Supplementary Notes: Model Theory of Propositional Logic

1. Truth table definitions of logical constants
1.1. Every proposition in PL is either true (T) or false (F), but not both. Thus PL is bivalent.

1.2. Truth Tables: The logical connectives have the following interpretation.
	P
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	P ( Q
	P ( Q
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	~P
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	T
	T
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	F
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	T
	T


2. Prime Formulas: The prime formulas in a formula are the simplest parts of that formula with no deeper structure. These are all the individual propositional symbols in that formula. Example: P & (Q ( R) has three prime formulas P, Q and R.

3. Interpretation of a formula: The interpretation of a formula is any assignment of truth values to its constituent prime formulas. For a formula with x prime formulas, there are 2x interpretations.
4. Models: A model of a formula is an interpretation of its prime formulas which makes the formula true.
 Example: For the formula P ( R, there are three models: (1) P is true and R is false, (2) P is false and R is true, and (3) Both P and R are true.
 

4.1. A simple way to check the number of models of a formula is to look up the truth-table of that formula. If the last column has a “T” in it then than interpretation is a model.
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4.2. The truth-table for a formula is constructed as follows: There is a column for each prime formula. The rows are filled by all the possible interpretations (all possible combinations of truth-values) of the prime formulas. Then write down the truth-value of the formula in the last column of each row.

4.3. For the formula P ( (Q ( R) there are three prime formulas, P, Q and R, and each can be either true or false; therefore, the total number of different interpretations (rows in the truth-table) will be 2(2(2 or 23. 
4.4. Tautological formula: A tautological formula is one all of whose interpretations are models of that formula. Thus in the truth-table of such a formula the last column will contain only T’s. (Example: P(~P)
	P
	~P
	P(~P

	T
	F
	T

	F
	T
	T


(Note the last column has only Ts.)
4.5. Inconsistent formula: An inconsistent or contradictory formula is one which has no models. Thus the last column in its truth-tables will be only F’s. (Example: ~(P(~P), P&~P)

	P
	~P
	P &~P

	T
	F
	F

	F
	T
	F


(Note the last column has only Fs.)
4.6. The negation of a tautology is an inconsistent formula: the negation will convert all the T’s in the last column of the tautology into F’s. The negation of an inconsistent formula is a tautology.

5. Sequents and Truth-tables: We can check if a sequent is valid by constructing a truth table with columns containing of all the formulas in the premises as well as the formula of the conclusion. Then,
If all the models of the premises are also models for the conclusion then that sequent is semantically valid. If q is true on all models of X, where X is the set of premises, then we write X ( q.
Let us try an example, ~(P ( Q) : P & ~Q

	P
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	~(P ( Q)
	P & ~Q
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	F


Clearly the only model for the premise is the row in which P is True and Q is false (see row in bold); and, in this row the conclusion P & ~Q is also true. Thus all models for premise(s) are also models for the conclusion. The sequent is valid.
Usually when constructing a truth-table, to help matters, we produce columns of formulas which help us determine the truth-values of more complex formulas. The above truth-table could be done as follows:

	P
	Q
	P ( Q
	~(P ( Q)
	~Q
	P & ~Q

	T
	T
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	F
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	F
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The columns (shown as shaded) help us determine the truth-values of more complex formulas. In order to determine the truth-value of ~(P(Q) we only need to flip the truth-value of  (P(Q), once it is determined.
6. Semantically Equivalent: Two formulas, p and q are considered semantically equivalent iff p ( q and q ( p. (They are syntactically equivalent if p ( q and q ( p. If two formulas are syntactically equivalent that their deductive or logical consequences will be the same i.e. p ( r ( q ( r, if r can be derived from p then r can also be derived from q, and vice versa.). Logically speaking the equivalent formulas are the same. 
7. Soundness and Completeness: A sound deductive system is one which proves only those sequents which are also semantically valid. Thus: 

If X (D q ( X ( q then the system (D is sound. 
A complete deductive system is one which proves all the sequents which are semantically valid. Thus: 
If X ( q ( X (D q then the system (D is complete.

7.1. It is trivial to set up a system which is complete (i.e. proves all sequents which are valid according to the truth-table definition). For PL we can easily construct a complete deductive system by specifying just one rule: Write any formula on a new line of proof. This system will “prove” all the sequents, but it will also prove invalid sequents. Clearly this deductive system is not sound. (In chess this is analogous to the following rule: move any piece from anywhere on the board to anywhere else!)
7.2. The system ( we studied for PL is both sound and complete. It only proves those sequents which are semantically valid, and it proves all of the sequents which are semantically valid.
� Last Updated October 15, 2008.


� In the literature on logic, models are also called “possible worlds”. This is intuitively plausible. The possible worlds indicate the possible scenarios/worlds in which the formula can be true. Thus in the world where both P and Q are false, the formula P ( Q is not possibly true; thus, this is not a possible world for P ( Q. This topic is explored further in modal logics or possible world logics. (See Stanford Encyclopaedia of Philosophy for details.)


� (Ignore if you don’t understand the following!) Under a different scheme, used in higher level logics, these formulas have an infinite number of models. This is true if we consider all the variable truth values of other prime formulas which do not occur in the formula under consideration. Example: while P=T, Q=F is a model for P ( Q; P=T, Q=F, R=T is also a model for the same formula, and so on, ad infinitum. It depends on how you chose to construe a model.
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