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Problem

Problem

For the real-valued 2�-periodic signal f , we want to construct a
mono-component decomposition.
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Hilbert Transform

De�nition

Let f be a real-valued Lebesgue-measurable function de�ned on R:

The Hilbert transform of f is de�ned by

Hf (t) = p.v.
1

�

Z 1

�1

f (s)

t � s
ds; (2.1)

where p:v : stands for the principal value of the integral, viz

p.v.

Z 1

�1

f (s)

t � s
ds = lim

"!0+

Z
js�tj�"

f (s)

t � s
ds:
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Hilbert Transform

We also rewrite Hilbert transform of f in the convolution form

Hf (t) = p.v.(
1

�(�)
� f )(t) (2.2)

One can check that H2 = �I ; where I is the identity transform.
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Hilbert Transform

If f is square-integrable, then f is given by a Fourier series in the
L2-convergence sense, i.e. f (t) =

P
n2Z cke

ikt ; where (ck)k2Z is a
sequence of complex numbers, then the Hilbert transform H(f ) of
f is given by

H(f )(t) =
X
n2Z

�i sgn(k)cke
ikt :

Here, we won't discuss the convergence of the series, though this
issue can be easily settled in the appropriate setting.
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Circular Hilbert Transform

De�nition

The Circular Hilbert transform of a Lebesgue-measurable function

de�ned on the unit circle S1 is de�ned by

eHf (t) = p.v.
1

2�

Z
�

��
cot(

t � s

2
)f (s)ds: (2.3)

where S1 = f e it 2 C j 0 � t � 2� g.

One can check that eH2 = �I ; where I is the identity transform.
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Analytic signal

De�nition

If f is real-valued signal and f (t) 2 Lp(R), de�ne A(f ) = f + iHf

to be analytic signal associated with f .

De�nition

Let f (t) be a measurbale function de�ned on S1; de�neeA(f ) = f + i eHf to be analytic signal associated with f ,

where S1 = f e it 2 C j 0 � t � 2� g.
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Fourier Series

De�nition

If f 2 L1([��; �]), then the Fourier series of f (x) is given by

a0 +
1X
n=1

(an cos nx + bn sin nx); (2.4)

where the n-th Fourier coe�cients an and bn of f are given by

a0 = 1
2�

R
�

�� f (x)dx

an = 1
�

R
�

�� f (x) cos nxdx ; n = 1; 2; 3; � � �

bn = 1
�

R
�

�� f (x) sin nxdx n = 1; 2; 3; � � �

(2.5)
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Fourier Series

Theorem

If f (t) = a0 +
1X
n=1

(an cos(nt) + bn sin(nt)); then

(a) eHf (t) =
1X
n=1

(an sin(nt)� bn cos(nt)), where an; bn 2 R;

(b) eA(f ) = a0 +
1X
n=1

(an � ibn)z
n, where z = e it ;

(c) If f 2 L2([��; �]); then both eHf and eA(f ) are in L2([��; �]):
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Su�cient Conditions for Convergence

Theorem

Let f and f 0 be piecewise continuous on the interval (��; �); that
is, let f and f 0 be continuous except at a �nite number of points in

the interval and have only �nite discontinuities at these points.

Then the Fourier series of f on the interval converges to f (x) at a
point of continuity. At a point of discontinuity the Fourier series

converges to the average

f (x+) + f (x�)

2

where f (x+) and f (x�) denote the limits of f at x from the right

and from the left, respectively.
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Trigonometric polynomial of order M

De�nition

A function of the form

fM(t) = a0 +
MX
k=1

(ak cos kt + bk sin kt) (2.6)

is called a trigonometric polynomial of order M.
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Discrete Fourier Series

Theorem

Let N and M be two positive integers, f be a 2�-periodic function

de�ned on R; and de�ne two sequences in R :

xk = �� + k
2�

N
and yk = f (xk) for 0 � k � N:

If N > 2M; then there exists a trigonometric polynomial fM of

order M; which minimizes the quantity

NX
k=1

(f (xk)� fM(xk))
2

among all trigonometric polynomials of order M:
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Discrete Fourier Series

