g(·) be nonnegative and Borel measurable, g(·) is non-decreasing. hence

P(X ≥ ε) ≤ (g(ε))−1E[g(X)] = (ε2)−1E[X2] =
1

ε2
E[X2]

Therefore, we have P(X ≥ ε) ≤ 1
ε2
E[X2],∀ε > 0.

7.Show that, if X has an exponential distribution with parameter θ > 0, then X satisfies the
forgetfulness property that

P(X > x+ y|X > y) = P(X > x),∀x, y ∈ (0,∞).

Proof:

L.H.S =
P((X > x+ y)

⋂
(X > y))

P(X > y)
=
P(X > x+ y)

P(X > y)
and R.H.S = P(X > x).

And exponential distribution probability density is

g(x; θ) =

{
1
θ
e−

x
θ , if x > 0

0, otherwise.

P(X > x+ y) =

∫ ∞

x+y

1

θ
e−

v
θ dv =

∫ ∞

x+y

(−1)d(e− v
θ ) = (−1)e− v

θ |∞x+y = e−
x+y
θ

similar, P(X > y) = e−
y
θ , P(X > x) = e−

x
θ , then

L.H.S =
e−

x+y
θ

e−
y
θ

= e−
x
θ = R.H.S

Therefore, P(X > x+ y|X > y) = P(X > x).

8.Suppose that X and Y are integrable, and a and b are real numbers. Show

E[aX + bY |G] = aE[X|G] + bE[Y |G],P-a.s.

Proof:

L.H.S =

∫

B

aX + bY dP = a

∫

B

XdP+ b

∫

B

Y dP = aE[X|G] + bE[Y |G] = R.H.S

10.Show that E[1|G] = 1.
Proof:both side take the mean
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L.H.S= |E[E[1|G]] = E[1] = 1
R.H.S= E[1] = 1
Hence, E[1|G] = 1

11.Show that, in [0,∞), the Poisson process N . is both mean-square continuous and continuous
in probability, but is not continuous with probability one.
Proof: first, we want to prove it is mean-continuous continuous,
Poisson distribrtion

p(x; y) =
λxeλ

x!
for x = 0, 1, 2. · · ·

with momet-generating function is

MX(t) = e
λ(et−1), M ′

X(t) = λe
teλ(e

t−1), M ′′
X(t) = λe

teλ(e
t−1) + λ2e2teλ(e

t−1)

and then, E[X2] =M ′′
X(0) = λ+ λ

2 <∞

lim
s→t,s∈T

E[|Xs −Xt|2] =

second, we want to prove it is continuous in probability in[0,∞),

lim
s→t,s∈T

P({ω : |Xs(ω)−Xt(ω)| ≥ ε}) =

third, we want to prove it is not continuous with probability one,
Remake:
[1] X. is said to mean-square continuous if, for each t ∈ T , it satisfies that E[X2t ] < ∞ and
lims→t,s∈T E[|Xs −Xt|2] = 0;
[2] X. is said to be continuous in probability if, for every ε > 0 and for each t ∈ T ,
lims→t,s∈T P({ω : |Xs(ω)−Xt(ω)| ≥ ε}) = 0

12.Prove that the standard Brownian motion B. is continuous in [0,∞) with probability one.
Proof: for ∀0 ≤ s < t, (Bt−Bs) ∼ N(0,

√
t− s). According to the exercises 16 result, we know that

for ∀k > 0

E[(Bt −Bs)2k] =
(2k)!

2kk!
(t− s)k

By Kolmogorov’s Criterion Theorem,
Hence, the standard Brownian motion B. is continuous in [0,∞) with probability one.
Remark:Kolmogorov’s Criterion Therem.
X. is a stochastic process, if exists sone oisutuve constants α,β,C and δ, such that |t− s| < δ and

E[|Xt −Xs|α] ≤ C|t− s|1+β.

then X. is continuous in [0,∞) with probability one.

Since, in this exercise, α = 2k, β = k − 1, C = (2k)!
2kk! , |t− s| < δ, satify all condition, and then B. is

continuous in [0,∞) with probability one.

13.Show the linearity of stochastic integral: for any X., Y ∈ L2.T and any constants a and b,

∫ T

0

(aXs + bYs)dBs = a

∫ T

0

XsdBs + b

∫ T

0

YsdBs.

