Formal Logic: Assignment 3

Due November 30
[25 points]
	1.
	Imagine a simple world, which has six blocks, Block 1, Block 2, etc., some of which are yellow, some blue, and some green. At a certain time, any given block may be on top of another. Let D be the domain consisting of this set of blocks. At any given time, the state of this world is represented using individual constants and predicates. Individual constants are assigned as follows: 
a: Block 1; b: Block 2; c: Block 3; d: Block 4; e: Block 5; f: Block 6. 
The binary predicate O is assigned in such a way that Oxy denotes the relation of ‘x being on y’ (i.e., block x is on top of y). Predicates are assigned as follows: 
Yx: x is yellow; Bx: x is blue; and Gx: x is green, Cx: x is clear (where x is clear iff there is no block on x).

Examples:
Gf is true iff Block 6 is green.

Oba is true iff Block 2 is on Block 1.

Cd is true iff Block 4 is clear (=there is no block on Block 4).

((x)Yx is true iff all blocks (in D) are yellow.

((x)Gx is true iff some block is green.

((z)(Yz & Ozc) is true iff there is a yellow block on top of Block 3.

((x)(Yx ( ((y)(Gy & Oyx)) is true iff there is a green block on every yellow block.

((x)((y)((Gx & By) ( Oyx) is true iff if you take two blocks such that one is green and the other blue then the blue will be on top of the green. (=pick two blocks, if one is blue, and the other is green then blue is on top of green).

~((x)Gx is true iff all blocks are not green (=some blocks are not green). See conversion between ‘All’ and ‘Some’ below.

((x)~Gx is true iff there is some block which is not green.

((x)(Gx is true iff there are no green blocks.

((x)(Yx ( ~Cx) is true iff there is some block on each yellow block (=if it’s a yellow block then it is not clear).

Consider this world of blocks world described above and add to the domain one additional object, p, the floor. A block may now be on another block, or it may be on the floor, p. Thus, Oxy is now interpreted as: block x is on y, where y may be either a block or the floor. Suppose that the following is true in this world:

1. There is a blue block on the floor with a yellow block on the blue block and a green block on the yellow block.

2. There is a blue block on the floor with a yellow block on this blue block and a blue one on the yellow block.

3. No yellow block is clear.

4. There is a clear blue block and a clear green bock.

5. For any yellow block, there is a block on the yellow block.

6. Not all blue blocks are clear.

7. All green blocks are clear.

8. All blocks on the floor are blue.

9. Any block that is on a yellow block is either green or blue.

Symbolize these sentences in the language of Predicate Logic. Draw a sketch arrangement of the floor and the six blocks in this world. Show the colors of the blocks.


	[9 points]

[3 points]

	2. 
	The deductive closure of a set of formulas, X, is the set, Y such that Y = {x | X ( x}. (Intuitively, it is all the formulas that are implied by the set X.)
(i) Let deductive closure of set {p} by Dp, and deductive closure of set {q} be Dq.  Describe in set-theoretic notation the relationship between Dp and Dq when p ( q.
(ii) What is the deductive closure of an inconsistent set?
(iii) Let deductive closure of some set {p} be Dp, and deductive closure of set {q} be Dq. Dscribe in set-theoretic notation the relationship between Dp and Dq when p ( q and q ( p.

	[1 point]

[1 point]

[1 point]

	3. 

	Let U be the universe of natural numbers {1, 2, 3,…}. Define:

Px: x is prime.
Ox: x is odd.

Ex: x is even.

Dxy: x divides y.

Translate the following statements to formal logic using predicate logic and the definitions given above. (Example: There exists an even prime can be rendered as (x(Px & Ex)). 
(i) Not all numbers are prime. ~(x(Px)
(ii) Exactly one number is both even and prime.
(iii) If a number divides another, then if second number is odd then so is the first.

(iv) The only even prime number divides all even numbers.
(v) An even number does not divide an odd number.


	[1 point]

[1 point]

[1 point]

[1 point]

[1 point]

[1 point]

	4.
	Given a set of formulas of PL or Predicate Logic, if we can come up with a real world interpretation of that set of formulas, then we can claim that the set is not inconsistent. Why?
	[4 points]


