Supplementary Notes: Predicate Calculus, PC (Updated)
1. Why Predicate Logic? Propositional logic enables us only to represent truth-functional connective relationships between complete sentences. Yet we often need a detailed representation of the internal logical structure of sentences, as illustrated by the following argument:
1.1. All men are mortal
Socrates is a man.


Therefore, Socrates is mortal.
1.2. Its translation in PL would have the following form:

1.2.1. P
Q

Therefore, C
1.3. This form is invalid. Its conclusion is not a logical consequence of its premises. But the argument, we know, is clearly intuitively valid. Hence, to capture the validity of such arguments, a more powerful language is required which can represent the internal logical structure of sentences.
1.4. Predicate logic, or first-order logic enables us to represent the validity of such arguments.
2. Representation in Predicate Logic
2.1. Predicate logic can capture the detailed structure of a sentence because it is able to talk about objects possessing certain properties. 
2.2. In the language of predicate logic, the italic x, y, z, w are called variables. These are often associated with quantifiers ( and ( (explained below). These variables behave rather like mathematical variables. Then there are constants, a, b, c which are assigned specific values. Finally, there are predicates, which are capitalized as M, N, T, and they too are assigned specific values. 
2.3. Predicate logic can express statements like: 
2.3.1. “London is in England” 


c: London; 


Ex: x is in England; (It says x has the property E)


Ec
2.3.2. “4 is a number” 
c: 4; 
Nx: x is a number; 
Nc
2.3.3. “Socrates was a wise man” 
s: Socrates; 
Wx: x is a wise man; 
Ws
2.4. It can also express statements which involve saying something for an entire group, or for an element of a group. These statements are called quantified statements because they use quantifiers ( and (. 
2.4.1. The statement “All men are mortal” is the same as “For every object, if that object is a man then it is mortal.” It is also the same as “It is impossible for someone to be a man and not be mortal”. This will be rendered as ~(Hx & ~Mx). But if you draw the truth-table, this is equivalent to Hx ( Mx. 
2.4.2. “For every” is translated as an inverted A, “(”. To say “for every object”/“for all objects” we write (x. When we say (x(Fx) we mean that for every object the statement F is true. If there are only 3 objects, and they had names, a, b and c, then (x(Fx) would be logically equal to Fa & Fb & Fc. 
2.4.2.1. Thus, “All men are mortal” may be rendered as follows:
Hx: x is a man; 
Mx: x is mortal;
(x(Hx ( Mx)
2.4.2.2. “All of the peasants are poor” 
Sx: x is a peasant; 
Px: x is poor; 
(x(Sx ( Px)
2.4.2.3. “Doctors are over-paid” 
Dx: x is a doctor;
Ox: x is over-paid;
(x(Dx ( Ox)

2.4.3. Predicate logic can also represent statements of the form: “Some men are philosophers”. This statement, on a logical examination is equivalent to the following: “There exists at least one man who is a philosopher”. In predicate logic we write “there exists” as (x(Fx) which means “there exists at least one object which satisfies F”, or “F is true of at least one object”. Thus,
2.4.3.1. “Some men are philosophers” may be rendered as:
Mx: x is a man;

Px : x is a philosopher;

(x(Mx & Px) 