Theorem

In this case, the coe�cients aj and bj of the polynomial fM(x) are
given as follows:

aj =
2

N

NX
k=1

f (xk) cos(jxk) for j = 0; 1; : : : ;M; (2.7)

and

bj =
2

N

NX
k=1

f (xk) cos(jxk) for j = 1; : : : ;M: (2.8)
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Complex Fourier Series

let f (t) be a 2�-periodic complex-valued function de�ned on R;
then one can write down the complex Fourier Series of f as

1X
k=�1

cke
ikt ; (2.9)

where the complex Fourier coe�cients ck (k 2 Z) is given by

ck =
1

2�

Z
�

��
f (t)e�iktdt: (2.10)
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Then in terms of the convergent Fourier series, one can rewrite the
Circular Hilbert transform as follows

eHf (t) =
1X

k=�1

�isgn(k)cke
ikt ; (2.11)

where ck are complex Fourier coe�cients of f (t).
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The relation of complex Fourier coe�cients and real Fourier
coe�cients are given as follows

c0 = a0; ck =
1

2
(ak � ibk); c�k =

1

2
(ak + ibk):

And
e ikt = cos kt + i sin kt;

for k = 1; 2; 3; � � � , then

eHf (t) =
1X
k=1

(�bk) cos kt + (ak) sin kt:
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Numerical Circular Hilbert transform

Simlarly, for any positive integer M and a 2�-periodic function f

de�ned on R; the Numerical Circular Hilbert Transform eHM of
order M is de�ned, in terms of trigonometric polynomial, to be

eHM f (t) =
MX
k=1

(�bk) cos kt + (ak) sin kt; (2.12)

where (ak) and (bk) are de�ned by (2.5).

Ho Io Tong Experiments in Relation to Adaptive Decomposition of Signals into Mono-components



Introduction
General Concept

Adaptive Decomposition in L2([0; 2�])
Our's mono-component decomposition and Main Theorem

Hilbert Transform and Circular Hilbert Transform
Analytic signal
Discrete Fourier Series
Numerical Circular Hilbert transform
Starlike functions and p-valent starlike functions

Numerical Circular Hilbert transform

Similarly to discrete Fourier series

De�nition

Let N and M be two positive integers, f be a 2�-periodic function

de�ned on R; and de�ne two sequences in R :

xk = �� + k
2�

N
and yk = f (xk) for 0 � k � N:

If N > 2M; then there exists a trigonometric polynomial eHM f (t)
of order M; where (ak) and (bk) are de�ned by (2.7) and (2.8).
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Starlike function

De�nition

A domain 
 is said starlike on D; if the following two conditions

are satis�ed:

(1) 0 2 
, and
(2) tz 2 
 for all real number, 0 < t < 1, and for all z 2 
.

De�nition

A univalent (injective) holomorphic function f : D! C; called a

starlike function, if

(1) f (0) = 0 and

(2)the image f (D) of f is starlike domain in C:
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Starlike function

Theorem

(a) f (z) is starlike function on D if and only if

Ref
zf 0(z)

f (z)
g � 0:

(b) f (z) is starlike function on D if and only if

@

@t
argff (re it)g =

@�r

@t
� 0:
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Starlike function

Theorem

Let f : D! C be an analytic function on D; given by

f (z) = z +
1X
j=2

ajz
j

such that the following series

1X
j=2

j jaj j � 1;

then f is a starlike on D , and is univalent on D:
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Proof. For jz j < 1, it follows from the triangle inequality and the
given condition

P
j�2 j jaj j � 1 that

jzf 0(z)� f (z)j =

������
1X
j=0

(jaj � aj)z
j

������ �
1X
j=2

(j � 1)jaj jjz j
j

� jz j �
1X
j=2

jaj jjz j
j = jz j �

1X
j=2

jajz
j j

� jz j �

������
1X
j=2

ajz
j

������ � jf (z)j:

Thus

����z f 0(z)f (z)
� 1

���� � 1; it follows that Ref
zf 0(z)

f (z)
g � 0 on D; and

hence f (z) is starlike on D:
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Theorem

