
Theorem 10.7

Let fz is an analytic function, and fe it is convergence, for 0 ≤ t ≤ 2π, then for any

given n ↓ 0, exist starlike functions S0z, S1z,

S1z, S2z,


S2z,… , Snz,


Snz,… , such

that fz −∑
k=0

n
Sk +


S k ≤ n, for any |z| ≤ 1, it is hold. And where


S0z = 0.

Prove: Since fz = ∑
k=0

∞
akz

k,

First Step, for 1 > 0, ∃N1, when n ≥ N1, we have

fz −∑
k=0

N1

akz
k ≤ 1

and

∑
k=0

N1

akz
k = a0 + a1z + a2z2 + ⋯ + aN1

zN1 = S0z + S1z +

S1z

denote S0z = a0 + a1z,

S1z = A1

2
z +∑

k=2

N1

ak

A1

zk

S1z = A1

2
−z +∑

k=2

N1

ak

A1

zk

where |A1 | ≥ ∑
k=2

N1 k|ak |, S0z, S1z,

S1z are 1-starlike functions.

Second Step, for 0 < 2 < 1, ∃N2 > N1, when n ≥ N2, we have

fz −∑
k=0

N2

akz
k ≤ 2

and

∑
k=0

N2

akz
k = ∑

k=0

N1

akz
k + aN1+1zN1+1 + aN1+2zN1+2 + ⋯ + aN2

zN2 

= S0z + S1z +

S1z + S2z,+


S2z

denote

S2z = zN1−1 ⋅ A2

2
z + ∑

k=2

N2−N1+1
a N1+k−1

A2

zk

S2z = zN1−1 ⋅ A2

2
−z + ∑

k=2

N2−N1+1
a N1+k−1

A2

zk

where |A2 | ≥ ∑
k=2

N2−N1+1
k a N1+k−1 , S2z,


S2z are N1-starlike functions.

Third step, by induction, let with n, we can find that

S0z, S1z,

S1z, S2z,


S2z,… , Snz,


Snz,

then for n+1, ∃Nn+1 > Nn, when n ≥ Nn+1, we have

fz −∑
k=0

Nn+1

akz
k ≤ n+1

and



∑
k=0

Nn+1

akz
k = ∑

k=0

Nn

akz
k +∑

k=Nn

Nn+1

akz
k

= S0z + S1z +

S1z + S2z,+


S2z +…+Snz +


Snz + Sn+1z +


Sn+1z

denote

SNn+1
z = zNn−1 ⋅ An+1

2
z + ∑

k=2

Nn+1−Nn+1
a Nn+k−1

A2

zk


SNn+1

z = zNn−1 ⋅ An+1

2
−z + ∑

k=2

Nn+1−Nn+1
a Nn+k−1

A2

zk

where |An+1 | ≥ ∑
k=2

Nn+1−Nn+1
k a Nn+k−1 , Sn+1z,


Sn+1z are Nn-starlike functions.

summarize above, for n ↓ 0, exist starlike functions

S0z, S1z,

S1z, S2z,


S2z,… , Snz,


Snz,… , such that

fz −∑
k=0

n

Skz +

S kz ≤ n

for ∀, n ↓ 0, ∃n0, s.t. whenn > n0, n < .

fz −∑
k=0

n

Skz +

S kz ≤ n < .


