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Solve the given nonhomogeneous ODE by variation of parameters or undermined
coefficients. Give a general solution. (Show the details of your work.)

1.y" +y =cscx

Soluiton Step 1. General solution of the homogeneous ODE.

The characteristic equation

A2+1=0

A==

Thus y, = ¢;cosx + +c; sinx,

hence we have the basis of solutions y; = cosx, y, = sinx

Using the following formula to obtain the particular solution

Yp = v | Frdx + y, [ dx

we also need the Wronskian deteminat

cosx sinx

W = = cos2x + sin’x = 1

—sinx cosx
and

Yar _ : _ —
Ivdx = fsmx . cscxdx = jdx = X,

J.%dx = .[Cosx - cscxdx = J'de - J‘

sinx

1 . _ .
~—d(sinx) = Inlsinxl,

i.e.y, = —xcosx + sinx - Inlsinxl.
Therefore the general solution is y = ¢ cosx + ¢, sinx — xcosx + sinx « Inlsinxl.

3. x2y" —2xy' + 2y = x3cosx

Solution: Rewrite the equation

y' =%y + 5y = xcosx

It is Cauchy-Euler equation, the auxiliary equation is
m?2-3m+2=0

m-2)m-1)=0

Thus y, = c1x + ¢ox?, and the basis of solutions y; = x, y, = x2.
Using the following formula to obtain the particular solution

Yp = Y1 'fy—vz‘,rdx+yzjy—v‘vrdx

we also need the Wronskian deteminat

x x?
1 2x

2

W= =X

and

Iy—vzvrdx = I%dx = Ixcosxdx = Ccosx + xsinx

j%dx = .[x'x;%dx = jcosxdx = sinx,

i.e.y, = —x(cosx + xsinx) + xZsinx.

Therefore the general solution is y = ¢1x + c2x? + x(cosx + xsinx) + x2 sinx.

5.y"+y = tanx
Solution:The characteristic equation
A+1=0



A= Hi.

Thus y, = ¢ cosx + ¢, sinx, hence we have the basis of solutions y; = cosx, y, = sinx
Using the following formula to obtain the particular solution

Vo = 1| rdx+ya [

we also need the Wronskian deteminat

cosx sinx

W = = cos2x + sin’x = 1

—sinx cosx
and

J.%dx = Isinx - tanxdx = I%dx = jl‘cf,—(gs;xdx

= I(secx — cosx)dx = Inlsecx + tanx| — sinx

j%dx = Icosx - tanxdx = Isinxdx = —COoSX,

yp = —cosx(Inlsecx + tanx| — sinx) — sinxcosx = —cosx - Inlsecx + tan x|
Therefore the general solution is y = ¢ cosx + ¢, sinx + —cosx « Inlsecx + tanx|.

7.y" +y =cosx+secx

Solution:

Solution:The characteristic equation

A2+1=0

A= i

Thus y, = ¢ cosx + ¢, sinx, hence we have the basis of solutions y, = cosx, y, = sinx
Using the following formula to obtain the particular solution

Yp = =y1 | Srdx +yy | S-dx

we also need the Wronskian deteminat

cosx sinx .
W = . = cos2x + sin’x = 1
—sinx cosx
and
J‘y—vzvrdx = fsinx(cosx +secx)dx = — I(cosx + o )d(cosx) = — (4 cos?x + Inlcos xI)

J.% = jcosx(cosx + secx)dx = j(coszx +1)dx = $x+ sin2x+x = 3x+ +sin2x

i.e.yp = cosx($ cosx + Inlcosxl) + sinx(x + + sin2x)

= % cos3x + cosx « Inlcos x| + %x sinx + % sinxsin2x
where % cos3x + % sinxsin2x = % cos3x + %

Therefore the general solution is y = ¢ cosx + ¢, sinx + cosx « Inlcos x| + %x sinx.

sin?cosx = %(coszx + sin’x) cosx = % cosx

P111. To get a feel for higher order ODEs, show that the given functions are solutions
and form a basis on any interval. Use Wronskian. (In Prob. 2, x > 0)

2. 1,x2,x%  xX" -3xy"+3y' =0

Solution: Step 1. Show that {1,x%,x*} are solution of the function x2y"" — 2xy” + 3y’ =0

