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Homework

2006.11.18

In each of Problem 1 through 4, find the mean E[X] and the variance var(X) of X, which is a
random variable defined on a complete probability space (2, F, P).
4.X has a normal distribution with parameters p and o > 0.
Solution: its probability density is

n(z; p, o) =
ag

E[X]:a\/ﬂ

let v="H 2 =0v+p, dv = Ldz, then

g o0 2
E[X (cv+ pe 30y = / vesv dv+—/ e 2"
\/271'/ 2 V2T V2T J_so

’U2 ’U2
since ve~ 2"V is odd function, e~ 2V is even function, and integraling interval is symmetric, hence
o0 Y
[ ve=3""dv = 0, and then

2
V2T

Only calcaulate [ e~ dv , let [ = [ e~ dv

) oo 1 o, oo oo 121y
I* = e 2% dx - e Y dy = e 2 Y ) dxdy
0 0 o Jo

change of variable © = rsinf,y = rcos6

/ / 3 2rdrd9:/2/ (fl)e*%Tzd(e*%’“z)dG
0o Jo

12:/ (—1)e~ 27| dﬂf/QdezzéjzzzéI:—m
0 2 2 2

0

E[X] = e 3" dv

Therefore, the mean E[X] = p

E[X?] = e 3T 4
| 0’\/27‘(‘
let v="4 0 =0v+pu,dv= %dx, then
1 > 2 2u? [
E[X?] = —/ V220 pw+p?)e” 3 dy = o v2e 3V d’u—i— e_%”2dv+ L e du
V2T J oo

Var Jo J_ Ve Jo

. — 1,2 . . 1,2 1,2 . . . . .

since ve~ 2V is odd functlon v2e”2V e"2Y are even functlon7 and integraling interval is also
. [e’e] _1

symmetric, hence f7 e——’u 2dv = 0, we only calculate fo v2e 2V du

© © 1 o V2 V2
/ Ve 3 dv—/ (—Dd(e ") = (~1ve 3| +/ e dy fo+T”f 2”
0 0 0
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so that we have

202 \2rm n 2u?  \/2rm
Vor o 2 V2r 2
Therefore, the variance var(X) = E[X?] — (E[X])? = 02 + p? — p? = o2.

E[X?] = _ ot g2

In each of Problem 5 through 10. X and Y are random varibles defined on a complete proba-
bility space (2, F, P).
5.Assume E[X?] < co. Prove Chebyshev inequality:

1
P(X >¢) < EE[XQ],VE > 0.
Proof: using notes P.11 properties (5) basic inequalities
P(X > a) < (g9(a)) "E[g(X)]

let g(z) = 22, then g(-) be nonnegative and Borel measurable, g(-) is non-decreasing. hence
_ _ 1
P(X > <) < ((e) " Blg(X)] = (%) E[X?] = B[X”]
Therefore, we have P(X > ¢) < ZE[X?],Ve > 0.

7.Show that, if X has an exponential distribution with parameter 8 > 0, then X satisfies the
forgetfulness property that

P(X >z+y|lX >y) =P(X >zx),Vz,y € (0,00).
Proof:

_P(X>z+yNX>y) PX>z+y) _
L.HS= PIX > ) =~ TP > ) and R.H.S =P(X > x).

And exponential distribution probability density is

—Z
0

1 if x>0
gy dge 7, ifaw
9(:6) {O, otherwise.

o0 1 v o0 v v x
P(X>aty)= [ getdn= [ (-Dde ) = (e b, =
Tty 0 z+y

similar, P(X >y) = e~ 7, P(X > ) = e~ %, then

ef%u
LHS=-——=¢9=RHS

e 0

Therefore, P(X >z +y|X > y) = P(X > z).

8.Suppose that X and Y are integrable, and a and b are real numbers. Show
E[aX 4+ bY|G] = aE[X|G] + bE[Y|G], P-a.s.

