Proof Strategies

1. (P & Q) & (R&S) : P





(3 lines)

[Tomassi, Ex. 2.3, Q 2. (part 7), p. 53: 

This sequent seems intuitively valid. The premise is basically asserting the truth of P, Q, R and S. We have to eliminate the &s and extract P from the premise formula.]

2. (Q & R), P: (P& Q) & R




(6 lines)

[Tomassi, Ex. 2.3 Q 2. (part 8), p. 53:

Again the sequent is quite simple. It is basically a rearrangement of the atomic formulae, which occur in the premise formula. We know from the premises that Q, R and P are all true. And the conclusion says exactly that, however in a different order. It basically involves an application of a series of &Es and &Is.]

3. Represent the following argument as a sequent of PL and prove that the sequent is valid in PL:

Premise 1: If it’s really true that if Blind Lemon Jefferson was a bluesman then he lived in utter poverty then if he wanted to have an income then he undoubtedly worked as a part-time postman in Mississippi.

Premise 2: If Blind Lemon Jefferson was a bluesman then he did live in utter poverty.

Premise 3: Blind lemon Jefferson was a bluesman and he wanted to have an income.

Therefore: Blind Lemon Jefferson undoubtedly worked as a part-time postman in Mississippi.

[Tomassi, Ex. 2.4 (ii), p. 55:

The translation of premise (1) will be something of this sort: (X ( Y) ( (W( Z). Hint: The underlined if/then clauses are individual conditionals. The two underlined conditionals are also joined by another conditional around them. Note: Do not get confused with the expression ‘it’s really true’. Basically you can put it in front of any premise without changing its meaning. E.g. It is raining can be turned into it’s really true that it is raining. Both mean the same. So if it’s really true that means the same as if.]

4. (P & Q) ( R, P : Q ( R 




(6 lines)

[Ex. 2.5

We try to first understand it intuitively in order to go about the proper proving strategy. We know from the premises that P is true. But if Q was also true we could directly infer R by first conjoining P and Q then using MP. And our sequent would be (P & Q) ( R, P, Q : R. But note from theorem we did in class on the relationship between implication and turnstile (X, A ├ B iff X ├ A ( B; Tomassi, p. 70). Hence we can take Q on the other side and have (P & Q) ( R, P ├ Q ( R. What it means is that instead of having Q as a premise, which would have made the question straightforward, we now have to assume Q, derive R, then discharge Q through CP. But the essential idea is the same (as we have shown equivalence of the two sequents from the theorem)]

5. (P & Q) ( R: P ( (Q ( R) 




(7lines)

[What is the sequent saying? This is what you have to ask yourself when you go about proving it. Here conjunction of P and Q implies R, and that is all we know. But note this sequent is not much different from (2) above. This sequent is equivalent (from the theorem) to (P & Q) ( R, P ├ Q ( R, which is exactly as above. From the theorem we can further take Q on the left side and have (P & Q) ( R, P, Q ├ R, which is straightforward to prove. The difference this time is that instead of P and Q as premises we have to assume them and then discharge them. Note the similarities between proving the sequent (P & Q) (R, P, Q ├ R, sequent in (2) and sequent in (3). ]

6. P ( Q : (Q ( R) ( (P ( R) (7)

Again the sequent is not too difficult to understand intuitively, if we look closely enough. P implies Q, that is a given. But if Q implies R, then the conclusion claims that P also implies R. Here, there are two ways to go about it:

(1) Do the moves that we did in previous questions using the theorem (Tomassi, p. 70). We can convert the sequent first into P ( Q, Q ( R ├ P ( R, and then turn this sequent into P ( Q, Q ( R, P ├ R (from the theorem all three are equivalent). This is easy to see. Apply MP infer Q, then apply MP again and infer R. The only difference between this sequent and one we are trying to solve is that instead of having these as premises, we have to turn them into assumptions and then discharge them through CP. Both proofs will have a very similar structure thanks to the theorem. 

