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(More in the next probem set.) Verify by substitution that the given functions form a
basis. Solve the given initial value problem. (Show the details of your work.)

3.9/ +2y +2y =0, e*cosx,e*sinx, y(0) = 1,y'(0) = —1.

Solution: First step

Lety; = e~*cosx and y, = e*sinx, we want to show that y, and y, is solution of the
given equation.

Since y| = —e™*cosx — e~*sinx, and
Y| = e™cosx + e *sinx + e sinx — e *cosx = 2e*sinx,

then y| + 2y} + 2y = 2e*sinx + 2(—e*cosx — e*sinx) + 2¢*cosx = 0.

And since y, = —e*sinx + e*cosx, and
Y5 = e sinx — e¥cosx — e cosx —e*sinx = —2e*cosx,

then y5 + 2y, + 2y, = —2e*cosx + 2(—e*cosx — e sinx) + e~*sinx = 0.

Thus e~*cosx and e~ sinx are solution of the given equation.

Second step, General solution,

Since e~ cosx/e*sinx = cotx =constant, so that {e=*cos,e*sinx} is linear
independent, hence the general solution is

Y = c1€7¥CosX + cre ¥ sinx.

Third step, Particular solution,

i

y' = —cie™¥cosx — cre*sinx — cpe™*sinx + ¢y cosx
y(0) =1 1 =c cp =1

{0 ={ = B
y(O)——l —1=-—ci1+cs ca =0

Therefore the particular solution is y = e cosux.

Are the following functions linearly independent on the given interval?
8.3x2,2x" (0 <x < 1)

Solution:

3x2/2x" = $x*™ #constant, thus {3x2,2x"} is linearly independent.
other method in P75. calculate the Wronskian determinant,

yi oy 3x2 2x"
yioyh 6x 2nx"!
Then {3x2,2x"} is linearly independent

W= = (6n — 12)x"! = 0.

10. cos2x, sin’x (any interval)
Solution:
cos2x/sin’x = cot?x #constant, thus {cos2x,sin’x} is linearly independent.

12.x-2,x+2(-2<x<2)
Solution:
(x + 2)/(x — 2) #constant, thus {x — 2,x + 2} is linearly independent.

Reduce to first order and solve (showing each step in detail.)



18.y" = 1+ (')’
Letu =y', u' =y", then given equation become
u' =1+u?

u —

1+u?

1 _
I 1+u? dl/t - Idx
arctanu = x + ¢
u = tan(x + cy)
y' = tan(x + c¢;)

y = Itan(x+ c1)dx = —Inlcos(x + ¢1)l + ¢».

22. (1 =x2)y" =2xy' +2y =0, y; = x.
Solution: method 1. Using the formula (P.51,9),

; H n__ _ 2x / 2 —
Rewrite the equation y oY Y = 0
_ 1 —J.pdx _ 2
U= ¢ , Where p = S
then [pdx = | osydx = ~In(x? ~ 1), and
U = xizeln(xz—l) = _xizl =1- x%

Hence the desired second solution is
Y2 = yiu = yl.[de = x.[(l - x%)dx =x(x+L+)=x2+1
Therefore the general solutionis y = c1x + co(x2 + 1).

Find a general solution. Check your answer by substitution.
1.y/—6y—-7=0
Solution: The characteristic equation is

A2—61-7=0
A-7Y(A+1)=0
A=T70riA=-1

so that, we obtain the general solution
y = cie™ + cre.

4.y" +4ny' + 472 =0

Solution: The characteristic equation is
A2 +4nd+4n2 =0

A+27)2 =0

A=-2r

so that, we obtain the general solution
y = cre ¥ + coxe 2,

7.y =y +2.5y=0
Solution : The characteristic equation is

A2—A1+2.5=0
_ 1£/1-100 43 1 3
A=—F5—="73r=5%5i

so that, we obtain the general solution



1 .
y = e7*(Acos +x + Bsin 3x).

10.y" =2y =0

Solution: The characteristic equation is
A2-2=0

A=x2

so that, we obtain the general solution
y = creV?x 4 che2x,

14.y" +y' —0.96y = 0

Solution: The characteristic equation is
A2+ 1-0.96=0

Mirr-2 =0

A+i-2.3 -0

A+35A-4)=0

A=-%ora=41

so that, we obtain the general solution
y = cle‘%x + cze%)‘.

W L fwo

Find an ODE y” + ay’' + by = 0 for the give basis.
15. e, e*

Solution: The characteristic equation is
A-2)(A-1)=0

A2=31+2=0

so that, we obtain the ODE is y" — 3y’ + 2y = 0.

19. e¥x e

Solution: The characteristic equation is
A-4)(A+4) =0

A2-16=0

so that, we obtain the ODE is y” — 16y = 0.

Solve the initial value problem. Check that your answer satisfies the ODE as well as
the initial conditions. (Show the details of your work.)

21.y" -=2y' =3y =0, y(0) = 2, y'(0) = -14

Solution: The characteristic equation is

A2-21-3=0
A-3)A+1)=0
A=30oriA=-1

so that we obtain the general solution
y =cie’ +cre™
Andy' = 3cie¥ — cre™



y(0)=2 2=c1+c o c1 =

P e _
y(O)—14 14—3C1—C2 C2——2

Therefore the particular solution is

y = 4e3 — 2e*,

24.10y" —50y' + 65y = 0, y(0) = 1.5, y'(0) = 1.5
Solution: Rewrite the given equation

2y" —10y'+13 =0

The characteristic equation is

202 -10A+13 =0
4 — 10s/T00T08 _ 5 4 1

22 =5t

so that, we obtain the general solution,
y = e3*(Acos +x+ Bsin+x)
5 . 5 .
Andy' = Ze2*(Acos +x+ BsinLx) + +e2*(—Asin+x + Bcos +x)

y(0) = 1.5 1.5=A A=1.5
{ / _ :{ _ 5 1 = _

y'(0) = 1.5 1.5=3A+1B B=0.5
Therefore the particular solution is

— o3%(3 1 1ginL
y =e2"(5cos5x+ 5 sinSx).

27.10y" +5y' +0.625y = 0,  y(0) = 2, y'(0) = —4.5
Solution: Rewrite the given equation

2y" +y"+0.125y = 0, 16y" + 8y’ +y = 0.

The characteristic equation is

16A2+81+1 =0

4r+1)* =0

A=t

so that, we obtain the general solution

y = cle%x + czxe%x

Andy' = ‘Tlcle?lx +cre it + ‘Tlczxe%x.
{ y(0) =2 N 2=c1+0-c; 3{clzz
yl(O) =-4.5 —4.5 = _TlCl +C) cr =4

Therefore the particular solution is
y = ZIe%x - 42xe%x.

30.y" +2ky' + (K> +w?)y =0, y(0) =1, y'(0) = —k.
Solution: The characteristic equation is

A2+ 2kA+ (k2 +w?) =0

P 2kt [AKP—4 (k2w ?) C ki

2
so that, we obtain the general solution
y = e ®(Acoswx + Bsinwx).
Andy' = —ke™(Acoswx + Bsinwx) + we ™ (-Asinwx + Bcoswx)



0 =1 1=A A=1
(O=1 L0 (A=
y'(0) = -k -k =-k+A+wB B=0

Therefore the particular solution is y = e* coswx.