Proof:

LHS= / aX +bY dP = a/ XdP + b/ YdP = aE[X|G] + bE[Y|G] = R.H.S
B B B

10.Show that E[1|G] = 1.
Proof:both side take the mean



L.H.S= |E[E[1|G]] = E[1] =1
R.H.S=E[l] =1
Hence, E[1|G] =1

11.Show that, in [0,00), the Poisson process N. is both mean-square continuous and continuous
in probability, but is not continuous with probability one.
Proof: first, we want to prove it is mean-continuous continuous,
Poisson distribrtion
Azer
p(z;y) = 3 forz=0,1,2.---

with momet-generating function is
Mx(t) = N0 ME(t) = A0 MY () = AeleMe ™D 4 A2t D)
and then, E[X?] = MZ(0) = A+ \? < 00

lim E[X, - X, =
s—t,s€T

second, we want to prove it is continuous in probability in[0, co),

im  P({w: [Xa(w) - Xi(w)] 2 £}) =

third, we want to prove it is not continuous with probability one,

Remake:

[1] X. is said to mean-square continuous if, for each t € T , it satisfies that E[X?] < oo and
1ims~>t,s€T E[|XS - Xt|2] = 07

[2] X. is said to be continuous in probability if, for every ¢ > 0 and for each t € T,

limg_; ser P{w : [ X5(w) — Xy (w)| > €}) =0

12.Prove that the standard Brownian motion B. is continuous in [0, c0) with probability one.
Proof: for V0 < s < t, (B; — B,) ~ N(0,/t — s). According to the exercises 16 result, we know that
for Vk > 0

B(B, - B = 21

= i )

By Kolmogorov’s Criterion Theorem,
Hence, the standard Brownian motion B. is continuous in [0, co) with probability one.

Remark:Kolmogorov’s Criterion Therem.
X. is a stochastic process, if exists sone oisutuve constants «, 8, C and 4, such that |t — s| < ¢ and

E[|X; — X,|*] < CJt — 5|+,
then X. is continuous in [0, co) with probability one.
Since, in this exercise, « = 2k, =k — 1, C = 2k} [t — s| < 4, satify all condition, and then B. is

2R
continuous in [0, c0) with probability one.

13.Show the linearity of stochastic integral: for any X.,Y € Lo 7 and any constants a and b,

T T T

/ (a X4+ bY;)dBs = a/ X:dBs +b/ Y,sdBs.

0 0 0

Solution: using P.61 theorem 4.2.3
T n
XsdBg—s = li Xin  (Bgn — Byn
) dBaes = lim, 5 e By =B
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where limit is in L?(Q, 7, P),and A : 0 =tg <t; <tg---<t, =T
L.H.S = lim Y (X +bYm )(Bin—Bw ) =a lim ;Xt?fl(Bt?thll)er‘ ii‘rg();n?il(Bt?—Btll)

|A]—0 =1 |A]—0

T T
= a/ X.dBs + b/ Y,dB; = R.H.S.
0 0

14.Use the Itd formula to show

! 1 fon—1
/ B> Y4B, = —B™ —/ B B2n2gs vt > 0.
0 2n 0 2
Solution: Let F(t, By) = 5= B#", by using It6 formula

8F(t,Bt)dt N 8F(t,Bt)dBt N 10*F(t, By)

dF(t, Br) = —, oz 2" 0x2

(dB, - dBy).

dF(t, B;) =0 dt + B"~'dB, + %(271 —1)B2-lgt

2n —1
dF(t,B;) = B?""'dB; + ( ”2 )BE"—ldt
‘ 2n—1 “2n -1 2n—2
F(t,B;) = F(0,By) + B:""dB, + TBS ds
0 0

since F(0, By) = %BO =0, hence

1 ‘ “on—1
%Bf"/o Bgnlst+/O “ B s

ie. /t B?n—lst = iBtZ” _ /t 2n — 1B§n_2d8,
0 2n 0 2

15.Show that, if f(-) a determinstic functio having a continuous and bounded derivative f'(-) in
[0, 7], then

t t
/ F(s)dB. = f(t)B, — / F/(5)Buds.
0 0
Solution: Let F'(t, B;y) = f(t)By, by using Ito formula

