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Find a real general solution, showing the details of your work.

2.4x%y" +4xy' —y =0

Solution: Rewrite the equation

X2y +xy' =4y =0

it is a Cauchy-Euler equation, the auxiliary equation is

m?— 4 =0

m = i%

Therefore the general solution is y = ¢1x* + cox2.

4. x%y" +3xy' +y =0
Solution: It is a Cauchy-Euler equation, the auxiliary equation is
m?>+2m+1=0

Therefore the general solutionis y = ¢ x™! + caInx « x71.

6. 2x%y" + 4xy' + 5y = 0
Solution: Rewrite the equation
x2y" +2xy' + 2y =0
it is a Cauchy-Euler equation, the auxiliary equation is
m?+m+ % =0
-1+/1-10 _ _1 + 3

- =L+

2 2 — 2
Therefore the general solution is y = x> [Acos(2 Inx) + Bsin(< Inx)].

Solve and graph the solution, showing the details of your work.
11.x2y" —4dxy' + 6y =0, y(1) = 1, y'(1) =0

Solution: It is a Cauchy-Euler equation, the auxiliary equation is
m?>—-5m+6=0

m-3)(m-2)=0

m=30rm=2

Therefore the genaeral solution is y = ¢1x3 + ¢ax?

And y' = 3c1x? + 2cpx

{ y/(l) =_1 { 1_: () N Cl :_—2

y(l)—O 0 =3¢ +2c¢, cp =13

Thus we obtain the answer is y = —2x3 + 3x2.

12.x2y" +3xy' +y =0, y(1) =4,y'(1) = -2

Solution: It is a Cauchy-Euler equation, the auxiliary equation is
m>+2m+1=0

m+1)* =0



m= -1
Therefore the general solutionisy = ¢ x™! + ¢, Inx « x7!

Andy' = —cix 2+ coxt e x —crlnx « x72
{3)(1)_24 :{ ﬂ-ch :{C1i4
y'(l) =-2 -2 =—1+c cr =2

Thus we obtain the answeris y = 4x~! + 2Inx - x7!.

Page 77
Find an ODE (1) for which the given functions are solutions. Show linear

independence (a) by considering quotients, (b) by Theorem 2.
1 . eO.Sx’ e—O.Sx

Solution: The Wronskian determinat is

yi y2

Yiova 7
then {e%>*,¢0>} is linear independence,
The characteristic equation is
(A-0.5)(2+0.5) =0

A2 -0.25=0.

Therefore the ODE is y" — 0.25y = 0.

eO.Sx e—O.Sx
W =

1 e0:5x —Tle—O.Sx

7. cos(2Inx),sin(21nx)
Solution: The Wronskian determinat is

W= _(2:05'(21nx) sinlnx) L (2cos2(2Inx) + 2sin’(2Inx)) = 2 = 0
=25in(2lnx) 2 cos(2Inx)

then {cos(21nx),sin(2Inx)} is linear independence,

The auxiliary equation is

[m—2i][m+2i] =0

m*+4 =0

Therefore the ODE is x2y" + xy' + 4y = 0.

12. e > coswx, e > sinwx
Solution: The Wronskian determinat is

W e 2 coswx e sin wx
—2e 2 coswx — we X sinwx —2e X sinwx + we 2 cos wx

w(cos2wx)e220 4 w(sinZwx)e229 = e
then {e=>*coswx, e*sinwx} is linear independence,
The characteristic equation is
A= (2+iw)][A-(2—-iw)] =0
A2+4h+ (4 +w?) =0
Therefore the ODE is y" + 4y" + (4 + w?)y = 0.

16. e ®cosmx,e ® sinmx



Solution: The Wronskian determinat is

W — e cosmx e M ginx _
—ke ™ cosnx — me ™ sintx —ke ™ sinmx + me* cosmx

m(cos2mx)e2k) 4 g(sin’mx)e2k) = o2k

then {e=* cosrx,e* sinzx} is linear independence,

The characteristic equation is

[L— (~k+im)][A - (=k—iz)] = O

A2 +2kA+k*+72 =0

Therefore the ODE is y" + 2ky’ + (k2 + )y = 0

P83

Find a (real) general solution. Which rule are you using?
(Show each step of your calculation.)

2.y" +4y" +3.75y = 109 cos 5x

Soluiton Step 1. General solution of the homogeneous ODE.
The characteristic equation

24424375 = R+ 4r+ A3 - (m%)(m%) -0

shows that a real general solution of the homogeneous ODE is
yi = crer 4 cre?
Step 2. Solution of the nonhomogeneous ODE.
Lety, = Acos5x + Bsin5x, then
yp = SBcosSx — 5SAsinSx
yp = —25Acos5x — 25BsinS5x
Substitution into the given ODE
yp +4y, +3.75y,
= (=25A cos5x — 25Bsin5x) + 4(5Bcos5x — 5Asin5x) + 1TS(A cos5x + Bsin5x)
= (20B — £-A) cos 5x + (—20A — £ B) sin 5x
imply that
20B-A=109  A=-%
—20A-8B =0 B=%&
i.e.y, = —& cos5x + & sin5x

Therefore the general solution is y = cje* + c2e 3 * — 8 cos 5x + & sin5x.

