Assignment 7 (7-8th-week)
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Find the Laplace transform by differentiation
1. tekt

Solution:

let y = tek?,

then ' = ekt + kteF, and 3" = keFt + keFt + k%teFt = 2keFt + k2telt
and then y(0) =0, y'(0) =1

Now,

L{y"} = L{2ke* + k*te*t}

s2Y — sy(0) — ¢/ (0) = 2k - L{e**} + k% - L{te*"}
s?Y —1=2k- 2 + K%Y

(2 — k)Y = 2 1

(s — k)Y = st

Y=o

i.e. L{tekt} = ﬁ

3. sin? wt
Solution:
let y = sin® wt,
then ¢’ = 2sinwt coswt -w = wsin 2wt, and y” = w cos 2wt - 2w = 2w? cos 2wt
and then y(0) =0, /(0) =0
Now,
L{y"} = 2w?L{cos 2wt}
s2Y — sy(0) — y/(0) = 2w? -
S2Y — 22w25

82 —4w?

Y = 2w?

T os(s?—4w?)

. . 2
ie. L{sin®wt} = 5(32’2117%2)

S5
52 —4w?

5. sinh? at

Solution:

let y = sinh? at

then 3’ = 2sinh at cosh at - a = 2a sinh at cosh at
and 3 = 2a2(sinh? at + cosh? at) = 2a2(1 4 2sinh? at) = 2a® + 4a? sinh? at
and then y(0) =0, y'(0) =0

Now,

L{y"} = L{2a® + 4a® sinh? at}

s2Y — sy(0) — y/(0) = % + 4a?L{sinh® at}
Y = 22 4 40’y

(s —4a®)Y = #

Y = 2a°

s(s2—4a?)

i.e. L{sinh®at} = 5(522%;2)



Tt
7. tsin 5

Solution:
let y = tsin &= 2
then y' = sm%t + Stcos T;t,
Tt s Tt Tt

and 3" = 500574—2cos7——tsm7—7rcos7——tsm“2t
and then, y(0) =0, ¢'(0) =0
Now,
L{y"} = L{mwcos &t — —tsm z
2Y—Sy( ) — y/(o)—W W—W{Y

(S + 7 )Y = 452-1-71-2
452 +7r _ 47s
( 4 )Y T 4s2472
_ 167s
Y = (4s2+m2)2

: S 3 167s
ie. L{tsin’}= eree=

Intitial value problems
10. ¥/ + 4y =0, y(0) = 2.8

Solution:

sY —y(0)+4Y =0
(s+4)Y =28

Y = 2.8

s+4
hence, y = 2.8¢

—4t

14. ¢y — 4y +4y =0, y(0) = 2.1, y'(0) = 3.9
Solution:

s2Y — sy(0) — y/'(0) — 4(sY —y(0)) +4Y =0
sY — 215 —3.9—4(sY —2.1) +4Y =0

(s2 —4s+4)Y =2.1s — 4.5
Yy — 21s=45 _ 21 _ 0.3
G2 — (9 (2P

Since L{%} =t, then L{(Sflm} = te?t
hence, y = 2.1e%* — 0.3te*

18. ¥ + 9y = 10e~t, y(0) =¢'(0) =0
Solution:
L{y" + 9y} = L{10e~*}

s2Y — sy(0) — ’(O) +9Y = 1%
(52 + 9)Y =
Y =

s+1
=1 s 4 1
(s+1)(32+9) T s+1 s249 + s2+49

hence, y = e~ — cos 3t + £ sin 3¢

22.y" =2y =3y=0,y(1)=4,4y/(1)=5
Solution:
let ¢t = £+ 1, and §(f) = y(t), then we have



g’ =27 =35 =0,75(0)=4,7(0) =5
Noyv7
s2Y — s3(0) — 7/(0) — 2sY +2(0) —3Y =0
(s* 723—3)Y:45+5—8
_ _ 4s-3 15 1 11
Y = (s—3)(s+1) — "s—3 + 1 s+1

hence, § = %e?’t + le
Therefore, y = 15 e3t=3 4 lo—t+1

~

Inverse Laplace transform
1
27, =5 72
Solution:
. — 1 1
Since L 1{S+%} = e~ 2t then

- - t —1r _1
L 1{@}:[, 1{%.si%}:«[‘06 3Tdr = 2 — 9~ 3t

3l. == 552

Solution:

Since L~1{-2-} = 5¢”, then

L g5 = LT - P5) = fopePmdr = & — 1

and then t

LHaZat =L w25t = (€ = Ndr = g™ —t — ¢
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Find the Laplace transform

2.t (0<t<])

Solution:

L{t - 1—-ut—1)}=L{t+t -u(t—-1)}
=L{t+(t—1)-ult—1)+ult—1)}
RSNt

6. t2 (t > 3)

Solution:

L{tz-u(t—?))}:L{(t—?))z- u(t —3) 4+ (6t —9) - u(t — 3)}
= L{(t - 3)% - u(t — 3) +6(t — ) u(t —3)+9-u(t - 3)}
:6733' 3+6673s_i2 9e~

10. sinwt (0 < ¢ < 2)

Solution:

Using formula L{f(t) - w(t —a)} = e “L{f(t +a)},
L{sinwt - (1 —u(t —2))}

= L{sinwt — sinwt - u(t — 2)}

= L{smwt} L{sinwt - u(t — 2)}

— 6_25 L{sinw(t+2)}

- 2+UJ2
= g5 — ¢ °° - L{sinwt cos 2w + cos wi sin 2w}
w —2s w-cos 2w s-sin 2w
o —e (SRR )



