Assignment 8 (9-10th-week)

Page 247 1, 3, 5,11

Find the solutions of following initial value problems.
1.y" +y = 8(t—2x), y(0) = 10, y'(0) = 0

Solution:

s2Y —sy(0) —y'(0) + Y = 727

(s24+1)Y—10s = e727

_ e~2ns 10s
(s2+1) (s2+1)

since L' {1%_% = 10cost, and

(s2+1)
since L~ 1{(2 1)} = sint,
then L1 (622"15) b = sin(t — 27) « u(t — 2x) = sint - u(t — 27)

Hence, y = sint « u(t — 27) + 10cost

3.y —y = 108(r - +) - 1005(t — 1), y(0) = 10, y'(0) = 1
Solution:

$2Y = 53(0) =y'(0) ¥ = 10¢7+" ~ 100¢

(s2—1)Y = 10e~7* — 100e= + 10s + 1

1
_ _10e2°  _ _ 100e=* 10s+1
Y= (s+1)(s—1) (s+1)(s—1) + (s+1)(s—1)

; 10s+1 - 9,1 , 11, 1 10s+1 _ 9 et A1 ¢
since (€+1)(€ D -2 W T e 1’ then L~ {(+1)(q_)} t5e
— — l . L — L . ry__ 1 = — L —t
since Ghe-) 2 ") T2 (s+1) . then L~ {(s+l)(s—l)} Je' - ge
1
_ 0e %" 1 el
Now, L-'{ (Sil‘s(sz_l)} = (5¢"2 —=5¢7) cu(t - )
_ 00e— . —
and, L' (Sil)(es_l)} = (50e"! — 50e~*1) < u(t —1)

Hence, y = 5¢"2 — 5¢™%) « u(t — 1) — (50e! —50e7*1) cu(t— 1) + Fe + e

5.9/ +4y" +5y = [1 —u(t - 10)]e! — e'%5(¢ — 10), y(0) = 0, y'(0) = 1

Solution:

s2Y — sy(0) — y'(0) + 4sY — 4y(0) + 5Y = L{e'} — L{e"Ou(t — 10)e"10} — 10 « ¢~10s
(s> +4s+5)Y = Sil _ 0 10, p-10s 4 ]

s—1
y=-L. 1 _ e‘“-e*”’; . 1 10,710 1
s=1 §244s545 (s-1) s2+4s+5 244545 214515
. L = 1 — p2tgj
S|nCe 244545 (€+2)2 12° then L { 2+4 s } e Slnt
11
1 - 1L, _1 ISR
And since 5= s 10 T 50 T S2iames
= L L1 1, _s+2 3 1

10 s-1 10 s2445+5 10 32+4s+5

-1 1 . 1 — 1 ,r_ 1 —2t —2t
then L~ { + ———} = j5¢' — qge > cost — - sint

Now, L- l{eloe T = 10 e 2020in(r — 10) - u(r — 10)

s2+4s5+5




= e 2430gin(r — 10) « u(zr — 10)
andLl{CIU 710&. 1 }

s2+45+5
=el9[ 110 e10 — J=e 220 cos(1 — 10) e2*20gin(r — 10)] - u(sr—10)
= [5e’ — 5230 cos(r - 10) — ‘2’+30 s1n(t —10)] - u(t-10)
Hence,
=1 1 3 -u
Y= qg¢ — 7€ reost— g€ sint
Lot — L2030 cog(1 — 10) — =3 2430 gin(r — 10)] - u(z — 10)
10 10
—e2%30gin(t — 10) « u(r — 10) + e-z; sint
i.e.
— L t 1 e~ 7 e gi
Y= qg¢ — 7€ reost+ gge Y sint
- [%e’ 110 e 2030 cos(t — 10) + 17—0e—21+30 sin(t— 10)] - u(t - 10)

11.y" + 3y’ — 4y = 2¢' — 8e26(t — 2), y(0) = 2, y'(0) =0

Solution:

s2Y —sy(0) — y (0) + 3sY — 3y(0) 4Y = —8e2 .7
(s +3s—4)Y = =+ — 8e? ‘2Y+23+6

Y = 2 822 —2s 25+3

T G-DGH)(s-1)  (s+D)(s=1) (s+4)(s—1)

i 2546 _ 2, _1 8. 1 2543 _ 2,4, 8 1
since 3 =5 "3 T L then L~ {(s+4)(s—1)} e+ Be
since ——2 __ — 2 L TIME o 02,6 o,

(s=1)(s+4)(s-1) 25 s+ (s-1)2 25 st 25 (=2 5 (s=1)2
and so L™'{=} = 1, imply that L—l{( ) = te!