Solution: using P.61 theorem 4.2.3

∫ T

0

XsdBS=s = lim
|∆|→0

n∑

i=1

Xtn
i−1

(Btn
i
−Btn

i−1
)
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where limit is in L2(Ω,Ft,P), and ∆ : 0 = t0 < t1 < t2 · · · < tn = T

L.H.S = lim
|∆|→0

n∑

i=1

(aXtn
i−1

+bYtn
i−1

)(Btn
i
−Btn

i−1
) = a lim

|∆|→0

n∑

i=1

Xtn
i−1

(Btn
i
−Btn

i−1
)+b lim

|∆|→0

n∑

i=1

Ytn
i−1

(Btn
i
−Btn

i−1
)

= a

∫ T

0

XsdBs + b

∫ T

0

YsdBs = R.H.S.

14.Use the Itô formula to show

∫ t

0

B2n−1s dBs =
1

2n
B2nt −

∫ t

0

2n− 1

2
B2n−2s ds,∀t ≥ 0.

Solution: Let F (t, Bt) =
1
2nB

2n
t , by using Itô formula

dF (t, Bt) =
∂F (t, Bt)

∂t
dt+

∂F (t, Bt)

∂x
dBt +

1

2

∂2F (t,Bt)

∂x2
(dBt · dBt).

dF (t, Bt) = 0 · dt+B2n−1t dBt +
1

2
(2n− 1)B2n−1t dt

dF (t, Bt) = B
2n−1
t dBt +

(2n− 1)

2
B2n−1t dt

F (t,Bt) = F (0, B0) +

∫ t

0

B2n−1s dBs +

∫ t

0

2n− 1

2
B2n−2s ds

since F (0, B0) =
1
2nB0 = 0, hence

1

2n
B2nt =

∫ t

0

B2n−1s dBs +

∫ t

0

2n− 1

2
B2n−2s ds

i.e.

∫ t

0

B2n−1s dBs =
1

2n
B2nt −

∫ t

0

2n− 1

2
B2n−2s ds.

15.Show that, if f(·) a determinstic functio having a continuous and bounded derivative f ′(·) in
[0, T ], then ∫ t

0

f(s)dBs = f(t)Bt −
∫ t

0

f ′(s)Bsds.

Solution: Let F (t, Bt) = f(t)Bt, by using Itô formula

dF (t, Bt) =
∂F (t, Bt)

∂t
dt+

∂F (t, Bt)

∂x
dBt +

1

2

∂2F (t,Bt)

∂x2
(dBt · dBt).

dF (t, Bt) = f
′(t)Btdt+ f(t)dBt +

1

2
· 0 · (dBt · dBt)

F (t, Bt) = F (0, B0) +

∫ t

0

f ′(s)Bsds+

∫ t

0

f(s)dBs

since F (0, B0) = f(0) ·B0 = f(0) · 0 = 0, hence

f(t)Bt =

∫ t

0

f ′(s)Bsds+

∫ t

0

f(s)dBs

i.e.

∫ t

0

f(s)dBs = f(t)Bt −
∫ t

0

f ′(s)Bsds is hold.
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16. Let B. be a standard (Ft)-Brownian motion. Prove that, for every k = 1, 2, · · · , and any
0 ≤ s < t,

E[(Bt −Bs)2k−1] = 0, and E[(Bt −Bs)2k] =
(2k)!

2k · k! (t− s)
k.

Proof: we know that normal distribrtion

n(x;µ, σ) =
1

σ
√
2π
e−

1
2
(x−µ

σ
)2

And (Bt −Bs) ∼ N(0,
√
t− s), so that

n(x; 0,
√
t− s) = 1√

t− s
√
2π
e
− 1
2
( x√

t−s
)2

E[(Bt −Bs)2k−1] =
1√

t− s
√
2π

∫ ∞

−∞
x2k−1e

− 1
2
( x√

t−s
)2

dx

since x2k−1e
− 1
2
( x√

t−s
)2

is odd function, and integraling interval is also symmetric,
hence E[(Bt −Bs)2k−1] = 0.