_ w—w-e 2% cos2w—s-e”%* sin 2w
52+w2

Inverse transform
se”®
14. m
Solution:
since L™ {725} = coswt, then

L~ Y5> =ut—1) cosw(t—1)

52 +UJ2

16. s72— (s 24+ s e ®

Solution:

since s72 — (s 2+ s He % = S% — (S% + %)e‘s =1 e’ &7

and we have L='{1} =1, and L™'{%} = ¢, then

L Ys2—(s24+s Ve *}=t—(t—Dult—1)—ult—1)=t—t-u(t—1)
=t[1 —u(t—1)]

18. €™ /(5% + 25+ 2)

Solution:

since L’1{52+§S+2} =L{ (S+11)2+1} = e tsint, then

L~ Ye ™ /(s> +2s+2)} =e H™sin(t + ) = —e "7 sint

22. 2.5(e 7388 — ¢=265) /5

Solution:

since 2.5(e¢7385 — ¢720) /s =25 efz' S —25. 672465, then

L71{2.5(e7385 — e72:0%) /s} = 2.5u(t — 3.8) — 2.5u(t — 2.6)
= 2.5[u(t — 3.8) — u(t — 2.6)]

8

Intitial value problems
24. 9y" — 6y’ +y =0, y(0) =3, y'(0) =1,
Solution:

9[s*Y — sy(0) — y'(0)] = 6[sY —y(0)] +Y =0
9s%Y —27s—9—6(sY —3)+Y =0
(952 — 65+ 1)Y =275 —9

_ _27s—9 _9@Bs—=1) _ 9
Y = (9s2—6s+1) — (3s—1)2 = (3s—1)

Y = 3

28. ' +3y +2y=r(t), r(() =1 if0<t<land 0if ¢t > 1;
y(0)=0,y'(0)=0

Solution:

' +3y +2y=1—u(t—1)

s2Y — sy(0) — y/(0) + 3[sY —y(0)] + 2V = 1 — <~

(s24+3s+2)Y =1 <=

— 1 e
Y = s(s+2)(s+1)  s(s+2)(s+1)

—s




since ———-L—— = l.,_

I s~ @ T2 @iy then

et + 16_2t and then

—e 4 %6’2”2] cu(t—1)

-1 g
{s(s+2 s+1)} 2

_ e _ 1
L l{s(s+2)(s+1)} - [5
hence, y = 3 —e '+ Je 2 — [§ —e T 4 Te T Lyt — 1)

32, y" +8y' + 15y =r(t) r(t) =35 if0<t<2and0ift>2;
y(0) =3, y'(0) = -8
Solution:
y" + 8y + 15y = 35e% - [1 — u(t — 2)]
y" + 8y + 15y = 35e%t — 35e2t - u(t — 2)
y" + 8y’ + 15y = 35e? — 35¢e%e?(t=2) . y(t — 2)
$2Y — sy(0) — /(0) + 8[sY — y(0)] + 15y = 25, — s5c’e >
2v _ ﬁ _ 3bete?s
s*Y —3s + 8+ 8[sY — 3] + 15Y =

s—2
(s> + 85+ 15)Y = 35 — M+3s+16
y — 35 _ 356%*25 + 35416
(s—2)(s+3)(s+5) (5—2)(s+3)(s+5) (s+3)(s+5)
. 35416 7 1
since m (g+3) -3 (9+5) then
L1 3stl6 }:Ze 1,5t
(s+3)(s+5) 2 2
. 35 7.1 5. 1
Smie GG (s = _7 2 3(s+3) +52 55y then
_ t 5 _—5t
L o=emem) = 2¢ 7t 3¢

Now,

L~ {(5 35ete2¢ )} Lfl{(s 23567
_ 64

2s

D) (4T3 e
2t—4 7 —3t+6_|_ 5 —5t+10) u(t—2)

; (th 7 —3t+10 + 5 —5t+14) u(t _ 2)

hence, y = %e’gt _ %67515 42t — %e’& + %67515 _ (62t _ %e*BtHO + %675&14).
u(t — 2)
ie. Y= 6215 + 2675t _ (e2t _ %673t+10 + 26751%14) . u(t _ 2)

3. y" +2y' +5y =10sint f0<t<2mand 0ift > 27m; y(n) = 1,/ (7) =
2e™ =2
Solution:
y" 4+ 2y + 5y = 10sint[l — u(t — )]
let ¢t = £+ 7, and §(f) = y(t), then we have 7(0) = 1,7(0) = 2e™" — 2
7"+ 27 + 57 = 10sin(t + 7)[1 — u(?)]
§" + 2§ + 5§ = 10sin(t + 7)[1 — 1]
y” 127 +55=0 ]
s2Y — s§(0) — §'(0) + 2[sY — §(0)] + 5Y =0
2Y—s—26_’T—|—2—i—2[sY—1]—i—5Y—O
(s24+254+5)Y =s5+2 ™



2e "

Y= (82+§s+5) T &7+5579)

L Yot = L rrrm} = ¢ ' cos 2t
Since, Lil{(szTQS-‘rm} = Lil{(s_,’_l)%} = 67t Sin2t, then

L‘l{%} = [e"f‘"ir sin 2(f — )] - u(t — )
= [e= "™ sin 2¢] - u(t — )

hence, § = et cos 2t 4 [e T sin 28] - u(f — 7),

ie. y=e T cos2(t — ) + [e" T sin2(t — 7)) - u(t — 27).