Let gn : D! C be a sequence of analytic functions de�ned on D;

given by

gn(z) = z +
1X
j=2

a
(n)
j z j ;

such that the series
1X
j=1

j ja
(n)
j j � 1;

where n = 1; 2; � � � ;N, a
(n)
j is a constant, then gn(z) is starlike

function on D for all n = 1; 2; : : : ;N; and

NX
n=1

gn is also starlike on

D:
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p-valent starlike function

De�nition

Let p and m be positive integers with p � m: Let f be an analytic

function de�ned on the open unit disc D: f is said to be in the

class S(p;m); or p-valent starlike on D; if

(1) there exits a positive � < 1 such that

Re

�
zf 0(z)

f (z)

�
> 0; � < jz j < 1

(2) f (z) = zm + am+1z
m+1 + � � � , for jz j < 1

(3)

Z 2�

0
Ref

zf 0(z)

f (z)
gd� = 2�p, for z = re i�, � < r < 1:
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Empirical mode decomposition

Empirical mode decomposition(EMD) in [3] and [11], in which a
signal is decomposed into certain type of functions, called intrinsic

mode functions (IMFs). Though IMFs satisfy two conditions:
(1) in the whole data set, the number of extrema and the number
of zero crossings must either equal or di�er at most by one, and
(2) at any point, the mean value of the envelope de�ned by the
local maxima and the envelope de�ned by the local minima is zero.
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Empirical mode decomposition

For input signal X (t) can be decomposed into a sum of IMFs
(ci (t), for i = 1; 2; :::; n) plus rn(t), where rn(t) can be either the
mean trend or a constant. i.e. following equation:

X (t) =
nX

i=1

ci (t) + rn(t)

For more details, one can consult [9] and the reference in there.
The sifting process see [11], is shown in the following �gure (2.1.1)
where envelope of ci , for i = 1; 2; :::; n are symmetry.
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Empirical mode decomposition

Figure (2.1.1)
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Circular mono-components

De�nition

Let f be a complex-valued function de�ned on R; given by

f (t) = �(t)e i�(t) in polar form for t 2 [0; 2�]; where the function �

is non-negative on R; and � is 2�-period function on R: f is called

circular mono-components, if it satis�es the following two

conditions

(1) eHf = �if , where eH is the circular Hilbert transform, and

(2) �0(t) � 0:
Similarly, complex valued function f ; de�ned by f (t) = �(t)e i�(t)

where 0 � t � 2�; is called dual mono-component if

(1) eHf = if and

(2) �0(t) � 0:
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Theorem

�(t)e i�(t) is a (circular) mono-component if and only if �(t)e�i�(t)

is (circular) dual mono-component.
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Process of our's mono-component decomposition

First step:

Given any continuous real-valued function f (t) 2 L2([��; �]); one
can think of it as an input signal,then we form a sequence (fN) of
functions in L2-approximations, given by trigonometric
polynomials, where fN is a trigonometric polynomial of degree N:
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Process of our's mono-component decomposition

Second step:

For �xed N; we have an trigonometric polynomial fN(t);
we �rst form the associated analytic signal eAN f of fN byeAN f = fN + i eHN f ; which is complex-coe�cient polynomial in e it ;

and hence is analytic function in the complex variable z = e it :

eAN f (t) = a0 +
NX

n=1

an(cos nt + i sin nt)� i

NX
n=1

bn(cos nt + i sin nt)

= a0 +
NX

n=1

(an � ibn)e
int ;

where an and bn are real fourier coe�cients of f (t).
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Our's mono-component decomposition
Main Theorem

Process of our's mono-component decomposition

Third step:

Polynomial eAN(f ) is written as a function

eAN f (z) =
NX

n=0

cnz
n;

of a complex variable z = e it as follows

c0 = a0; and cn = an � ibn for n � 1:
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Our's mono-component decomposition
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Process of our's mono-component decomposition

Fourth step:
We want to rewrite the polynomial eAN f

NX
n=0

cnz
n = c0 + c1z + S1(z) + eS2(z)

as a sum of 4 starlike functionseS0(z) = c0 (4.13)

