Supplementary Notes: Proof Theory

1. Propositions
1.1. Any assertion which can be true or false is a proposition. 

1.1.1. “Hello!” is not a proposition.

1.1.2. “The world is flat” is a proposition—it is a false proposition.

1.1.3. A proposition may be logically combined with other propositions to make compound propositions. 
1.1.4.  Example: “The earth is flat and the sky is blue” is a compound proposition. It is made up of two propositions: (1) “The earth is flat, and (2) “The sky is blue” conjoined by a logical constant and.
1.1.5. A proposition which has two meanings is called ambiguous.
1.1.6. If there are words or terms or symbols in a proposition which do not have any meaning attached to them then the proposition is meaningless.
2. Arguments and Forms
2.1. Premises are the starting assumptions of an argument which are assumed to be true. 
2.2. Conclusion is the inference drawn from the premises.

2.3. A valid argument is one in which the conclusion follows necessarily from the premises—it is not possible for the premises to be true and the conclusion false.

2.4. An invalid argument is one in which the conclusion does not follow necessarily from the premises—it is possible for the premises to be true and the conclusion false. 

2.5. When natural language arguments are translated into a particular logical language, then the translated sentence is called a logical form. 

2.6. The substitution instance of a logical form is any argument which has that logical form.

2.7. If all the substitution instances of a logical form are valid arguments then that form is a valid form. 

2.8. If for a logical form there is a substitution instance which is an invalid argument, then that form is an invalid form.

2.9. The logical form of a simple or compound proposition depends on the logical language it is being translated to. Example: If Don Bradman was a batsman then Don Bradman was a cricketer will be translated to propositional logic as P(Q; while to predicate logic the translation is a lot more detailed: 

(x [x=“Don Bradman” & B(x) ( C(x)]
3. Propositional Logic versus Predicate Logic
3.1. When translating to logical forms in propositional logic, the translation ignores the content of propositions as shown above (“Bradman” does not figure anywhere in the translation). However, predicate logic represents the contents of the proposition as well (See that “Bradman” does figure in the next translation). 
3.2. Predicate logic is more powerful but also more complex. Thus we will begin with propositional logic, and then touch briefly upon predicate logic.
4. Logical Form of propositional logic: Logical connectives
4.1. In propositional logic, the propositions are assigned a propositional name (P, Q, R, S and so on), and the connectives and, or, not, if ...then…, …if and only if…are roughly translated to &, (, ~, (, ( respectively. 
4.2. These connectives, also called logical constants are: & (conjunction), ( (disjunction), ~ (negation), ( (material implication, or, conditional), ( (biconditional).
4.3. Their meanings are given as follows:

4.3.1. P & Q is true if and only if both P and Q are true.
4.3.2. P ( Q is true if at least one of P and Q is true. (It is true even if both are true, and here it deviates from the normal usage of “or”). 
4.3.3. ~P is true if P is false.

4.3.4. P ( Q is false if P is true and Q is false; it is true for all other cases.

4.3.5. P ( Q is an abbreviation of P ( Q & Q ( P.

5. Translating sentences to Propositional Logic: material conditional
5.1. These are equivalent: (If x then y) ( (y if x) ( (y whenever x) ( (whenever x, y).

5.2. Example: If the mark is 100 then the grade is ‘A’ ( The grade is ‘A’ if the mark is 100 ( The grade is ‘A’ whenever the mark is 100 ( Whenever the mark is 100 the grade is ‘A’.

5.3. The case of only if: Only if specifies a necessary condition. Thus “A only if B” means that for A to happen B must happen. It does not mean that if B happens A will happen. 
5.4. Example: “Mosquito bite causes malaria only if it is an anopheles mosquito” (M(A) does not imply “If it an anopheles mosquito then that mosquito’s bite causes malaria” (A(M) because mosquito’s bite alone doesn’t cause malaria. Other conditions have to hold: the mosquito has to be infected; the person infected is unable to fight off infection; and so on.

6. Truth table definitions of logical constants
6.1. Every proposition in PL is either true (T) or false (F), but not both. This is because of bivalence.