Since x2(1)" = 3x(1)" +3(1)' = 0, and

x2(x2)" = 3x(x2)" +3(x?) =0-3x+2+3-2x =0, and

22" = 3x(e) +3(x%) = X2 24x—3x + 12x2 43+ 4x3 = 0

{1,x2,x*} are solution of the given function

Step 2. Use Wronskian determinat



1 x2 x¢
W=|0 2x 4x3 | =16x3+0, forx>0
0 2 12x2

Thus {1,x2,x*} is linear independent. {1,x?,x*} is a basis

4. e cosx, e sinx,e 2 cosx,e > sinx, yV —6y" +25y = 0.
Solution: Step 1. Show that {¢* cosx, e* sinx,e > cosx,e > sinx} are solution of the
function yV — 6y” + 25y = 0
Since
(e2cosx)" — 6(e2cosx)” + 25(eX cosx)
= [-7e*cosx — 24e*sinx] — 6[3e* cosx — 4e* sinx] + 25¢* cosx = 0
and
(e2sinx)" — 6(e2sinx)" + 25(esinx)
= [24e** cosx — Te* sinx] — 6[4e* cosx + 3e*sinx] + 25¢* sinx = 0
and
(e 2 cosx)" — 6(e 2 cosx)” +25(e 2 cosx)
= [24e > sinx — Te > cosx] — 6[3e > cosx + 4e ¥ sinx] + 25¢ > cosx = 0
and
(e 2 sinx)" — 6(e2'sinx)" + 25(e~'sinx)
= [-24e > cosx — Te > sinx] — 6[3e > sinx — 4e > cosx] + 25¢ > sinx = 0
So that {e* cosx,e> sinx,e > cosx,e > sinx} are solution of the given function.
Step 2. Use Wronskian determinat
e sinx e?* cosx e 2*sinx e 2*cosx
W e?cosx+2e*sinx  2e*cosx-eXsinx e ¥cosx-2esinx  —2e 2cosx —e ¥sinx
4e?*cosx +3e*sinx 3e*cosx —4e?sinx 3e >sinx —4e > cosx  3e X cosx +4e >rsinx
11eZcosx +2e?*sinx 2e*cosx —11eXsinx 11e > cosx —2e > sinx —-2e 2 cosx — 11e 2 sinx

= 320(cos*x) + 320(sin*x) + 640(cos2xsin?x) = 320(sin%x + cos2x)” = 320 # 0
Thus {e* cosx, e sinx, e > cosx,e > sinx} is linear independent. it is a basis.

Are the given functions linearly independent of dependent on the positive x —axis?
(Give a reason.)

8. x+1,x+2,x
Solution: Use Wronskian determinat

x+1 x+2 x
W= 1 1 1 1=0

0 0 O

Thus {x + 1,x + 2,x} is linearly dependent.

13. sin2x, sinx, cosx
Solution:Use Wronskian determinat



sin2x  sinx  COSXx
W= cos2x cosx -sinx | =0
—sin2x —sinx —COSx

Thus {sin2x,sinx,cosx} is linearly dependent.

18. coshux, sinhx, cosh’x
Solution:Use Wronskian determinat

coshx sinhx cosh’x
W =] sinhx coshx 2 coshxsinhx = cosh*x — 2sinh*x + cosh’xsinh?x = 0

coshx sinhx 2cosh’x + 2sinh’x
Thus {coshx,sinhx,cosh’x} is linearly independent.

P115.

Find an ODE(1) for which the given functions form a basis of solutions.
4. cosx,sinx,xCcosx,xsinx

Solution:The characteristic equation

A-D)*A+i)?=0

A2+1)*=0

A +202+1 =0

Therefore the ODE is yV +2y" +y = 0

Solve the given ODE. (Show the details of your work.)

7.9"+y =0

Solution: The characteristic equation
B+L=0

AA+D(A—i) =0

A=0,o0r=i

Therefore the general solutionis y = ¢; + ¢ocosx + ¢ sinx.

g-ym_i_yu_y/_y =0
Solution: The characteristic equation

MB+A2-21-1=0

AMA+1)-(A+1)=0

A+1)A2-1)=0

A=-1,-1,1

Therefore the general solutionis y = cje™ + coxe™ + cze”.

11.y" =3y" -4y + 6y =0

Solution: The characteristic equation
A3 =3A2-41+6 =0

A3 =22 -2A2+2L-61+6 =0
PA-1)-2A4A-1)-6(1-1)=0
A-1)(A2=21-6) =0



A-1=00rA2-21-6=0
A=10ora =202 - 11 7.
Therefore the general solution is y = ¢je* + coe (1HV7)x 4¢3 (17V7)x,