[Note: we don’t want to say (x(Mx ( Px). This would mean that there exists an x such that if that x is a man then he is a philosopher. This is a conditional, and the conditional may be true even if the antecedent is not satisfied. In this case it would be possible for there to be no men. But we know that there is at least one man and he is a philosopher. And, hence the translation does not involve the conditional.]
2.5. We assigned constants in formulas of predicate logic to certain objects, like c to Socrates. We also assigned predicates like H, M, D to properties like being human, being mortal and being a doctor. These assignments are analogous to assignment of truth values to propositional symbols in PL. Different interpretations have different assignments.
2.6. Universe of Discourse: All the objects to which a constant term in predicate logic can refer have to be contained within a specific set called the universe. For any interpretation of a formula, or a set of formulas, the universe has to be specified in advance. The universe contains everything there is, as far as that particular interpretation is concerned. The predicates in turn refer to certain properties in the Universe. The property of being human is some set in the universe, a subset of the universe, containing precisely those objects which are human beings. An object can have more than one property, and thus it can belong to more than one set. Or one could say that the object which belongs to two sets will lie in the intersection of those sets, x ( (A ( B). Being mortal is another set in the universe, and it contains the set being human as a subset within it (being human ( being mortal). 
2.6.1. In (x(Fx) the function of the operator ( is to state that the formula F following (x is true for each object. But it is possible that the universe is empty. In such a universe (x(Fx ( Fx) would be true, but it does not imply the existence of an object. Thus while (x explicitly implies the existence of at least one object satisfying the formula F (thus the universe cannot be empty), (x does not itself imply existence of any objects (the universe is possibly empty). It is merely saying that all the objects there are in the set have the property given by the F. But it is entirely possible that there are no objects. (example: Consider the statement: “I do not need any of the stuff in the bag.” It is possible that the bag is empty. In a sense one has asserted a property for each object in the bag, namely that it is not needed. This can still make sense without there being any objects in the bag.)
2.7. We have shown how to translate a certain category of natural language statements to predicate logic. 
2.8. We have also shown how language of predicate logic picks out objects and sets from the universe. 
3. Interpretation: When the constants and predicates are assigned particular values (objects and sets) in the universe, then it is called an interpretation or a possible world. Although apparently dissimilar, this notion is actually very much like in PL. In PL, the propositions P, Q, R are assigned truth-values instead of objects and sets. Thus PL is a logical language in which propositions are interpreted to be truth-values, in predicate logic the constants and predicates are interpreted to be objects and sets in the universe.
3.1. A formula of predicate logic, just like in propositional logic, may have many interpretations, in fact infinitely many at times (example: There would be an infinite number of interpretations if size of the universe can range from 0 to infinity.)
3.2. Thus any formula, say for example, Ma, can have any number of different interpretations depending on:
3.2.1. U: the universe which may be different for different interpretations What does it contain? It can contain only numbers; integers; human beings; all animals etc. If the universe is different then the interpretation is different, like a new row of the truth-table.
3.2.2. M: Which set does M pick out in the universe? Even if for the same universe if M picks out different sets then it is a different interpretation.
3.2.3. a: Which object does “a” pick out from the universe U? “a” can pick out any object from the universe. And if “a” picks out a different object then it is a different interpretation.
3.2.4. Thus the interpretation depends on what has been assigned to: (1) The universe; (2) The constants; and (3) The predicates. If the assignment is different in any one of the 3 cases, the interpretation is different (like a new row in the truth-table).

3.2.5. The ( and ( are not interpreted. Their meaning is same. They are of the species of &, (, (, ~. ( simply states that the formula following it is true of each object in the universe. ( simply states the formula following it is true of at least one object in the universe.

4. Tautology, Contradiction and Contingent Formulas: The notions tautology, contradiction and contingent formulas are same as in PL. If a formula is true in all the interpretations then it is a tautology (all interpretations are models), if is it false in all interpretations then it is a contradiction (no interpretation is a model), and if it true in some and false in others, then it is a contingent formula.
4.1. Ma is a contingent formula, because it may be false where the object denoted by “a” is not contained within the set denoted by M.
4.2. (x(Fx ( Fx)  is a tautology. No matter what the universe is, and no matter how you interpret F, (x(Fx ( Fx) will be true (“For all objects if it is an F then it is an F” is a truth of predicate logic.)
4.3. (x(Fx & ~Fx) is a contradiction. It has no models. All interpretations of it are false.
4.4. All tautologies of PL are tautologies of Predicate Logic.
5. Valid Inferences in Predicate Logic: We will not study the proof theory of predicate logic. See Tomassi (chapter 7) if you are interested. But, we will be able to intuitively see which inferences are valid depending on the meaning of the terms involved in the formula. If all interpretations are valid then that formula is a tautology.
5.1. Examples of valid sequents in predicate logic:
(x(Fx) ( ~(x(~Fx)
(Every x is an F; therefore, it is not the case that some x is not an F).