E[(Bt −Bs)2k] =
1√

t− s
√
2π

∫ ∞

−∞
x2ke

− 1
2
( x√

t−s
)2

dx

since x2ke
− 1
2
( x√

t−s
)2

is even function, and integraling interval is also symmetric, hence

E[(Bt −Bs)2k] =
2√

t− s
√
2π

∫ ∞

0

x2ke
− 1
2
( x√

t−s
)2

dx

Just to calculate
∫∞
0
x2ke

− 1
2
( x√

t−s
)2

dx,
using change of variable and Integration by parts,

let v = e
− 1
2
( x√

t−s
)2

, then dv = e
− 1
2
( x√

t−s
)2 · (−1

2) · 2xt−sdx,
i.e. dv = v · (−1) x

t−sdx⇔ (−1) t−s
x
dv = vdx

∫ ∞

0

x2ke
− 1
2
( x√

t−s
)2

dx =

∫ ∞

0

x2kvdx
chg.v
=

∫ x=∞

x=0

x2k · (−1) · t− s
x
dv = (t− s)

∫ x=∞

x=0

(−1)x2k−1dv

by part
= (−1)(t− s)x2k−1v|x=∞x=0 + (t− s)

∫ x=∞

x=0

vd(x2k−1) = (t− s)(2k − 1)

∫ ∞

0

x2k−2 · vdx

using this method by k step, become

(t−s)k(2k−1)(2k−3) · · · · · · 3 ·1 ·
∫ ∞

0

vdx = (t−s)k 2k(2k − 1)(2k − 2)(2k − 3) · · · 3 · 2 · 1
2k(2k − 2) · · · 4 · 2 ·

∫ ∞

0

vdx

= (t− s)k (2k)!

2k · k(k − 1) · · · 2 · 1 ·
∫ ∞

0

vdx =
(2k)!

2k · k! (t− s)
k

∫ ∞

0

vdx

since
∫∞
0
vdx =

√
t−s

√
2π

2 , so E[(Bt −Bs)2k] = (2k!)
2k·k! (t− s)k.

17.Use the Itô formula to show
∫ t

0

sinBsdBs = 1− cosBt −
∫ t

0

1

2
cosBsds, t ≥ 0.

Solution: Let F (t, Bt) = l − cosBt, by using Itô formula

dF (t, Bt) =
∂F (t, Bt)

∂t
dt+

∂F (t, Bt)

∂x
dBt +

1

2

∂2F (t,Bt)

∂x2
(dBt · dBt).
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dF (t, Bt) = 0 · dt+ sinBtdBt +
1

2
cosBt(dBt · dBt)

dF (t, Bt) = sinBt +
1

2
cosBtdt

F (t,Bt) = F (0, B0) +

∫ t

0

sinBsdBs +
1

2

∫ t

0

cosBsds

since F (0, B0) = 1− cosB0 = 1− cos 0o = 1− 1 = 0, hence

1− cosBt =

∫ t

0

sinBsdBs +
1

2

∫ t

0

cosBsds

i.e.

∫ t

0

sinBsdBs = 1− cosBt −
∫ t

0

1

2
cosBsds.

18.Use the Itô formula to show

∫ t

0

cosBsdBs = sinBt +

∫ t

0

1

2
sinBsds, t ≥ 0.

Solution: Let F (t.Bt) = sinBt, by using Itô formula

dF (t, Bt) =
∂F (t, Bt)

∂t
dt+

∂F (t, Bt)

∂x
dBt +

1

2

∂2F (t,Bt)

∂x2
(dBt · dBt).

dF (t, Bt) = 0 · dt+ cosBtdBt +
1

2
(− sinBt)(dBt · dBt)

dF (t, Bt) = cosBtdBt −
1

2
sinBtdt

F (t,Bt) = F (0, B0) +

∫ t

0

cosBsdBs −
1

2

∫ t

0

sinBsds

since F (0, B0) = sinB0 = sin 0o = 0, hence

sinBt =

∫ t

0

cosBsdBs −
1

2

∫ t

0

sinBsds

i.e.

∫ t

0

cosBsdBs = sinBt +

∫ t

0

1

2
sinBsds.

19.Use the Itô formula to rewrite the diffusion Xt = B
2
t , t ≥ 0, in the standard form:

Xt = X0 +

∫ t

0

b(s)ds+

∫ t

0

σ(s)dBs, t ≥ 0.

