Supplementary Notes: Proof Techniques

Prove: ( P ( P (Any proposition materially implies itself)
According to DT, this sequent is equivalent to P ( P. First take the proof in the forward direction (( P ( P ( P ( P) by assuming P and then deriving P (Premise Introduction). Once having proved that sequent, use CP to discharge the assumption, the opposite of the earlier operation (P ( P ( ( P ( P). The application of CP is quite straightforward. The rule says: Discharge any dependency (take out from the list of dependencies) of a formula in a line of proof and write it as the antecedent of that formula on a new line—the other dependencies are  same.
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P ( P can be read as “Any proposition implies itself”.
( P ( P can be read as “Any proposition materially implies itself” (The conditional, (, is also called material implication.)

Prove: P ( Q ( P (A true proposition is materially implied by every other proposition)
According to DT, this sequent is equivalent to P, Q ( P. But if we prove this sequent, the derivation of P will only depend on P, and not on Q which is not required. However, we need a line of proof {P, Q} n. P on which we can apply CP to get {P} n+1. Q ( P. So, to get the derivation of P to depend on both P and Q, we use the following trick:
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Prove: P, ~P ( Q (A contradiction implies every proposition)
Use the above proof technique to prove P ( ~Q ( P. Since P is true, every proposition materially implies it. ~Q will therefore also materially imply it. Thus P ( ~Q ( P. Then use ~P to negate ~Q using MT. Get Q from ~~Q using DNE.
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