(x(Fx ( Gx), Fa ( Ga 
(Every x that is an F is also a G, and a is F. Therefore, a is G.)

Fa ( Ga, ~Ga ( ~Fa
(Translate to propositional logic and apply MT.)

(x(Fx) ( ~(x(~Fx)
(There is some x which is an F; Therefore, not every object is not F.)

( (x(Fx ( ~Fx)
(Tautology; Every object either has the property F or does not have the property F.)

5.2. All inferences of propositional logic are also valid in predicate logic.
A ( B ( ( ~B ( ~A

~(A & B) ( ( ~A ( ~B

(De Morgan)
~(A ( B) ( (  ~A & ~B

(De Morgan)
A ( B ( ( ~A ( B

A ( B, ~A ( B



(Disjunctive Syllogism) 

6. Representation of Relations: In order to keep things simple, we have not talked about representing relations in predicate logic. Relations are just predicates which state something about more than one object. Marriage is a typical relation, it states a relation between two objects, i.e. they have a relation of marriage between them. Predicate logic lets us represent the logic of relations.
6.1.1. Hence, relations are predicates which are two-place (binary), or three place (ternary) rather than just one-place. Thus, a relation, R, say a relation of marriage, x is married to y, may be written in language of predicate logic as Rxy.
6.1.2. Examples of mathematical relations include:

6.1.2.1. Equality: x=y (when two sides of the equation are equal, they are related by equality). It can be denoted in predicate logic as R=xy or simply as x=y.
6.1.2.2. Less than: x < y. It can be denoted by R<xy or simply x<y. 
6.1.2.3. Less than or equal to: x ( y
6.1.2.4. Addition relation x + y = z (when 3 numbers are related in a way that the sum of the first two is equal to the third). It can be denoted by R+xyz or simply as z = x + y. 
6.1.2.5. Square relation y = x2 (when the second number is the square of the first), and so on.
6.1.3. Example: In order to say that there is a number greater than any number, let 

Nx : x is a number, 

R>xy: x is greater than y
(x(y (Nx & Ny ( R>yx)

6.1.4. What are the semantics of relations? 
6.1.4.1. We already saw the semantics of constants and predicates. Under an interpretation constants are supposed to refer to some object in the universe, while predicates are supposed to refer to some subset of the universe. Under a particular interpretation, a predicate is true of a term (constant or variable) just in case the object denoted by that term is an element of the set denoted by the predicate. 
6.1.4.2. What about relations? Just like predicates, relations also refer to sets. But the sets are not simply subsets of the universe. A predicate Ox (x is odd) may refer to the subset {1, 3, 5, …} in the universe. The relation less than if defined on a universe of natural numbers will be the set of the following ordered pairs (defined below): {<1,2>, <1,3>,…,<2,3>, <2,4>,…}. 
6.1.4.3. Ordered pairs: <x, y> is called an ordered pair. The ordered pair <x,y> is an abbreviation of {{x}, {x, y}}. This is a set containing two elements. There is an element which is a set containing x only, and another element which is the set containing both x and y. By setting up ordered pairs this way we always know which is the first element (by checking the set containing only one element).
6.1.4.4. Hence relations refer to sets of ordered pairs, or ordered triples, and so on. R+ will refer to {<1,1,2>,<1,2,3>,<1,3,4>,…}. 

