Proof that (2 is irrational
Assume (2 is rational.

(2 = x/y, where m and n are integers. 

If both x and y are divisible by the same integer greater than 1, divide both by that integer (till you get a simple fraction). Doing so will not change the value of the fraction. Now, represent,

(2 = m/n, both m and n cannot be even numbers. 

We multiply both sides of the equation by n and obtain,


n (2 = m.

We square both sides and obtain,


2n2 = m2.

Because m2 is two times greater than n2 we know that m2 is even. Therefore, m, too is even, as the square of an odd number is always odd. So we can write m = 2k for some integer k. Then substituting 2k for m we get,


2n2 = (2k)2

      = 4k2
Dividing both sides by 2 we obtain,


n2 = 2k2
But this result shows that n2 is even and hence that n is even. Thus we have established that both m and n are even. But we had earlier reduced m and n so that they were not both even, a contradiction.
 

The proof theory has the similar structure no matter which language you are working with. As the proof develops each inference you make has to be justified according to some rule of inference in that system. 

In PL we do it using rules &I, &E, Premise Introduction, MP, MT, and so on; however, in mathematics the rules are much more extensive, such as: multiply both sides of the equation by the same number, square both sides of the equation, replace an even integer by twice of an integer (it has to be more extensive, because PL is limited to the relationships between propositions but not the relationships inside the propositions). 

But, the way in which they will be employed will be the same, as would be the case in any proof theory. This concept is called proof-theoretic consequence (which means proof of the consequence at each level/line of the proof according to the proof theory of that system).

Following is presentation of the above proof in Mathematics but in PL style inferences, to demonstrate the close association between PL deductive system and the mathematical deductive system.

Proof that (2 is irrational in the Formal System of Mathematics

	Dep.
	Sentences of Mathematics XE "Mathematics"  (=formulas of M)
	Rule of Inference 

[line numbers are given in ( )s]

	{1}
	1. (2 is rational

	Assumption for RAA



	{1}
	2. (2 = x/y, where m and n are integers

	Any rational number can be represented in the form x/y such that x and y are integers.



	{1}
	3. (2 = m/n, both m and n cannot be even numbers.
	Divide x and y, from (2), by greatest common divisor of (x,y) to get a simplified fraction.

	{1}
	4. 2n2 = m2
	Square both sides from (3) 



	{1}
	5. m2 is even
	We can say because m2 is twice of n2.

	---
	6. For any integer x, if x is odd then x2 is odd.
	Theorem XE "Theorem"  insertion. (We can also prove the theorem here, but that would take many more lines, just as we do in PL.)



	{1}
	7. m  is even
	Modus Tollens on (6) and (5)



	{1}
	8. m = 2k
	Any even integer can be written as twice of some integer, from (7)

	{1}
	9. 2n2 = (2k)2

	Substitute m in (4) by value of m in (8).

	{1}
	10. 2n2 = 4k2
	Open the square on the right-hand side of (9).

	{1}
	11. n2 = 2k2
	Divide both sides in (10) by 2.



	{1}
	12. n2 is even.
	Because it is twice of k2


	{1}
	13. n is even
	MT on (6) and (12)



	{1}
	14. Contradiction between line 3 (both m and n cannot be even), 7 (m is even) and 13 (n is even). 


	AND together (3), (7) and (13) to produce the contradiction.

	---
	15. Opposite of ((2 is rational) is true. Thus (2 is irrational.
	Assumption was wrong. RAA on (1), (14).


*Here we proved a theorem of mathematics, or more precisely in the formal system of mathematics.

� Michael Sipser, Introduction to the Theory of Computation (Boston: PWS Publishing Company, 1996), p. 20.





