
Assignment 7 (7-8th-week)
Page 232 1,3,5,7,10,14,18,22,27,31
Find the Laplace transform by di¤erentiation
1. tekt

Solution:
let y = tekt;
then y0 = ekt + ktekt; and y00 = kekt + kekt + k2tekt = 2kekt + k2tekt

and then y(0) = 0; y0(0) = 1
Now,
Lfy00g = Lf2kekt + k2tektg
s2Y � sy(0)� y0(0) = 2k � Lfektg+ k2 � Lftektg
s2Y � 1 = 2k � 1

s�k + k
2Y

(s2 � k2)Y = 2k
s�k � 1

(s2 � k2)Y = s+k
s�k

Y = 1
(s�k)2

i.e. Lftektg = 1
(s�k)2

3. sin2 !t
Solution:
let y = sin2 !t;
then y0 = 2 sin!t cos!t �! = ! sin 2!t; and y00 = ! cos 2!t �2! = 2!2 cos 2!t
and then y(0) = 0; y0(0) = 0
Now,
Lfy00g = 2!2Lfcos 2!tg
s2Y � sy(0)� y0(0) = 2!2 � s

s2�4!2

s2Y = 2!2s
s2�4!2

Y = 2!2

s(s2�4!2)

i.e. Lfsin2 !tg = 2!2

s(s2�4!2)

5. sinh2 at
Solution:
let y = sinh2 at
then y0 = 2 sinh at cosh at � a = 2a sinh at cosh at
and y00 = 2a2(sinh2 at+ cosh2 at) = 2a2(1 + 2 sinh2 at) = 2a2 + 4a2 sinh2 at
and then y(0) = 0; y0(0) = 0
Now,
Lfy00g = Lf2a2 + 4a2 sinh2 atg
s2Y � sy(0)� y0(0) = 2a2

s + 4a2Lfsinh2 atg
s2Y = 2a2

s + 4a2Y

(s2 � 4a2)Y = 2a2

s

Y = 2a2

s(s2�4a2)

i.e. Lfsinh2 atg = 2a2

s(s2�4a2)
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7. t sin �t2
Solution:
let y = t sin �t2
then y0 = sin �t2 +

�
2 t cos

�t
2 ;

and y00 = �
2 cos

�t
2 +

�
2 cos

�t
2 �

�2

4 t sin
�t
2 = � cos

�t
2 �

�2

4 t sin
�t
2

and then, y(0) = 0; y0(0) = 0
Now,
Lfy00g = Lf� cos �t2 �

�2

4 t sin
�t
2 g

s2Y � sy(0)� y0(0) = � � s
s2+(�2 )

2 � �2

4 Y

(s2 + �2

4 )Y =
4�s

4s2+�2

( 4s
2+�2

4 )Y = 4�s
4s2+�2

Y = 16�s
(4s2+�2)2

i.e. Lft sin �t2 g =
16�s

(4s2+�2)2

Intitial value problems
10. y0 + 4y = 0; y(0) = 2:8
Solution:
sY � y(0) + 4Y = 0
(s+ 4)Y = 2:8
Y = 2:8

s+4

hence, y = 2:8e�4t

14. y00 � 4y + 4y = 0; y(0) = 2:1; y0(0) = 3:9
Solution:
s2Y � sy(0)� y0(0)� 4(sY � y(0)) + 4Y = 0
s2Y � 2:1s� 3:9� 4(sY � 2:1) + 4Y = 0
(s2 � 4s+ 4)Y = 2:1s� 4:5
Y = 2:1s�4:5

(s�2)2 = 2:1
(s�2) �

0:3
(s�2)2

Since Lf 1s2 g = t; then Lf
1

(s�2)g = te
2t

hence, y = 2:1e2t � 0:3te2t

18. y00 + 9y = 10e�t; y(0) = y0(0) = 0
Solution:
Lfy00 + 9yg = Lf10e�tg
s2Y � sy(0)� y0(0) + 9Y = 10

s+1

(s2 + 9)Y = 10
s+1

Y = 10
(s+1)(s2+9) =

1
s+1 �

s
s2+9 +

1
s2+9

hence, y = e�t � cos 3t+ 1
3 sin 3t

22. y00 � 2y0 � 3y = 0; y(1) = 4; y0(1) = 5
Solution:
let t = ~t+ 1; and ~y(~t) = y(t); then we have
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~y00 � 2~y0 � 3~y = 0; ~y(0) = 4; ~y0(0) = 5
Now,
s2 ~Y � s~y(0)� ~y0(0)� 2s ~Y + 2~y(0)� 3 ~Y = 0
(s2 � 2s� 3) ~Y = 4s+ 5� 8
~Y = 4s�3