6.1.4.5. In terms of interpretation, let R be a binary relation and let the corresponding set be R. Let constant a refer to object a, and constant b refer to object b. Then under an interpretation the formula Rab is true iff <a,b> ( R. Thus any interpretation not only has to assign objects to constants, sets to predicate, but also special sets of ordered pairs to relations. Only then will the interpretation be complete. And once the interpretation is assigned the truth-values of all the formulas can be worked out. So, if a denotes 1, b denotes 2 and c denotes 3 then R+abc is true since <1,2,3> ( R+.
7. More on Interpretation in Predicate Logic: This section is mostly a repetition of what has been said before. Formulas of predicate logic just like in PL are of 3 types. Tautologies, which are true no matter what. Thus it does not matter if we interpret the constants, predicate and relations in these formulas. All interpretations will come out true. The inconsistent (or contradictory) formulas will always come out false, no matter what interpretation is assigned to them. These formulas do not await an interpretation for us to know their truth value. It is always false. The contingent formulas on the other hand are sometimes true and sometimes false. These formulas uninterrupted are neither true nor false (they are analytically neither). They await a particular interpretation (an assignment of values to constants, predicates and relations) in order to be true or false.
	
	Meaning
	Interpretations

	universe
	It is a set of all objects there are. Example, U = {Zeno, Socrates, Plato, Aristotle}, or U = {1, 2, 3, …} i.e. the set of natural numbers, or, U = {a, b, c, ..} i.e. the set of alphabets. 

	The formula (x(y(x=y) is true iff the universe has only one object. 


	Constants a, b, c.
	Under each interpretation, each constant is assigned an object from the universe. (Or one can say, that constants are terms that for any given interpretation refer to the same object.)

	Under a specific interpretation, I, the c occurring in a formula or a set of formulas can be assigned any object, say “Zeno” from the above example. 


	Predicates such P, M, S
	These are assigned subsets in the universe. For example, let the predicate P stand for Ionian philosophers in the universe so that P is assigned the set with one element: {Zeno}. If the predicates are assigned a different subset, then it is a different interpretation. Then say, if a formula p remains true, no matter what set is assigned to the universe, no matter what subsets are assigned to the predicates, and no matter what objects are assigned to the constants then p is a tautology (true under all interpretations).

	In the interpretation above, Pc will be true, since Zeno is in the set assigned to P. But Pb will not be true if b is assigned to  “Socrates”. Formally, Pa is true iff a ( P, where a is the object assigned to a, and P is the set assigned to P.


	Relations
	Relations are assigned a set of ordered pairs, of the form, {<x,y>, <z,w>,…}, where each element of the pair belongs to the universe. Lets say the relation x is teacher of y, R, is assigned the following ordered pairs: {<Socrates, Plato>, <Plato, Aristotle>}.
	If a stands for “Aristotle”, p for “Plato”, and s for “Socrates”, then, the following are true: (1) Rsp (2) Rpa (3) ~Rps (4) ~Rzp.




8. Russell’s Theory of Definite Descriptions
8.1. Russell used a special technique to represent natural language sentences involving the use of the definite article “the”.

8.2. Sentences such as “The King of France is bald” are not simple. Russell analyzed this sentence to contain 3 different assertions: (1) That there is a king of France; (2) there is no more than one King of France (because otherwise the definite article “the” would not be used); and, (3) he is bald. 
8.3. Logically,
Kx : x is King of France

Bx : x is bald.

(x[Kx & (y(Ky ( x = y) & Bx]
(This sentence reads: There exists an object such that it is the King of France, and if there is any object which is King of France then it is identical to x, and  x is bald.) 

Now this sentence has 3 conjuncts, and therefore it can be false if even one of those conjuncts does not hold. The first is that there is at least one object which is the king of France; the second says that there is no more than one (if there were more than one King of France then there will be no the King of France); and third says that the object is bald.

