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Solve the following ODEs.

1.9" = 2y" — 4y’ + 8y = 73 + 8x?

Solution: Step 1. General solution of the homoegeneous ODE.
The characteristic equation

A3—2A2-41+8=0

A2(A-2)-4(A-2) =0

(A-2)(A2-4) =0

A-2)A-2)A+2) =0

A=2,2,-2.

Thus y;, = c1e* + coxe™ + cze2x

Step 2. Solution of the nonhomogeneous ODE.
Suppose that y, = yp, + yp,

Let y,, = Ae73*, then

Vp, = —3Ae™*
Vp, = 9Ae™
yp = —27Ae*

Substitution into the given ODE

Yo = 2yp, —4yp, + 8yp, = —27Ae™ — 2(9Ae™) — 4(-3Ae™") + 8Ae™ = —25A¢™
imply that -254 = 1, A = 5%

Lety,, = Bx> + Dx + E, then

Yp, = 2Bx+D
Y, = 2B
Ypr =0

Substiution into the given ODE

Voo = 2yp, —4yp, +8yp, = —2(2B) —4(2Bx+ D) + 8(Bx> + Dx + E) =
8E — 4D — 4B — 8Bx + 8Dx + 8Bx?

imply that

8B =8
8D -8B =0 =
8E—-4D -4B =0
i€y, = sre ¥ +x2+x+1
Therefore the general solution is y = ¢ + coxe™ + cze2x + ke +x2 +x + 1.

O W
[

3.7 +0.5y" +0.0625y = e*cos0.5x
Solution: Step 1. General solution of the homoegeneous ODE.

The characteristic equation
A4 +0.542+0.0625 =0

(22+0.25)* =0

(A+0.5)*(L-0.5i))> =0

A = %0.5i,40.5i

Thus y, = ¢1¢cos +x + casin +x + c3xcos Tx + caxsin +x.
Step 2. Solution of the nonhomogeneous ODE.

Lety, = e*(Acos+x + Bsin+x), then



yp = (3B —A)e*cos Tx— (+A+ B)e*sin+x
yp = (FA—B)e*cos+x+ (A + SB)e~sin +x
yy = (&B- 1A)e‘”cos Tx—(FA+ 1B)e‘”sin%)c
yi = (2B - L£A)e*cosTx+ (2A - LB)e*sin1x
Substiution |nto the given ODE
y},v + 0.5y, +0.0625y,
= ——B - —A)e‘x
cosTx+ (3A - LB)e*sinLx+0.5[(+A — B)e™*cos +x + (A + +B)e~sin 1x]
+0.0625¢ (A cos 2-x + Bsin +-x)
= [~ 3B—iA+ 5(3A B) + 1A]e—x
éx+[ A - 1A+ 3B)+ LBle*sin+x
= —2Be~ cos 7x + 2Ae‘x sin &
imply that

2B =1 A=0
=
24 =0 B=3

i.e.y, = Fe*¥sintx
Therefore the general solution is

y = cos—x+czsm x+C3xcos—x+C4xsm = 1 e~sin+ >X.

X

5. x3y" +0.75xy" — 0.75y = 9x>3

Solution: Step 1. General solution of the Eular-Cauchy Equation
Lety = x™, theny' = mx™1,y" = m(m — 1)x"2,y" = m(m —1)(m —2)x"3,
Substiution into the ODE x3y" + 0.75xy' —0.75y = 0

m(m —1)(m —2)x™ + Tmx™ + Sx™ = 0
m(m—l)(m—2)+%m+% =0

dm(m—-1)(m—-2)+3m—-3 =0

4m3 - 12m?> +11lm -3 =0

4m3 —4m? —8m?> +8m+3m—-3 =0
dm?(m—-1)-8m(m—-1)+3(m—-1) =0

(m-1)4m>-8m+3) =0

m-1)2m-1)2m-3) =0

m =1, é, 3,

so that {x,xz ,x%} is a basis, and y, = ¢1x + CoxT + C3x7

Step 2. Solution of the given ODE.

Lety, = Ax3, then

yp = SAxsS, yp = A9 A3S i = 1197 4,25,

Substiution into the given ODE

1

xX3yy +0.75xy), — 0.75y, = x3 « L2LAx2S5 +0.75x « LLAx*S — 0.75Ax°5 = 90Ax>3
imply that 904 = 9, A = -

i.e.y, = 75x°°

Therefore the general solution is y = ¢1x + cox? + ¢3x7 + -5x55,

9.y" —=9y" +27y — 27y = 54sin3x, y(0) = 3.5, y'(0) = 13.5, y"(0) = 38.5



Solution: Step 1. General solution of the homoegeneous ODE.
The characteristic equation

A3 —9A2 +274-27=0

A-3)°=0

A=3,33

Thus, y;, = c1e® + coxe + c3x2e?

Step 2. Solution of the nonhomogeneous ODE.