Solution: Let F (t.Bt) = B
2
t = Xt, by using itô formula

dF (t, Bt) =
∂F (t, Bt)

∂t
dt+

∂F (t, Bt)

∂x
dBt +

1

2

∂2F (t,Bt)

∂x2
(dBt · dBt).

dF (t, Bt) = 0 · dt+ 2BtdBt +
1

2
· 2 · dt

dF (t, Bt) = dt+ 2BtdBt

F (t, Bt) = F (0, B0) +

∫ t

0

1ds+

∫ t

0

2BsdBs
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since F (0, B0) = B20 = 0, hence

Xt = F (t, Bt) = t+

∫ t

0

2BsdBs = 0 +

∫ t

0

1ds+

∫ t

0

2BsdBs.

(i.e. b(s) = 1, X0 = 0, σ(s) = 2Bs)

20.Use the Itô formula to rewrite the diffusion Xt = 2 + t+ eBt , t ≥ 0, in the standard form:

Xt = X0 +

∫ t

0

b(s)ds+

∫ t

0

σ(s)dBs, t ≥ 0.

Solution: Let F (t, Bt) = 2 + t+ eBt = Xt, by using itô formula

dF (t, Bt) =
∂F (t, Bt)

∂t
dt+

∂F (t, Bt)

∂x
dBt +

1

2

∂2F (t,Bt)

∂x2
(dBt · dBt).

dF (t, Bt) = 1 · dt+ eBtdBt +
1

2
· eBt · dt

dF (t, Bt) = (1 +
1

2
eBt)dt+ eBtdBt

F (t,Bt) = F (0, B0) +

∫ t

0

(1 +
1

2
eBs)ds+

∫ t

0

eBsdBs

since F (0, B)) = 2 + 0 + eB0 = 2 + 0 + e0 = 2 + 1 = 3, hence

Xt = F (t, Bt) = 3 +

∫ t

0

(1 +
1

2
eBs)ds+

∫ t

0

eBsdBs

(i.e. X0 = 3, b(s) = 1 + 1
2e
Bs , σ(s) = eBs)

21.Prove directly from the definition of stochastic integral that
∫ t

0

B2sdBs =
1

3
B3t −

∫ t

0

Bsds.

Solution:For any fixed time t > 0 and any natural number n ≥ 2, setting tnk = kt/n for all
k = 0, 1, · · · , n, and define (B2s)

(n)(ω) =
∑n
i=1B

2
tn
i−1

1[tn
i−1

,tn
i
)(s), (s, ω) ∈ B(R) × Ω. Then, by the

definition of Itô integral, we have that

∫ t

0

(B2s )
(n)dBs =

n∑

i=1

B2tn
i−1

(Btn
i
−Btn

i−1
)

And since we have that as n→∞, and so that
∫ t
0 B

2
sdBs =

∫ t
0 (B

2
s)
(n)dBs

And we have have that

B3t =
n∑

i=1

B3tn
i
−B3tn

i−1

by the above equation, we have that

B3t−3
∫ t

0

B2sdBs =
n∑

i=1

(B3tn
i
−B3tn

i−1
)−3

n∑

i=1

B2tn
i−1

(Btn
i
−Btn

i−1
) =

n∑

i=1

(B3tn
i
−B3tn

i−1
−3B2tn

i−1
·Btn

i
+3B3tn

i−1
)

let A = Btn
i
,D = Btn

i−1
,

and A3− 3AD2 +23 = (A3 − 2A2D+AD2) + (2A2D− 4AD2 +2D3) = A(A−D)2 +2D(A−D)2,
then

B3t−3
∫ t

0

B2sdBs =
n∑

i=1

(B2tn
i
−3Btn

i
·B2tn

i−1
+2B3tn

i−1
) =

n∑

i=1

Btn
i
(Btn

i
−Btn

i−1
)2+2

n∑

i=1

Btn
i−1

(Btn
i
−Btn

i−1
)2
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=
n∑

i=1

Btn
i
(tni − tni−1) + 2

n∑

i=1

Btn
i−1

(tni − tni−1)

since we have that
∑n
i=1Btni (t

n
i − tni−1)→

∫ t
0 Bsds and

∑n
i=1Btni−1(t

n
i − tni−1)→

∫ t
0 Bsds as n→∞

then

B3t − 3

∫ t

0

B2sdBs =

∫ t

0

Bsds+ 2

∫ t

0

Bsds = 3

∫ t

0

Bsds

Therefore, we have ∫ t

0

B2sdBs =
1

3
B3t −

∫ t

0

Bsds.
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