8F(t,Bt)dt N 8F(t,Bt)dBt N 10*F(t, By)

dF(t, Br) = —5, oz 2 0x2

(dBy - dBy).
dF(t,By) = f'(t)Bdt + f(t)dB; + % -0 (dBy - dBy)

F(t,B;) = F(0,By) + /t f'(s)Bsds + /tf(s)st
0 0
since F(0, By) = f(0) - By

f(0) -0 =0, hence

f()B; = /O £'(5)Bds + /O £(s)dB,

ie. /Ot f(s)dBs = f(t)B: — /Ot 1/ (s)Bsds is hold.



16. Let B. be a standard (F;)-Brownian motion. Prove that, for every kK = 1,2,---, and any
0<s<t,

) 2k)!
E[(B; — B,)*7'] =0, and E[(B; — B,)*] = ( 3& (t —s)k.
Proof: we know that normal distribrtion
1 1 a—
n(p,0) = T3
o\ 2T
And (B; — N(0,+/t , so that
1 _l( x )2
;07 t— = : t=s
(0, v =) w_—s\/ﬁe
( x )2
E[(B; — B,)*! / Vi d
(B = BT = mm !

. _ )” . . . o . .
since z%*~le *'Vt==" is odd function, and integraling interval is also symmetric,

hence E[(B; — B,)*~1] = 0.

E[(B: — B,)* / =7
(B B = =
_1 x 2
since z2%e = is even function, and integraling interval is also symmetric, hence
x )2
E[(B; — B;)** / 22 2T gy
(B = B = =
_l(—z_H2
Just to calculate [;° z?Fe 2 (=) da

using change of variable and Integration by parts,
1z N2 1z 2
let v=e v , then dv =e 2= (—3) - A dx,

Le. dv=v-(-1)%dr & (—1)=2dv = vdz

/ x%e_i(\/:*_s) dx:/ z?Fudz chgv/ . CUZk'(—l)'t_de:(t—S)/ ) (=1)z?*~tdv
0 0 x x

=0 T =0

(=D)(t = 8)a* T2 + (¢ — ) / T wd(@ ) = (1 — )2k - 1) / T2y
r 0

=0
using this method by k step, become

(t—5) 2k —1)(Zk—3) - 3'1'/000 v = (1— 5t 2EEE = 1;53@;@_2)2()2-% Yl ~/O°° vz

:(t_s)k2k~k:(k / (t—s)k'/O vdz
since fooo vdr = @ so E[(B; — B;)?] = i—Z( s)k.

17.Use the Itd formula to show
t t 1
/ sin BsdBs =1 — cos By — / 5 cos Bgds, t > 0.
0 0

Solution: Let F'(t, By) =l — cos By, by using It6 formula

OF (t, By) OF (t, By) 10*F(t, By)
ot Ut gy Bt T

dF(t, By) = (dBy - dBy).



1
dF(t, B)) = 0 - dt + sin BdB, + 5 cos Bi(dB; - dBy)
1
dF(t, Bt) = sin Bt + 5 COS Btdt

t 1t
F(t,B:) = F(0, By) +/ sin B;dB, + 5/ cos Byds

0 0

since F'(0,Bp) =1 —cos By =1 —cos0°=1—1=0, hence

t 1 t
1—cosB; = / sin B,dB, + B / cos Byds
0 0

t t
1

i.e. / sin BsdB, = 1 — cos By —/ — cos Byds.
0 0o 2

18.Use the Itd formula to show
t tq
/ cos By;dB, = sin B; +/ 5 sin Bgds, t > 0.
0 0