-1 2 — L —4r _ 2 45t
then L {(s—l)(s+4)(v—l)} = el + 3te

—1 -1l 1 1 = Lt — o4
Now, ey = (5 — 5)- then L7 {(q+4)(q_1)} s(ef—e™)

8e2ee2s5 . _
and then L-1{ yryryy 5= 8e2 « L(e2 —e8) v u(r—2)
- 553 (et —4t+10) . u(t _ 2)

Hence y = 2 e — 256 + 2tet S(et —4t+10) u(t—2)+ e—4t+ el

i.e.y= 12 ‘4’+ 386 + 21" — B (et — e7H10) s (1 - 2)

Page 253 2,8,12,16,18,20,24,27,32
Find by integration

2.1 %1

Solution:

Lxl=[ 1-1dr =1l =t



8. sint * cost
Solution:

. . . .

sint * cost = Io sintcos(t — T)dr = + Io sint + sin(27 — t)dr
.t .

< smtfo dr+ + Io sin(2t — )dr
. .

Lrsint+ + Io sin(2t — d(2t — 1)

+tsint + - cos(27 — 1)l

S1sint+ SH(cost — cosr) = Ltsint

12,16 Inverse Transforms

1
Tos2(s=2)
Solution:
1 1
i 1 _ 45 1 1 _ =l 1 -1 1 1 1
Slncesz(SZ)_ 4322+I.s—2_4.T+2'S2+I's_2
S R | 1
then L- 1{ s 2)} = T+7t+ I€2t
16. (v2+1)(v2+25)
Solution:
. 35 _ 5. 1 _ 1 5
since (s241)(s2425) 24 (s2+1) 24 (s2425)
then L- l{m} = 24 sint — —smSt
Using the convolution theorem, solve:
18.y" +y = sint, y(0) =0, y'(0) =0
Solution:
s2Y — sy(0) — y 0)+Y =5
(s + l)lY— 2+1
=
Hence,y = L7'{—5} * L~ = sint * sint
sinf * sint = .[; sinzsin(t — 7)dr
= I; +[cos(2t — 1) — cost]dr
=+ I; cos(2t — f)dr — + I; costdr
= L sinr — Jtcost
i.e.y = +sinr— 1tcost
20.y" +4y" + 5y = 2¢7%, y(0) =0, y'(0) =0
Solution:
s2Y — sy(0) — y'(0) + 4sY — 4y(0) + 5Y = %
(s2+4s+5)Y= =
1
Y=2-55- 244545
Hence, y = 2L~ 1{s+2} x L71{ 2+4S+5} =22 x L7{ (s+2)2+1}

= 2e % x e 2gsint




) t )
2¢72 x e 2sint = Io e2De2tgin1dr

= f; e ?sintdr
= e72(1 — cost)
i.e.y = e (1 —cosr)

24.y" +5y" + 6y = 6(t—3), y(0) =1, y'(0) =0

Solution:

52Y — sy(0) — y'(0) + 5sY — 5y(0) + 6Y = ¢~

(s2+55s+6)Y =e > +5+5

e~ 34545 e3s s+5

= st G)6) T G603

since (c+zs;r(5c+3) = s+3-2 (s+3)’ then
L'Yes (?+;;—(5?+3)} =3¢ —2e7

sinCe e = 33~ ooy then

L—l{m} = e7% — ¢, and then
1{%} [e—2t+6 _ e—3z+9] cu(t—3)

hence, y = 3e7% — 273 + [¢ 26 — 731+7]

Integral Equation
27.y(0) - [ y(x)dz = 1
Solution:
y(1) = ﬂﬂ*l—l
Y- Y L{l} =
Yy-1ly=1

Y

Hence, y = ¢’

82.y(0) - [ y(@)(t—1)dr = 2 - &
Solution:

y@) —y@) xt=2-4
y_y.SLz:l_L

N 3

s2-1 252-1 »
()Y = (=)

2521 1 1

= -1 _ 1, 1,1
Y= s(s2-1) S + 2 s+1 +

1

L
2 s—1

Hence,y = 1+ Je7 + +

«u(t—13)



