Assignment2 (2nd-week)

Page 25 12,14,16,18,20. Page 32. 6,8,10,12,14,16,19,21,23

Test for exactness. If exact, solve. If not, use an integration factor as given or find it
by inspection or from the theorems in the text. Also, if an initial condition is given,
determine the corresponding particular solution.

12. (e¥ —y)dx + (xe*™ + 1)dy = 0

Test for exactness, P = (e*Y —y), Q = (xe*™> + 1)

Thus
Po_ priy | % xe™ 4 et = XL
Oy ox °
_ 1 (op _ 00\ _ 1 XY _ 1 _ ypXty _ Xty — _
R=35\& 2 )= = (e 1 —xe e) = —1.

F = exp dex = exp j(—l)dx =e*

Multiplying the given equation by ¢~*, we get the new equation.
(¥ —ye™)dx + (xe¥ + e™)dy = 0

eYdx — ye™dx + xeXdy + e™dy = 0

(e¥dx + xe¥dy) + (e™*dy — ye™dx) = 0

(e¥dx + xd(e”)) + (e*dy + yd(e™)) = 0

dxe?) +d(ye™) =0

xe¥ +ye™ = c.

14. (x* + y2)dx —xydy = 0, y(2) = 1
Test for exactness, P = (x* + y%), Q = —xy

Thus
0. 0
g—§=2y¢—y=(§.

0 _
R=35(%-%2)=F0+n==

F = exp IRdx = exp J‘(‘%)dx = g3y = x3

Multiplying the given equation by x—3, we get the new equation
(x+x73y2)dx —x2ydy = 0, y(2) =1

xdx + x3y?dx — x2ydy = 0

xdv + 32d(x2) + Sx2d(?) = 0

xdx + 5-d(x2y?) = 0

a2+ Syt = e

andy(2) = 1, &+ == = ¢, imply ¢ = &2

Therefore the particalar solution is +-x2 + S-x2y? = 45

16. —sinxy(ydx + xdy) = 0, y(1) = =«

Solution:

—sinxy(ydx + xdy) = 0

—sinxy d(xy) =0

I—sinxyd(xy) =0

cosxy+c =0

and y(1) = &, cosm +¢ =0, imply ¢ = 1.
Therefore the particular solution is cosxy + 1 = 0.



18. (cosxy + - )dx + (1 + < cosxy)dy = 0
Test for exactness, P = (cosxy + 5-), Q = -1 + 5-cosxy

Thus
P _ g x4 1 vqi — 90
oy = TXSInXy — 3 #  COSXy — Xsinxy = —=.
« — 1 (99 _opY) _ _ L — xsi i x> ) = 1
R* = 52 é‘y) = o5 (y COSxy — xsinxy + xsinxy + yz) = .

F = exp fR*dy = exp 'f(%)dy =em =y

Multiplying the given equation by y, we get the new equation
(ycosxy + x)dx + (y + xcosxy)dy = 0

ycosxydx + xdx + ydy + xcosxydy = 0

cosxy(ydx + xdy) + xdx + ydy = 0

cosxyd(xy) + xdx + ydy = 0

sinxy + Sx% + 4y% = .

20. (sinycosy + xcos?y)dx + xdy = 0

Solution:
Test for exactness, P = (sinycosy + xcos?y), Q = x
Thus
0 ) : 00
‘;—‘; = cos?y —sin’y — 2xsinycosy # 1 = ==,
« — 1 (00 P\ _ __ 1 _ 2 ) :
R =5(a % ) = Tyeoniredy (1 — cos?y + sin“y + 2xsinycosy)
_ 2sin%y+2xsinycosy __ 2siny(siny+xcosy)
- sinycosy+xc()52y - cosy(siny+xcosy) - 2tany
F = exp [R*dy = exp [(2tany)dy = exp | 2oy gy = exp [ =& d(cosy) = exp(-21n cosy)
= (cosy) ™

Multiplying the given equation by (cosy) %, we get the new equation
(22,‘3 dx+x>dx+ dy=0

cos2y

tan ydx + xdx + xsec?ydy = 0
tanydx + xd(tany) + xdx = 0
d(xtany) + xdx = 0

xtany + +x% = c.

Find the general solution. If an initial condition is given, find also the corresponding
particular solution and graph or sketch it. (Show the details of your work.)

6. x%y' +3xy = +. y(1) = -1 (Linear equation)

Solution: method 1

Rewrite the equation y' + 2y = x% we have p(x) = <, and integrating factor

F(.x) = eXp{Ip(X)dX} = GXP{I %dx} = e3lnx — X3,
We now multiply the rewrite equation on both sides by this F.

X3y +3x2%y =1
(%) =1
Id(x3y) = Idx
Xy=x+c

And y(1) = -1, 13« (=1) = 1 + ¢, imply ¢ = -2.
Therefore the particular solution is x3y = x — 2.



method 2, Using the formula of the Linear ODE(P27, 4)
y=e™ (j e"rdx + c), h = jp(x)dx.

Rewrite the equation y' + 2y = x% we have p(x) = 3,r = x%
h = Ip(x)dx = I%dx = 3lnux,

Andy = e‘3lnx<je3lnx - dx + c) =x3 (Ix3 - dx + C) =x7 (Idx + C)
y =x3(x+c).

And y(1) = -1, =1 = 173(1 + ¢), imply ¢ = 2.

Therefore the particular solutionis y = x3(x — 2).