Solution: Let F'(t.B;) = sin By, by using It6 formula

8F(t,Bt)dt N 8F(t,Bt)dBt N 10*F(t, By)

dF(t, Br) = —5, oz 2" Ox2

(dBy - dBy).
dF(t, Bt) =0-dt + cos BtdBt + %(— sin Bt)(dBt . dBt)
1
dF(t, Bt) = COS BtdBt — 5 sin Btdt
t 1 t
F(t,B;) = F(0, By) —|—/ cos BydBs — 3 / sin Bsds
0 0
since F'(0, By) = sin By = sin0° = 0, hence

t t
1
SinBt:/ cosBsst——/ sin Bgds
0 2 Jo

t t
1
i.e. / cos BydB, = sin By +/ — sin Byds.
0 0o 2
19.Use the It6 formula to rewrite the diffusion X; = Btz, t > 0, in the standard form:
t t
X=Xy +/ b(s)ds +/ o(s)dBs, t > 0.
0 0
Solution: Let F(t.B;) = B? = X;, by using it6 formula

2
OF(t,By) j,  OF(tB) o 10°F(t By)

db(t, By) = —5; 0 5 02

(dB, - dBy).

1
dF(t,B) = 0-dt +2B,dB, + 5 -2 - dt

dF(t, Bt) = dt + 2BtdBt

t t
F(t,Bt):F(O,B0)+/ 1ds+/ 9B,dB,
0 0

6



since F (0, By) = B3 = 0, hence
t t t
X: =F(t,By) :t+/ 2BsdBs =0 +/ lds +/ 2B.dBs.
0 0 0
(ie. b(s) =1, X0 =0, o(s) = 2B;)
20.Use the It6 formula to rewrite the diffusion X; =2 +¢ + eBt,t > 0, in the standard form:
t t
X =Xy +/ b(s)ds +/ o(s)dBs, t > 0.
0 0
Solution: Let F(t, By) = 2+t + eB* = X;, by using it6 formula
_ OF(t,By) N OF (t, By) 10*F(t, By)

Ab(t, By) = —5—dt+ —- 5 02

dBt + (dBt . dBt)
1
dF(t,B;) =1-dt +ePdB, + 3 eBr . dt
1
dF(t,By) = (1 + 5eBt)dt + ePraB,
t 1 t
F(t,B,) = F(0, By) + / (1+ §eBS)ds + / eBdB,
0 0
since F(0,B)) =24 0+eP =240+ ¢ =241 =3, hence
t 1 t
Xt = F(t,Bt) = 3 +/ (1 —|— §€Bs)d8 +/ eBSdBS
0 0
(ie. Xo=3,b(s) =1+ 1eB, o(s) =eP)
21.Prove directly from the definition of stochastic integral that

t 1 t
/ B%2dB, = - B} —/ B.ds.
0 3 0

Solution:For any fixed time ¢t > 0 and any natural number n > 2, setting ¢} = kt/n for all
k=0,1,---,n, and define (B2)("(w) = 31, Btzl Lign  4my(8), (s,w) € B(R) x Q. Then, by the
definition of It6 integral, we have that

1

+ n
/0 (B)™dBy = B} (Biy — By,

i=1

And since we have that as n — oo, and so that fg B2dB, = f(f(Bg)(")st
And we have have that

n
3 _ 3 p3
B} =) By — B,
1=1

by the above equation, we have that

t n n n

B3 / BBy =) (Bj—Bi )=3) B (Bup—Bu )= (Bi-Bj 3B} Bi+3Bh )
0 i=1 i=1 i=1

let A = Bt?,D = Bt?,ﬂ

and A3 —3AD? + 23 = (A% —2A%D + AD?) + (242D — 4AD? 4+ 2D3) = A(A— D)? +2D(A — D)?,

then

t n n n

B}-3 / B2dB, = (B} =3By -Bi +2Bj )= Bin(Byp—Bir )’+2> Bir (Byp—Bir |)?

0 i=1 ' ' i=1 i=1

7
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n n
=SBt — 1) +2) B (0 11 )
=1

=1

since we have that Y7 | By (7 — 1) — [y Byds and Y1, B (tF —t7,) — [ Byds as n — oo

then . . . .
3373/ BgdBS:/ Bsds+2/ Bsds:?)/ Byds
0 0 0 0

t 1 t
/ B2dB, = =B} 7/ Bids.
0 3 0

Therefore, we have
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