5.9/ +y" -6y = 6x3 —3x% + 12x
Soluiton: Step 1. General solution of the homogeneous ODE.
The characteristic equation
MPHA-6=(A+3)(1-2)=0
Thus, y, = c1e™ + ¢ e?.
Step 2. Solution of the nonhomogeneous ODE.
Lety, = Ax? + Bx* + Dx + E, then
yp = 3Ax*> +2Bx+ D
yp = 6Ax + 2B



Substitution into the given ODE
Yp +Yp — 6y, = (6Ax + 2B) + (3Ax*> + 2Bx + D) — 6(Ax* + Bx> + Dx + E)
— (2B +D - 6E) + (6A + 2B — 6D)x + (34 — 6B)x2 — 6Ax>

imply that
—6A =6 A=-1
3A-6B = -3 - B=0
6A +2B—6D = 12 D=-3
2B+D—6E =0 E=-1

ey, =—x3-3x-1.

Therefore the general solutionis y = cje7* + c¢® —x3 - 3x - 1.

8.y" + 10y’ + 25y = 100sinh5x
Solution: Rewrite the equation
y" + 10y’ + 25y = 50e>* — 50e~>*
Step 1. General solution of the homogeneous ODE.
The characteristic equation
A2+101+25=(A+5)%=0
Thus, y, = c1e™* + coxe™".
Step 2. Solution of the nonhomogeneous ODE.
Suppose that y, = yp, + yp,
Lety,, = Ae’*, then
Vp, = SAe>
Vp, = 25Ae>*
Substitution into the Rewrite ODE
yi 4+ 10y, + 25y, = 25Ae> + 10  5Ae5 + 254> = 100Ae5
imply that 100A = 50, A = 1+
Lety,, = Bx2e75*, then
Vp, = 2Bxe™* — 5Bx%e™>*
Vp, = 2Be™> —20Bxe™>* + 25Bx%e™>*
Substitution into the Rewrite ODE
Vp, + 10y,, + 25y,, = (2Be™>* — 20Bxe™>* + 25Bx?e¢~>*) + 10(2Bxe™>* — 5Bx%e™>*) + 25Bx%e™>*
= 2Be™>*
imply that 2B = -50, B = -25
i.€.y, = T3 —25x2e7x
Therefore the general solution is y = c1e™>* + coxe™ + -3 — 25x2e75x,

11.y" +1.44y = 24cos1.2x
Soluiton: Step 1. General solution of the homogeneous ODE.
The characteristic equation

AM2+1.44=A+1.200(A-1.2{)) =0
Thus, y, = ¢;cos1.2x + ¢, sin 1. 2x.

Step 2. Solution of the nonhomogeneous ODE.
Lety, = Axcos1.2x + Bxsin1.2x, then



yp = Acosl.2x+ Bsinl. 2x + 1. 2Bxcos 1. 2x — 1. 2Axsin 1. 2x
yp = 2.4Bcos1.2x — 2. 4Asin1. 2x — 1. 44Axcos 1. 2x — 1. 44Bxsin 1. 2x

Substitution into the given ODE

yp + 1.44y,

= [2.4Bcos1.2x —2.4Asin 1. 2x — 1. 44Axcos 1. 2x — 1. 44Bxsin 1. 2x]
+1.44[Axcos 1.2x + Bxsin1.2x]

= 2.4Bcos1.2x — 2.4Asin 1.2x

imply that

-2.4A =0 A=0
24B=24 | B=10
i.e.yp = 10xsin1.2x
Therefore the general solutionis y = ¢;cos1.2x + ¢, sin1.2x + 10xsin 1. 2x

14.y" +2y' +y = 2xsinx
Soluiton: Step 1. General solution of the homogeneous ODE.
The characteristic equation

M4+22+1=A+1)*=0

Thus, y;, = c1e™ + crxe™.
Step 2. Solution of the nonhomogeneous ODE.
Lety, = (Ax + B)cosx + (Dx + E)sinx, then
yp = Acosx + Dsinx — (Ax + B) sinx + (Dx + E) cosx
yp = 2Dcosx — 2Asinx — (Ax + B) cosx — (Dx + E) sinx
Substitution into the given ODE
2xsinx =y, + 2y, +yp
= [2Dcosx — 2Asinx — (Ax + B)cosx — (Dx + E) sinx]
+ 2[Acosx + Dsinx — (Ax + B) sinx + (Dx + E) cosx] + [(Ax + B)cosx + (Dx + E) sinx]
=2D—-Ax—-B+2A+2Dx+2E+Ax+B)cosx+ (-2A—-Dx—E+2D—-2Ax—2B+Dx+E
= (2D - 2B — 2A — 2Ax)sinx + (2A + 2D + 2E + 2xD) cosx

imply that
—2A =2 A=-1
2D-2B-2A =0 . B=1
2D =0 D=0
2A+2D+2E =0 E=1

i.e.y, = (—x+ 1)cosx + sinx
Therefore the general solutionis y = cje™ + coxe™ + (—x + 1) cosx + sinx.