6.2. Truth Tables: The logical connectives have the following interpretation..

	P
	Q
	P & Q
	P ( Q
	P ( Q
	P ( Q
	~P

	T
	T
	T
	T
	T
	T
	F

	T
	F
	F
	T
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7. An analogy from mathematics 
7.1. Given two simultaneous equations S1: x + y = 20 and S2: y – x = 12 and the conclusion C: x=4 and y=16, Can we say that C necessarily follows from S1 and S2? 
7.1.1. The matter is not so straightforward and requires more than one step. Typically we would add scalar multiples of the two equations together so as to cancel out a variable; then, make the other variable the subject of the equation and solve for it, after which we feed that value into either of S1 or S2 and get the value of the other variable. (All of these are valid rules of mathematics by which a proof proceeds.)
7.1.2. This requires that we arrive at C through various intermediary statements, I1, I2, I3 and so on. It also means that if the proof is correct then I1, I2, I3 also necessarily follow from S1 and S2. 
7.1.3. Thus if S1 and S2 is true, then I1 is true, and if I1 is true then I2 is true, and so on till we reach C. Thus we conclude that if S1 and S2 are true then C is true, and hence x is definitely 4 and y definitely 16. 
7.1.4. This can be schematically represented as S1, S2 (M C. It means that S1 and S2 together necessarily imply the truth of C according to the rules of mathematical inference ((M). 
7.1.5. These rules have to guarantee that when we proceed from one statement to another in a new line of proof, the new statement has to follow necessarily from the previous ones. Thus it should be impossible to derive a new statement, using the rules of mathematics, which is not a necessary consequence of the previous statements. 
8. Deductive System
8.1. A deductive system specifies the rules according to which one can proceed from one line of proof to another. Thus, in the deductive system of mathematics in which we carry out proofs ‘squaring both sides of the equation’ is a rule, using which we can proceed to a new line of a proof, but ‘multiplying one side of the equation with -1’ is not a valid rule.
8.2. Any statement which can be proved in a deductive system is called a theorem of that system.

8.3. The language used in any system is an artificial language with a precisely specified syntax. (Example: While 1+x = y is a syntactically valid statement in mathematics, +12= is not, neither is *()^%$, which is just gibberish.)
9. Propositional Logic, PL
9.1. Propositional logic, PL, is deductive system in which proofs are carried out in a special artificial language, called the language of PL.
10. Language of PL
10.1. The language of PL consists of well-formed formulas (wff). P & Q is a wff, but PQ& is not. 
10.2. A complete specifications of a wff can be given through a context-free grammar, CFG (substitute F with any of the formulas on the right-hand-side, RHS): 


F ( (F & F) | (F ( F) | ~(F) | (F ( F) | P | Q | R | … 
10.3. What is given here are the rules of transformation. One starts with F (stands for a formula) and then transforms it to any of the possibilities within the vertical bars. The first 4 possibilities are recursive. If we chose one of them, then each F will again go through the same transformation rules till all Fs terminate at one of P, Q, R, and so on. These are called terminal symbols because transformations terminate at them.

10.4. Example: Prove that (P & Q) ( R is a wff of PL. F ( (F(F) ( ((F & F) ( F) ( ((P & F) ( F) ( ((P & Q) ( F) ( ((P & Q) ( R).

11. Deductive System of PL
11.1. Rules of PL are: &Introduction (&I), &Elimination (&E), (Introduction (Elimination ((E), modus ponens, modus tollens, conditional proof, reduction ad absurdum, double negation introduction (DNI), double negation elimination (DNE).
11.2. These rules of PL capture all the valid forms. 
For any valid form, there will be a route from the premises to the conclusion (hence will be called proof) i.e. through an application of a combination of rules in a specific order one can reach the conclusion from the premises. 

11.3. Thus if any form is valid in PL, then the conclusion can be derived from the premises by applying the rules of PL.

11.4. The logical consequences of a formula in PL are all the formulas that can be proved from it in PL. If some formula q can be proved from p, then we write p ( q.
11.5. A proposition may be a necessary consequence of another proposition but not its logical consequence. Example: “The grass is green” necessarily implies the truth of “The grass is coloured”. However their logical form P ( Q is invalid. Logical forms do not capture all necessary consequences.

11.6. Every proposition has an infinite number of logical consequences. P ( P, P ( P ( Q, P ( P ( Q ( R, P ( P ( Q ( R ( S, …

11.7. If p ( q and q ( r then p ( r.
12. How to read the lines of a proof in PL
{1} 1. P  Premise 
This line represents the sequent {1} ( P. The numeral ‘1’ is just an index for the formula. Thus, replace the dependency number by the formula. Thus {P} ( P. The premise is asserting itself. Remember the dependency numbers are mere short-hand for writing the actual formulas in the brackets.
{2} 2. P ( Q  Premise 
This line represents the sequent {2} ( P ( Q. Thus, P(Q ( P(Q. 
{1,2} 3. Q   1, 2 MP 
This line represents the sequent {P, P(Q} ( Q.  Thus each line of the proof will represent a valid sequent. The last line of the proof will represent the sequent that we have set out to prove. It will only have the dependency numbers of the premises—any assumptions made during the course of the proof will have been discharged.
13. Conditional Proof
13.1. The conditional proof is carried out is by first assuming the antecedent, then deriving the consequent and then discharging the antecedent.
13.2. How to prove it?
When we prove a conditional p ( q we have to show that if p is true then q is also true. Thus, in the proof we assume p, and then try to derive q. If we are successful then we have shown that if p is true q is also true. Therefore we can infer the conclusion p ( q.
13.3. Why the proof works? 