(s�3)(s+1) =
15
4 �

1
s�3 +

1
4 �

1
s+1

hence, ~y = 15
4 e

3~t + 1
4e
�~t

Therefore, y = 15
4 e

3t�3 + 1
4e
�t+1

Inverse Laplace transform
27. 1

s2+s=2

Solution:
Since L�1f 1

s+ 1
2

g = e� 1
2 t; then

L�1f 1
s2+s=2g = L

�1f 1s �
1

s+ 1
2

g =
R t
0
e�

1
2 �d� = 2� 2e� 1

2 t

31. 5
s3�5s2

Solution:
Since L�1f 5

s�5g = 5e
5t; then

L�1f 5
s2�5sg = L

�1f 1s �
5
s�5g =

R t
0
5e5�d� = e5t � 1

and then
L�1f 5

s3�5s2 g = L
�1f 1s �

5
s2�5sg =

R t
0
(e5� � 1)d� = 1

5e
5t � t� 1

5
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Find the Laplace transform
2. t (0 < t < 1)
Solution:
Lft � (1� u(t� 1))g = Lft+ t � u(t� 1)g

= Lft+ (t� 1) � u(t� 1) + u(t� 1)g
= 1

s2 +
e�s

s2 + e
�s

6. t2 (t > 3)
Solution:
Lft2 � u(t� 3)g = Lf(t� 3)2 � u(t� 3) + (6t� 9) � u(t� 3)g

= Lf(t� 3)2 � u(t� 3) + 6(t� 3) � u(t� 3) + 9 � u(t� 3)g
= e�3s � 2s3 + 6e

�3s � 1s2 + 9e
�3s

10. sin!t (0 < t < 2)
Solution:
Using formula Lff(t) � u(t� a)g = e�asLff(t+ a)g;
Lfsin!t � (1� u(t� 2))g
= Lfsin!t� sin!t � u(t� 2)g
= Lfsin!tg � Lfsin!t � u(t� 2)g
= !

s2+!2 � e
�2s � Lfsin!(t+ 2)g

= !
s2+!2 � e

�2s � Lfsin!t cos 2! + cos!t sin 2!g
= !

s2+!2 � e
�2s � (!�cos 2!s2+!2 + s�sin 2!

s2+!2 )
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= !�!�e�2s cos 2!�s�e�2s sin 2!
s2+!2

Inverse transform
14. se�s

s2+!2

Solution:
since L�1f s

s2+!2 g = cos!t; then
L�1f se�s

s2+!2 g = u(t� 1) � cos!(t� 1)

16. s�2 � (s�2 + s�1)e�s
Solution:
since s�2 � (s�2 + s�1)e�s = 1

s2 � (
1
s2 +

1
s )e

�s = 1
s2 �

e�s

s2 �
e�s

s ;
and we have L�1f 1sg = 1; and L

�1f 1s2 g = t; then
L�1fs�2 � (s�2 + s�1)e�sg = t� (t� 1)u(t� 1)� u(t� 1) = t� t � u(t� 1)

= t[1� u(t� 1)]

18. e��s=(s2 + 2s+ 2)
Solution:
since L�1f 1

s2+2s+2g = Lf
1

(s+1)2+1g = e
�t sin t; then

L�1fe��s=(s2 + 2s+ 2)g = e�t+� sin(t+ �) = �e�t+� sin t

22. 2:5(e�3:8s � e�2:6s)=s
Solution:
since 2:5(e�3:8s � e�2:6s)=s = 2:5 � e�3:8ss � 2:5 � e�2:6ss ; then
L�1f2:5(e�3:8s � e�2:6s)=sg = 2:5u(t� 3:8)� 2:5u(t� 2:6)

= 2:5[u(t� 3:8)� u(t� 2:6)]

Intitial value problems
24. 9y00 � 6y0 + y = 0; y(0) = 3; y0(0) = 1;
Solution:

9[s2Y � sy(0)� y0(0)]� 6[sY � y(0)] + Y = 0
9s2Y � 27s� 9� 6(sY � 3) + Y = 0
(9s2 � 6s+ 1)Y = 27s� 9
Y = 27s�9

(9s2�6s+1) =
9(3s�1)
(3s�1)2 =

9
(3s�1)

Y = 3
s� 1

3

hence , y = 3e
1
3 t

28. y00 + 3y0 + 2y = r(t); r(t) = 1 if 0 < t < 1 and 0 if t > 1;
y(0) = 0; y0(0) = 0