S0(z) = c1z (4.14)

S1(z) =
W1

2
(z +

NX
n=2

cn
W1

zn) (4.15)

eS1(z) =
W1

2
(�z +

NX
n=2

cn
W1

zn); (4.16)
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Process of our's mono-component decomposition

where the real number W1 can be chosen such that the following
starlike condition of theorem 2.15 is satis�ed:

W1 �
NX

n=2

njcnj: (4.17)

In fact, we have
NX

n=2

nj
cn
W1

j =
1

W1

NX
n=2

njcnj �
1

W1
W1 = 1:

Furthermore, it is also easy to check all S0(z); eS0(z) S1(z) andeS2(z) are univalent on D for su�ciently large W1; and hence they
are starlike functions on D:
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Main Theorem

Example of our's mono-component decomposition

Let
f (t) = sin[sin(t) � �];

then following �gures are f (t); fM(t) from the de�nition (2.6) andeHM f (t) with M = 50; N = 6284 from the de�nition (2.12), and
then draw fM(t) + i eHM f (t) in complex plane.
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Our's mono-component decomposition
Main Theorem

Example of our's mono-component decomposition

Clearly, in this example, fM(t) + i eHM f (t) is not a starlike function.
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eAN f (z) =
NX

n=0

cnz
n;

using above method to decompose three mono-components S0; eS1;
S1, since eS0 = 0, as following �gures.
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Example of our's mono-component decomposition

Following �gures are the fM(t), and real parts of
S0(z); S1(z); eS1(z), with z = e it
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Main Theorem I

Let fN(t) = a0 +
NX

n=1

(an cos nt + bn sin nt) be a trigonometric

polynomial of order N; then the associated analytic signal eA(fN) of
fN ; de�ned by eA(fN) = fN + eH(fN) = fN + eHN(fN); can be
decomposed into sum of 4 starlike functions S0; eS0; S1 and eS1
given by (4.13)-(4.16), where W1 is chosen to satisfy the condition
(4.17).
In particular, in this decomposition, all these components
S0; eS0;S1 and eS1 are circular mono-component.
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Lemma II

Let g be a continuous function on [0; 2�] with g(0) = g(2�):
Suppose g has a bounded piecewise continuous derivative. Then
the Fourier series for g converges uniformly.

Corollary

If g is a complex-valued function satisfying the same condition in

Lemma II, and its Fourier series is
P

n�0 ane
inx : Then the

associated series
P

n�0 anz
n converges uniformly to a continuous

function de�ned on the closed unit disc D; and the limit function is

analytic on the unit open disc D:
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Main Theorem III

Let f (z) be a complex-valued function de�ned on the closed unit
disc D; such that it is analytic on D and that the function g ;

de�ned by g(t) = f (e it) for all t 2 [0; 2�]; satis�es the condition
of Lemma II. Then for any given "n ! 0; there exists a sequence of
starlike (analytic) functions: (Sk)0�k�n and (eSk)0�k�n de�ned on
D; such that �����f (z)�

nX
k=0

�
Sk(z) + eSk(z)�

����� � "n

holds for any jz j � 1:
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Corollary

Let f(z) be a complex-valued function de�ned on the closed unit

disc D; such that it is analytic on D and that the function g ;

de�ned by g(t) = f (e it) for all t 2 [0; 2�]; satis�es the condition

of theorem (2). Then for any given " > 0; there exist four

mono-components S0(z) = c1z ; eS0 = c0; S1(z) and eS1(z) such
that ���f � (S0(z) + eS0(z) + S1(z) + eS1(z))��� � "

holds for any jz j � 1:
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Main Theorem IV

If f (z) = z +
1X
k=2

akz
k is analytic on D; such that

1X
k=2

k jak j � M

for M > 0: Then f can be decomposed as a sum of three 1-valent
starlike functions on D:

Ho Io Tong Experiments in Relation to Adaptive Decomposition of Signals into Mono-components



Introduction
General Concept

Adaptive Decomposition in L2([0; 2�])
Our's mono-component decomposition and Main Theorem

Our's mono-component decomposition
Main Theorem

Thank You!
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