Lety, = Asin3x + Bcos3x, then

yp = —3Bsin3x + 3A cos 3x,

yp = —9Asin3x — 9B cos3x,

yp = 27Bsin3x — 27A cos 3x,

Substitution into the given ODE

yp' = 9yp + 27y, = 27y,

= 27Bsin3x — 27A cos3x — 9(—9A sin3x — 9B cos3x) + 27(-3Bsin3x + 3A cos3x) — 27(A sin 3x
= (54A + 54B) cos3x + (54A — 54B) sin3x

imply that

S4A+54B=0 A=+

54A — 54B = 54 B =k
i.e.y, = +sin3x+ 5k cos3x
Therefore the general solution is y = c1e + cyxe® + c3x2e3 + £ sin3x + - cos3x.
Step 3. Solution of the initial value problem.

we have y' = 3cie® + cpe3* + 3coxe + 2c3xe3 + 3c3x2e™ + % cos3x + % sin 3x
And y" = 9ce3 + 6¢ye3 + 9cxe + 2c3e3 + 12¢3xe3 + 9czx2e™ + ‘79 sinx + % cos 3x

¥(0) = 3.5 TEa+5 ci =4
y'(0) =13.5 = 2—27=3cl+cz+% > ;=0
y"(0) = 38.5 % =9c| +6¢cy +2¢3 + % c3 =-1

Thus we obtain answer is y = 4¢3 — x2e3 + £ sin3x + = cos 3x.

Page 226.

Find the Laplace transforms of the following functions.
1.2 =21,

Solution: method 1

L{rr =2t} = L{P} - 2Lty = 5 -2 = 2 - %

5. e? cosht

Solution: Since e cosht = <-(e' + ) = L (e + ¢'), then
1 1

L{e*coshty = LL{e¥} + 1L{e'} = L. L+ 1.1

S— s—1

or let f(r) = cosht, and F(s) = L{f(¢)} = =

s2-1°

Then L{e* cosht} = L{e?f(t)} = F(s—2) = (5—32_)22—1

9 e 3a-2bt



Solution:

Ly = e Loy = e 1y = 5

13.
Solution: we know that

k, O0<x<b
l‘ =
A0 { 0, otherwise

then the Laplace transforms of the function f{(z)
—k(e=t — 1)

k(1 —e=P)

o b
L{f(0)} = -[0 e !f(t)dt = -[() ke=stdt = _Tke—sqg _ : _

17.
Solution: we know that

f(t):{t, O0<x<b

0, otherwise
then the Laplace trnsforms of the function f(r)

L{f(t)} I : e'f(Hdt = I : te=s'dt = _Tl I : td(e™")

= =ljpspp 4 L be‘”dt
K} 0 s Jo

_ -1 —sb =1 ,—stip _

= —-(be™") + Szeslo—

—b —sb 1 _bs
b=+ L1 - o)

Find the inverse Laplace transforms of the following functions
29 4s—3nm

SZ 71'2
Soluti:)n:
L—I{M} = 4L‘1{ s }_3L—1{ z } = 4cosnt — 3sinrxt.

s2+m2 s2+m? s2+m2

33 nrL

L2524n2p2

Solution:
-1 nrL _ 7-1 % _ ot AT
L {L252+n2ﬂ2 } =L {52+("Z’)2 } = sin 1.

1
37 ) o)
Solution:
; 1 _ 1 1 1
Since GG - A [ —F T ai } then

1

S

L_1{<S—~/§>I<S+~/§> } - ~/§i~/§ [L_l{s—lﬁ}_L_l{S+~/§}J )

eV3t — e~ /5t

J5+3



Applications of the s-shifting theorem.
Find the Laplace transforms.

41. 3.8te>4
Solution: Let f(r) = 3.8, then F(s) = L{f()} = 37,
Now
L{3.8te2%} = L{e2%f()} = F(s—2.4) = 3.8
(3.8024) = LEMf0)y = Fls-2.4) = -0

45. e (acost + bsint)
Solution: Let /() = (acost + bsint), then F(s) = L{f(t)} = + L2

2+1 s2+1°
Now

L{e*(acost + bsint)} = L{e™f(t)} = F(s + k) = a(s + k) + b

(s+k)*+1  (+k)*+1

Find the inverse Laplace transforms.
47.
(v—l)

Solution: Let F(s) = +, and we have f(r) = L' {5 } = ZL-'{2} = 1y, then

L‘l{ 1 3} LI{F(s—l)}—eff(t)— Lter

(s—1)
15
51 " 52445429
Solution: Rewrite the from
15 _ 15 _ __ 35
s2+45+29 (s+2) 2452 (s42)2+52

Let F(s) = =25, and we have f() = L' {525} = 3L {3

} LY{F(s +2)} = e2f(1) = 3¢~ sin5t

} = 3sin5t, then

52+52 52452

-1
L {s2+4s+29