Solution:
y00 + 3y0 + 2y = 1� u(t� 1)
s2Y � sy(0)� y0(0) + 3[sY � y(0)] + 2Y = 1

s �
e�s

s

(s2 + 3s+ 2)Y = 1
s �

e�s

s

Y = 1
s(s+2)(s+1) �

e�s

s(s+2)(s+1)
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since 1
s(s+2)(s+1) =

1
2 �

1
s �

1
(s+1) +

1
2 �

1
(s+2) ; then

L�1f 1
s(s+2)(s+1)g =

1
2 � e

�t + 1
2e
�2t; and then

L�1f e�s

s(s+2)(s+1)g = [
1
2 � e

�t+1 + 1
2e
�2t+2] � u(t� 1)

hence, y = 1
2 � e

�t + 1
2e
�2t � [ 12 � e

�t+1 + 1
2e
�2t+2] � u(t� 1)

32. y00 + 8y0 + 15y = r(t) r(t) = 35e2t if 0 < t < 2 and 0 if t > 2;
y(0) = 3; y0(0) = �8

Solution:
y00 + 8y0 + 15y = 35e2t � [1� u(t� 2)]
y00 + 8y0 + 15y = 35e2t � 35e2t � u(t� 2)
y00 + 8y0 + 15y = 35e2t � 35e4e2(t�2) � u(t� 2)
s2Y � sy(0)� y0(0) + 8[sY � y(0)] + 15Y = 35

s�2 �
35e4e�2s

s�2
s2Y � 3s+ 8 + 8[sY � 3] + 15Y = 35

s�2 �
35e4e�2s

s�2
(s2 + 8s+ 15)Y = 35

s�2 �
35e4e�2s

s�2 + 3s+ 16

Y = 35
(s�2)(s+3)(s+5) �

35e4e�2s

(s�2)(s+3)(s+5) +
3s+16

(s+3)(s+5)

since 3s+16
(s+3)(s+5) =

7
2 �

1
(s+3) �

1
2 �

1
(s+5) ; then

L�1f 3s+16
(s+3)(s+5)g =

7
2e
�3t � 1

2e
�5t

since 35
(s�2)(s+3)(s+5) =

1
(s�2) �

7
2 �

1
(s+3) +

5
2 �

1
(s+5) ; then

L�1f 35
(s�2)(s+3)(s+5)g = e

2t � 7
2e
�3t + 5

2e
�5t

Now,
L�1f 35e4e�2s

(s�2)(s+3)(s+5)g = e
4 � L�1f 35e�2s

(s�2)(s+3)(s+5)g
= e4(e2t�4 � 7

2e
�3t+6 + 5

2e
�5t+10) � u(t� 2)

= (e2t � 7
2e
�3t+10 + 5

2e
�5t+14) � u(t� 2)

hence, y = 7
2e
�3t� 1

2e
�5t+e2t� 7

2e
�3t+ 5

2e
�5t�(e2t� 7

2e
�3t+10+ 5

2e
�5t+14) �

u(t� 2)
i.e. y = e2t + 2e�5t � (e2t � 7

2e
�3t+10 + 5

2e
�5t+14) � u(t� 2)

34. y00+2y0+5y = 10 sin t if 0 < t < 2� and 0 if t > 2�; y(�) = 1; y0(�) =
2e�� � 2
Solution:
y00 + 2y0 + 5y = 10 sin t[1� u(t� �)]
let t = ~t+ �; and ~y(~t) = y(t); then we have ~y(0) = 1; ~y0(0) = 2e�� � 2
~y00 + 2~y0 + 5~y = 10 sin(~t+ �)[1� u(~t)]
~y00 + 2~y0 + 5~y = 10 sin(~t+ �)[1� 1]
~y00 + 2~y0 + 5~y = 0
s2 ~Y � s~y(0)� ~y0(0) + 2[s ~Y � ~y(0)] + 5~Y = 0
s2 ~Y � s� 2e�� + 2 + 2[s ~Y � 1] + 5~Y = 0
(s2 + 2s+ 5)~Y = s+ 2e��

5



~Y = s
(s2+2s+5) +

2e��

(s2+2s+5)

L�1f s
(s2+2s+5)g = L

�1f s
(s+1)2+22 g = e

�~t cos 2t

since, L�1f 2
(s2+2s+5)g = L

�1f 2
(s+1)2+22 g = e

�~t sin 2~t; then

L�1f 2e��

(s2+2s+5)g = [e
�~t+� sin 2(~t� �)] � u(~t� �)

= [e�~t+� sin 2~t] � u(~t� �)

hence, ~y = e�~t cos 2t+ [e�~t+� sin 2~t] � u(~t� �);
i.e. y = e�t+� cos 2(t� �) + [e�t+2� sin 2(t� �)] � u(t� 2�):
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