Say we have to prove p ( q from the set of premises X. 
We have to show that X ( p ( q. But from DT we know that X ( p ( q ( X, p ( q. This means that if one of the sequents is valid, so is the other. Thus if one is true, the other one is also true. (x ( y means that x is true iff y is true, or, x ( y and y ( x.)
Proving X, p ( q is a much simpler task.
Once we have proved X, p ( q, then by DT we know that we have also proved X ( p ( q. Therefore, write down this new sequent on the new line of proof and the conditional is proved. 
14. Deduction Theorem
14.1. It is useful to know the Deduction Theorem. You need not know the proof, but it is not difficult (see below): 
X, p ( q ( X ( p ( q, 

where X is a set of premises, and p and q are formulas.

If however X is empty, that is there are no other premises, then 
p ( q ( ( p ( q. 
14.2. Let X be the set of premises {a, b, c}. Then repeated application of DT will yield:
a, b, c, p ( q 

( a, b, c ( p ( q 

( a, b ( c ( (p ( q) 

( a ( b ( (c ( (p ( q)))

( ( a ( (b ( (c ( (p ( q))))

14.3. This shows that all sequents can be represented as theorems (i.e. without any premises). This also means that every line of a PL proof can be converted to a theorem by discharging the dependencies.
15. Proof of the Deduction Theorem

15.1. First, let’s illustrate intuitively why DT works. DT claims that the following relationship, for example, holds between sequents:
x=2, y=3 (M x + y = 5 ( x =2 (M y =3 ( x + y=5 

(If x + y = 5 is provable from two premises x =2 and y =3 then the conditional y =3 ( x + y = 5 is provable from the premise x =2, and vice versa. You can convince yourself that this equivalence holds.) 

We can bring any premise into the conditional, and not just y=3. Successive applications of DT will also give us the equivalence:
x=2, y=3 (M x + y = 5 ( (M x=2 ( (y=3 ( x + y = 5))

15.2. To prove DT, we have to show that X, p ( q ( X ( p ( q. This means that we have to show that if X, p ( q is true then X ( p ( q is true (forward direction), and if X ( p ( q is true then X, p ( q is also true (reverse direction). 
Proof of Deduction Theorem ((): X, p ( q is given (assume true). The set of premises X along with p guarantee the truth of q. Let X be the premises. Assume p. Now truth of q is guaranteed because X is given and p is also true. Thus given X when p is true q is true Hence X ( p ( q.  Proof of Deduction Theorem ((): X ( A ( B is given (assume true). Thus there is a proof of p ( q from X. Add a new line to the proof introducing p as a premise. Now apply modus pollens to the last two lines to derive q. The dependency numbers of q will only include premises X and p. QED.

16. How to read the lines of proof in PL: The complete picture
16.1. For the following section let X, Y and Z be sets of formulas of PL. (Example: X could be {Q, P ( R, S & T, Q ( R}). And let letters in small case italics p, q, r, s stand for formulas of PL. (Example: p could be P ( Q). Small letters l, m and n will stand for line numbers of proofs in PL. Thus X n. p would imply that p depends on X and the line number is n. This can also be stated as the sequent: X ( p. 
16.2. Premise Introduction: Let p be the premise, then Premise Introduction of p can be given by p ( p. If p is Q ( R then this will look like:
{1} 1. Q ( R

Premise Introduction

{Q ( R} ( Q ( R
Premise Introduction



which is

p ( p 
16.3. &Introduction: &I takes formulas from two lines of proof. Let these two lines be:
X l. p 
( X ( p 

Y m. q  ( Y ( q 

From these lines we infer on a new line of proof:

X ( Y 
n. p & q 
l, m &I.

Now this inference can also be represented as an inference from two sequents to a third sequent:

X ( p 

Y ( q
( X ( Y ( p & q
Clearly in order to derive p & q we need to ensure that both p and q are true. In the proof X guarantees the truth of p and Y the truth of q, therefore with both X and Y we can ensure the truth of p & q.