8.y +2y =4cos2x, y(§)=2

Solution:

we have p(x) = 2, and integrating factor F(x) = exp{[p(x)dx} = exp<{[2dx} = e,
We now multiply the original equation on both sides by this F.
ey’ +2e*y = 4e* cos2x

(e2y)' = 4e2* cos2x

ey = 4Iezxcos 2xdx

ey = e¥cos2x + e*sin2x + ¢

y = c0s2x + sin2x + ce™*

And y(§) =2,2=cosZ +sinZ +ce™z, implyc=e?.
Therefore the particular solution is y = cos2x + sin2x + e >,

10y +4x2y = (4x2 —x)e™5
Solution:
we have p(x) = 4x?, and integrating factor

F(x) = exp{[p()dx } = exp{[4x2dx} = 3",
Multiplying the given equation by ¢+, we get the new equation

x2
ey +4e T o x2y = (4x2 - x)e(%xs_T)

(65%5) - art - el

3_a2
2

ey = J‘(4)c2 —x)e(%x’ ) dx
e3Py = Ie(%ﬁ—%)d(%)& _2)

2

3_x2
2

4
3X

ey = e( ) +c.

12.y'tanx = 2y -8, y(§)=0
Solution:
Rewrite the equation y' — 2cotx - y = —8cotx, we have p(x) = —2cotx, and integrating
factor
F(x) = exp{jp(x)dx} = exp{j—Zcotxdx} = exp{j %dx} = exp{j o d(sinx)} = exp<{
Multiplying the rewrite equation by (sinx) 2, we get the new equation
(sinx) ™%y’ — 2cotx(sinx) 2y = —8 cotx(sinx) 2,




[ (sinx) %y ] . —Beosx

sin”x

(sinx)_zy = —8.[de

sin’x
(sinx)_zy = —SI siri3x d(sinx)
(sinx) "y = -8+ —— - (F) +c

y = 4+ csin’x
And y(£) =0, 0 = 4 + csin®Z, imply that c = —4,
Therefore the particular solution is y = 4 — 4sin*x.

14.y' + ytanx = e %% cosx, y(0) =0
Solution:
we have p(x) = tanx, and integrating factor
F(x) = exp {j p(x)dx} = exp{j tanxdx} = exp {j sing dx} = exp{j Sing dx} = exp {j —-d(cos
Multiplying the given equation by (cosx)™", we get the new equation
(cosx)™'y + (cosx) ' tanx - y = =001
|:(cosx)_1y:|_1 = ¢~ 00lx
(cosx)'y = je‘omxdx = —100.0e "
(cosx)™'y = —100e=001¥ + ¢
y = —100e70%1x cos x + ccosx.
And y(0) =0, 0 = =100 « ¢°cos0 + ccos0, imply that ¢ = 100.
Therefore the particular solution is y = —100e~%*cosx + 100 cos x.

16. y'cos?x + 3y = 1, y(4) = %.

Solution:

Rewrite the equation y' + 3sec?x - y = sec?x, we have p(x) = 3sec?x, and integrating
factor F(x) = exp{jp(x)dx} = exp{jfﬁseo%dx} = exp{3tanx} = e3@n

Multiplying the rewrite equation by e3~, we get the new equation

eStanxy/ + 3e3tanx SCCZX ey = e3tanx SCCZX

(e3tanxy)’ — p3tanxgec2y

e3tanxy — IeStmx Seczxdx

e3tanxy — J.eStanx . %d(:; tanx)

e3tanxy — %e3tanx +c.

Andy(£) = 4, ™% « 4 = L% 4 ¢, imply that ¢ = €3

Therefore the particular solution is e3tnvy = Le3tnv 4 3,

19.y' = 5.7y — 6.5y (Bernoulli Equation)

Solution:

Rewrite the equation y’ — 5.7y = —6.5y?,

Letu = y'andwe knowp = -5.7, g = —6.5, (1 —a) = —1, the given function become
u' + (1)« (-5.7u = (-1) - (-6.7)

u+5u=65 @ —————= (%)

we have p(x) = 5.7, and integrating factor exp{ [ p(x)dx } = €37,



Multiplying the equation (x) by e>7~, we get the new equation
e>y' +5.7e3Ty = 6,757

(65.7xu)/ = 6.7e57

ed>y = 6.7.[65~7xdx

ed3 Ty = %65.7)6 Iy

u =L+ cedn

ionis v-! = 6~ -5.7
the general solution is y™' = 27 + ce™>7™.

21.y' + (x + 1)y = e*’y3, y(0) = 0.5

Solution:

Letu = y2, and we know p(x) = x+ 1, g(x) = e, (1 —a) = 2.
the given equation become

u+(2)x+ Du = (-2)e ——————— (%)

we have p(x) = —2(x + 1), and integrating factor exp<{[-2(x + 1)dx } = =20,
Multiplying the equation (x) by e~**+29_ we get the new equation
e 20y 4 (22)(x 4+ 1)e 2 oy = (=2)e 2>

[e—(x2+2x)u]’ = D

e~ (P2 = I(—Ze‘zx)dx

e~ = o204 o

u = e¥ + ce™+2)

ie.y2 = e + ce@r2),

And y(0) = 0.5, (0.5)™2 = ¢° + ce®, imply that ¢ = 3,

Therefore the particular solution is y2 = e** + 3e@*+29,

23. 2yy' + y?sinx = sinx, y(0) = /2

Solution:

Rewrite the equation y' + sty = S,

Letu = y2, and p(x) = 2%, g(x) = 4% (1 -a) = 2.
the given equation become
U2 E ey =2 S
u' +sinx « u = sinx

u' = (1 —u)sinx

!
u

- = sinx
j L—du = jsinxdx
u
—In(1 —u) = —cosx+c¢

1 —u = ce®s*

u=1-ces*

i.e.y? = 1— cesx

And y(0) = V2,2 = 1 —ce®, imply that ¢ = —¢~!
Therefore the particular solution is y> = 1 + ecos*1,