Solve the initial value problem. State which rules you are using. Show each step of
your calculation in detail.

16.y" +4y = 16cos2x, y(0) =0,y'(0) =0

Soluiton: Step 1. General solution of the homogeneous ODE.

The characteristic equation

2244 =(A+20)(A-2i) =0

Thus, y, = ¢;cos2x + ¢, sin2x



Step 2. Solution of the nonhomogeneous ODE.

Let y, = Axcos2x + Bxsin2x, then

yp = Acos2x + Bsin2x + 2Bxcos 2x — 2Axsin 2x

yp = 4Bcos2x — 4Asin2x — 4Axcos 2x — 4Bxsin 2x

Substitution into the given ODE

yp +4y, = (4Bcos2x — 4Asin2x — 4Axcos 2x — 4Bxsin2x) + 4(Axcos2x + Bxsin2x)
= 4Bcos2x —4Asin2x

imply that

4B = 16 A=0
=
—4A =0 B=4

i.e.y, = 4xsin2x

Therefore the general solution is y = ¢ cos2x + ¢, sin2x + 4xsin 2x.
Step 3. Solution of the initial value problem.

Since y' = —2¢;sin2x + 2¢; cos 2x + 4sin 2x + 4xcos 2x

y(0) =0 0=rc c1 =0
> >
y'(0) =0 0=2c, c, =0

Thus we obtain the answer is y = 4xsin2x.

18.y" =2y = 12> — 8¢, y(0) = -2,y'0) = 12
Soluiton: Step 1. General solution of the homogeneous ODE.
The characteristic equation
A2=22=21-2)=0
Thus, y, = cie* + ¢,
Step 2. Solution of the nonhomogeneous ODE.
Suppose that y, = yp, + yp,
Let y,, = Axe*, then
Vp, = Ae™ + 2Axe™
Vp, = 4Ae> + 4Axe™
Substitution into the given ODE
Vp, — 2yp, = (4Ae™ + 4Axe™) — 2(Ae™ + 2Axe*) = 2Ae™
imply that 24 = 12, A = 6.
Lety,, = Be™, theny,, = —2Be >, y,, = 4Be~>*, Substitution into the given ODE
Yp, — 2yp, = 4Be™ + 4Be™* = 8Be™**
imply that 8B = -8, B = —1.
i.e.y, = 6xe? — e
Therefore the general solutionis y = c¢1e? + ¢, + 6xe* — e~
Step 3. Solution of the initial value problem.
Andy' = 2cie* + 12xe® + 6% + 2e

y(0) = -2 2 =ci+cy—1 cp =2
= >
y'0) =12 12=2¢c;,+6+2 cr = -3

Thus we obtain the answer is y = 2¢?* — 3 + 6xe? — 72"

20.y" +2y" + 10y = 17sinx — 37sin3x, y(0) = 6.6,y'(0) = -2.2



Soluiton: Step 1. General solution of the homogeneous ODE.
The characteristic equation

A2+20+10=0
A:_Zi— "24_40=—1i3i

Thus, y, = e™(ccos3x + ¢, sin3x)
Step 2. Solution of the nonhomogeneous ODE.
Suppose that y, = yp, + yp,
Lety,, = Asinx + Bcosx, then
yp, = Acosx — Bsinx
yp, = —Bcosx — Asinx
Substitution into the given ODE
Yp, +2yp, + 10y, = (-Bcosx — Asinx) + 2(Acosx — Bsinx) + 10(A sinx + Bcosx)
= (2A +9B)cosx + (9A — 2B) sinx
imply that
{9A—2B=17 . { A=138

2A+9B =0 B=-0.4
Lety,, = Dsin3x + Ecos3x, then
Yp, = 3Dcos3x — 3Esin3x
Yp, = —9Ecos3x — 9Dsin3x
Substitution into the given ODE
ygz + 2}’;72 + 1pr2
= (-9Ecos3x —9Dsin3x) + 2(3Dcos3x — 3Esin3x) + 10(Dsin3x + Ecos3x)
= (6D + E)cos3x + (D — 6E)sin3x
imply that
{ 6D+E=0 _ { D-=-1

D - 6FE = -37 E=6
i.e.y, = 1.8sinx — 0.4 cosx — sin3x + 6cos 3x
Therefore the general solution is

y = e™*(c1c083x + cp8in3x) + 1.8sinx — 0.4 cosx — sin3x + 6.cos 3x.

Step 3. Solution of the initial value problem.
Andy' = 1.

8cosx + 0.4sinx — 3cos3x — 18sin3x — e (cy cos3x + ¢, sin3x) + e~ (3¢, cos3x — 3¢y sin3x)

y(0) = 6.6 N 6.6 =c;—-0.4+6 N cp =1
y'(0) =-2.2 —2.2=18-3—-c¢c; +3c» cr, =0

Thus we obtain the answer is y = e*cos3x + 1.8sinx — 0.4 cosx — sin3x + 6.cos 3x.