8.4. Specifying the size of Universe
8.4.1. Using Russell’s theory of definite descriptions, we can specify the size of the universe i.e. we can come up with a formula with is only true for universes of particular sizes. 
8.4.2. That there is only one object in the universe can be rendered as (x(y (x = y). That there are two can be rendered as (x,y(x ( y & (z(x ( z & y ( z). One can do this for any finite number. 
8.4.3. The advantage of this technique is that now we can translate statements like “There are exactly two balls”. If we translate it to: (x (y(x ( y & Bx & By), we have said that there are two objects different from each other and they are both balls, but we haven’t said that there are no other balls. So, this formula will also be true in universes which contain infinite number of balls. The only way to restrict it to 2 is to say that there are at are two different balls, and that there is no other ball: (x(y(x ( y & Bx & By & ~(z(Bz & z ( x & z ( y) or (x(y(x ( y & Bx & By & (z(Bz ( z =x ( z = y). 
9. Propositional Inferences are preserved in Predicate Logic.

9.1. Any inference valid in propositional logic is valid in predicate logic. Predicate logic is an addition of propositional logic. The sequent below of predicate logic is provable in propositional logic.
~((x)Px, ((x)Px ( ~((y)Qy, Bac ( ((y)Qy ( ~Bac

Translate the sentences as follows:

~((x)Px  is translated to ~A
((x)Px ( ~((y)Qy is translated to A ( ~B
Bac ( ((y)Qy is translated to C ( B.

~Bac is translated as ~C
~A, A ( ~B, C ( B ( ~C


This you can prove is valid in propositional logic.
10. Quantifier Exchange
10.1. You can exchange any formula in column A, with the corresponding formula in column B, and vice versa. They are equivalent so one can put a biconditional between them. “f” stands for a formula of predicate logic.
	A ( ( B
	

	~(x(Fx) ( ( (x~(Fx)
	It is false that there is an object which is an F, is the same as, all objects are not F.



	(x~ (Fx) ( ( ~(x(Fx)
	There is an object which is not F, is the same as, not all objects are Fs. 



	~(x~ (Fx) ( ( (x(Fx)
	It is false that there is an object which is not F, is the same as, that all objects are Fs.



	(x(Fx) ( ( ~(x~ (Fx)
	There is an object which is F, is the same as, not all objects are not F. 


11. Types of Relations: Relations are classified according to the characterisitics they have. 
11.1. Symmetric: A relation is symmetric if (x,y(Rxy ( Ryx) i.e. whenever R holds between x and y, it also holds between y and x. Example: marriage is a symmetric relation. <x,y> ( R ( <y,x> ( R.
11.2. Transitive: A relation is transitive if (x,y,z(Rxy & Ryz ( Rxz) i.e. whenever R holds between x and y, and between y and z, then it also holds between x and z. Example: Ancestral relation is transitive, if x is an ancestor of y, and y of z, then x is an ancestor of z. <x,y> ( R & <y,z> ( R ( <x,z> ( R.
11.3. Reflexive: A relation is reflexive if (x(Rxx), i.e. R holds between each object and itself. Example: Identity is a reflexive relation. <x,x> ( R
11.4. Equivalence: A relation is an equivalence relation if it is symmetric, transitive and reflexive. Example: Identity is an equivalence relation.
12. Examples
Example 1:

Rx stands for ‘x is red’
Mx stands for ‘x is a marble’

Gx stands for ‘x is green’

Bxy stands for ‘x is bigger than y’

b denotes a particular marble that is named ‘Ben’

Gb represents: ‘Ben is green’

((x)Rx represents ‘There is something that is red’; or, ‘There exists and object which has the property of redness’; or, ‘There exists at least one red object’.

((y)(My ( Ry) represents: ‘All marbles are red’ (or, ‘All marbles are such that they are red’)

((x)(Rx ( ((y)(My & Byx) represents: There is a marble bigger than any red object.
Example 2:

x is taller than everyone else.

(x(y[(x ( y) ( Rxy]
(There is a particular person such that for all people that are not him, he is taller.)
Example 3:

Rxy means x is taller than y.

(x(y[x ( y ( Ryx]
(For every person there is (exists) someone who is taller.)
Example 4:
( is an equivalence relation. = is also an equivalence relation. x is son of y is transitive, but not reflexive, nor is it symmetric.
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