16.3.1. Example: Given P, P ( Q ( Q and P, P ( R ( R we can infer Q & R by pooling together the dependencies of both Q and R. Let X = {P, P ( Q} and Y = {P, P( R}, then the dependency of Q & R will be X ( Y = {P, P ( Q, P, P ( R} = {P, P ( Q, P ( R}. Hence, P, P(Q, P(R ( Q & R.
16.4. Modus Ponens: MP takes formulas from two lines of proof. Let these two lines be: 
X l. p ( q 

Y m. p 
From these two lines we infer on a new line of proof:

X ( Y n. q 
l, m MP
Now this inference can be represented as an inference from two sequents to a third sequent:




X ( p ( q



Y ( p



( X ( Y ( q 
Clearly in order to derive q using MP we need to ensure that both p(q and p are true. In the proof X guarantees the truth of p(q and Y the truth of q, therefore with both X and Y we can ensure the truth of q.

16.5. Conditional Proof: In order to prove X ( p ( q, we can instead use DT prove its equivalent X, p ( q. Thus:
p ( p 

(Assume the antecedent)

X, p ( q 
(Derive the consequent)
( X ( p ( q 
(Because, X, p ( q ( X ( p ( q according to DT) 

16.6. (Elimination: Say we have to prove r using (E. This means there is some disjunct p ( q from which we have to prove r. p ( q could be a premise or could itself be derived from some set Z.
Then,


Z ( p ( q
Now, if we can derive r from p as well as from q then we can derive it from p ( q (because at least one of p and q has to be true and r is derivable from both of them). Thus assume p and derive r and then assume q and derive r. But deriving r from p might require other dependencies and similarly for r from q. Thus the proof of r from p and q might look like:

p ( p
(Assume to derive r)

X, p ( r 
(Instead of the simple case p ( r in which case r can be derived solely from p), and

q ( q

(Assume to derive r)

Y, q ( r 
(Instead of the simple case q ( r in which case r can be derived solely from q).

Now we can derive r from both p (but also using X) and q (but also using Y). Thus pooling these together we get:

X ( Y, p ( q ( r 
(Here if p is not true then we can derive r using Y and q, and alternatively if q is not true then we can derive r from X and p. Thus the derivation of r is guaranteed.)

Since, p ( q is derivable from Z, this means:




X, Y, Z ( r ( X ( Y ( Z ( r.

Now it is straightforward to see why the discharge rule of (E requires us to include the dependency numbers of the original disjunction (Z)—because p ( q depends on it—and of any other formulas (here: X, Y) we used to derive r. 

To sum up, in order to carry out (E we need 5 sequents given below:


Z ( p ( q

p ( p
X, p ( r
q ( q
Y, q ( r



( X, Y, Z ( r ( X ( Y ( Z ( r.

17. Reductio ad absurdum, RAA
17.1. (Note: If there is a contradiction in a set of formulas, i.e. if formula p & ~p is derivable from the set, then any formula whatsoever can be derived from that set.
X ( p & ~p 
( 
X ( q, where q is any formula.

(X ( p ( X ( p ( q. But X ( p ( q and X ( ~p together imply X ( q. This inference is called disjunctive syllogism.)


Thus a contradictory set of formulas will prove anything.)
17.2. In order to prove p by RAA we can assume ~p for contradiction. 
~p ( ~p 
Using the premises, X, and assumption, ~p, derive a contradiction,
X, ~p ( q & ~q 

Infer,


X ( p.

To sum up for RAA we need two sequents:


~p ( ~p

(Assumption for contradiction)
X, ~p ( q & ~q.
(Derivation of contradiction)

( X ( p 

17.3. A note about contradictory set of formulas: If a set of formulas X is contradictory, i.e. if some formula p & ~p is derivable from it, then for any formula q ( X, the following is a valid sequent:
X – q ( ~q (This can be read as: From the set X minus the premise q, the negation of q can be derived.)


To sum up:





X ( p & ~p 





( X – q ( ~q, where q ( X.
Proof:  X is a contradictory set. Let q ( X. It is possible that X – q is still contradictory (if q was not responsible for the contradiction), but it is also possible that X – q is not contradictory (q was responsible for the contradiction). 
Case 1: X – q is contradictory. Then anything is derivable from X – q. Thus ~q is also derivable from X – q. 

Case 2: X – q is not contradictory. Then q was responsible for the contradiction. For a contradiction involving q to be derivable from X, q & ~q must be provable from X. Therefore, X ( q & ~q. 
Case 2a: q is itself contradictory (Example: q is P & ~P). Then q ( ~q. Then ~q is a theorem of logic ( ~q. Thus X – q ( ~q.
Case 2b: q is contradictory only in relation to other formulas of X. Then if X ( q & ~q, then ~q must be derivable from X – q. (Since ~q cannot be derived from q). Thus X – q( ~q. 
� Version 1.3 Updated September 18, 2008 


� You are not required to know the proof.





PAGE  
9