Page 257 2,6,10,14,18
Find the Laplace transform

2. —tcosh 2t

Solution:

since L{cosh2t} = =,

then L{-rcosh2s} = 4(5) = 5 - (ssz)z
6. 12 sin 3¢

Solution:

since L{sin37} = =5

then L{rsin3r} = —4-(25) = =55

and then L{?sin31} = —4-(=57) = Bor — or
10. tcoswt

Solution:

since L{coswt} = e

then L{rcosory = —L(52) = (s2iz2)2 - =
Inverse Laplace transform

Solution:

Let F'(s) = m then

F(s) = jmds =3 - 32i16 =3 - st16

and then f(r) = L~'{F(s)} = =‘sin4s
Hence, L—l{m} = LYF'(9)} = —1f(t) = —t -+ L sindr = Ltsinds

18. In £

s+b
Solution:
Let F(s) = In< = In(s + a) — In(s + b), thenF'(s) = w7 — -1,
and then —#f(r) = L' {F'(s)} = e —e™

~bt_p—at
Hence, f() = <=~

Page 262 1,9,15
1.y] = =yi—y2, ¥ = y1 —y2, y1(0) = 0, y2(0) = 1,

Solution:
sY1—=y1(0) ==Y, - T
(S+1)Y1+Y2 =0, (1)

sY,—y2(0) =Y, -1,



—Y1+(S+1)Y2:1 (2)
(H-Q2)x(s+1)

((s+1)2+1)Y, =s+1
Y, = s+ 1
T s+ 1D2+1
hence, y, = e cost
(D x[-(s+ 1] +(2)
—((s+ D2+ 1Y, =1
_ -1
I = (s+1D2+1

hence, y, = —e~'sint

9.y| =5y, + 5y, — 15cost + 27sint, yy = —10y; — 5y, — 150sinz, y;(0) = 2, y2(0) = 2,
Solution:
sY, — y1(0)—5Y1+5Y2 L3 + = 2L

2+1 5241
(S—S)Yl—SYz = —%4— 21 +2 (1)
SY2 —yz(O) = —10Y1 5Y2 - 125+01
10Y) + (s +5)Y, = -0 +2 (2)

(Hx10-@2)x(s—5)

y1 = 4cos5t+ 6sinS5t —2cost — 25sint
y2 = 2cos 5t — 10sin5¢ + 20sin¢

15.y) = =3y +y2 +u(t — De’, yy = =4y, + 2y, + u(t — 1)e,
v1(0) = 0,y2(0) =3

Solution:

sYq —yl(O) =-3Y,+Y,+e- L{u(t— l)e"l}

(S+3)Y1 Yz—%f (1)
sY> —y2(0) = —4Y; +2Y> + e « L{u(t — 1)e™ 1}

4Y, + (S - 2)Y2 = es.ij +3 (2)

(Dx(s—2)+2

(s2+s—-6+4)Y, es‘e_s.(S—1)+3

_ e-e” 3

Y, =
! (s+2)(s— 1) (s+2)(s—1)
_ 1 _ _
S'”Cem—ﬁ—m’ thenLl{m}— e —e
1 ee™S _ —1 s _ -1 _ ,-2t+2 _
and then L™{ 50 (s+2)(s-1) F =5l Yo (€+2)(v— ) G e Ju(t—1)

— é (et ‘2’+3)u(t— 1)
hence, y, = e’ — e + (e’ — e 2 )u(r - 1)
(1) x4—-03)x(s+3)



(-4-5s2—5+6)Y, = es'_ef -[4-5-3]-3(s+3)

(5+2)(s—DY, =e-e”*+3(s+3)
Y, = ese’ 3(S + 3)
(s+2)(s-1)  (+2)(s—-1)
3(s+3) 4

— 4 1 3(s+3) _ t_ -2t
G 2)G-1) 51 s+2 , then L~ {(s+2)(s 1)} =4de' —e

i 1 _ 1 _ 1 _ 1 _ ,2
SinCe =y = 3 s1 7 ), then L~ {(s+2)(s—1)} = g(ef—e™)

and then L-1{ ( jz)e(: 1)} =e-+(e —e )t - 1)

_ 1 -
=L —e 283 ) y(t — 1)
hence, y, = 4e! — e + %(e’ —e 2 )u(t-1)

since