(2) Lets try to do it without using the theorem. Intuitively speaking, the sequent is saying that P implies Q, then if Q implies R then P also implies R (see if you can read this from the sequent). Again, if Q implies R, then P would also imply R. This would be so because P implies Q from the premise, and Q implies R from the antecedent, so P would transitively imply R. Or, whenever Q then R. But whenever P then Q, so whenever P then R. Formal logic, is however a tool to work problems out which are difficult to get hold of intuitively. However a trained intuition can see that the conclusion follows from the premise, and then to confirm the intuition we can prove it in PL.]

7. P ( Q : (P ( R) ( (P ( (Q & R)) 



(8 lines)

[Use the theorem again. P ( Q, P ( R, P ├ Q & R (You can get all the implications, (s, on the left side, and the sequents produced will be equivalent—if one is valid the others will be valid). Now lets try to understand this new sequent. P implies both R and Q. P is a premise. R and Q will both follow from it through application of MP. This is straightforward. 

Now, let’s see what the sequent in 7 means. We can read it as follows: P implies Q is given. Then we assume that P implies R. Then we also assume that P. Then it follows that both Q and R are true. The proof strategy will be exactly that. Just discharge the assumptions at the end.]

10. P ( Q : ((R & Q) ( S) ( ((R & P) ( S) 


(10 lines)

[ Premise says that whenever P then Q. Conclusion says that if R and Q imply S, then R and P also imply S. How? We should understand the principle that if Q implies something, P would also imply it by virtue of the fact that P implies Q. In other words, whenever Q then X, but whenever P then Q, so whenever P then Q as well as X. So, whenever P then X. ]

Ex. 2.6 (1-3)

Prove that the following are theorems of PL.

1. : ((P ( P) ( Q) ( Q (5)

[Use the theorem and take the antecedent to the left side. Now you have (P ( P) ( Q : Q. If this sequent is true, then the original sequent is also true (and vice versa because they are equivalent). The truth of this sequent is obvious. It says that in the premise that if P implies P then Q. From that we infer Q. If for the conditional (P ( P) ( Q we have the antecedent we can derive the consequent (which happens to be the conclusion). But the antecedent is a theorem of PL, P ( P. You do not have to have it as a premise. P ( P has no dependency. Hence you can use MP to infer Q. 

Basically to solve this question above, you first assume the antecedent (instead of having it as a premise) (P ( P) ( Q, then derive the consequent Q by using  the theorem P ( P, then discharge the assumption.]

2. : (P ( Q) (((Q ( R) ( (P ( R)) (8)

Intuitively, it says that if P implies Q then, if Q implies R then P implies R. Look at the scheme below. If we assume the conditional P ( Q, then we have to assert as a consequence, the conditional between the two conditionals below. P ( Q cannot prove the conditional Q ( R, nor can it prove the conditional P ( R, however it does prove the conditional between the two conditionals (Q ( R) ( (P ( R).

P ( Q

    (
 (Q ( R) ( (P ( R)



This is a crucial point to understand. Now to prove it is simple. We again refer to the principle, that whenever P ( Q, then whatever Q implies, P implies it as well. See above.]

3. : (Q ( R) ( ((P ( Q) ( (P ( R)) (8)

[If you look closely this is very similar to the ones we have done before. The structure of this sequent is : X ( (Y ( Z). This sequent is equivalent to all the following sequents:

1. X, Y ├ Z

2. Y, X ├ Z

3. Y ├ X ( Z (this we can see from 1. X, Y ├ Z iff Y, X ├ Z iff Y ├ X ( Z)

4. X ├ Y ( Z

5. ├ Y ( (X ( Z)

]

4. : P ( (Q ( (P & Q))

Ex. 2.7 

4. P ( Q : ( q ( P) ( (P ( Q) (4)

5. P ( (Q ( R) : (P & Q) ( R (9)

6. P ( Q, Q ( R: P ( R (17)







