Sampling Distribution & the Central Limit Theorem

It is often impossible to measure the mean or standard deviation of an entire population unless the population is small, or we do nationwide census. The population mean and standard deviation are examples of population parameters. Given the impracticality of measuring population parameters, we instead measure sample statistics. So, the natural question is why not use sample mean as an estimate of the population mean? This is exactly what we do to estimate population means and medians. However, a sample statistic (such as the sample mean) maybe “all over the place” so a further question is: how confident can we be in the sample statistic?

Consider following example.

If we cast a fair die and take X to be the uppermost number, we know that the population mean (expected value) is 
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But if we take a sample of say, four throws, the mean may be far from 3.5. Here are the results of 5 such samples of 4 throws.

	
	      X1
	       X2
	      X3
	      X4
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	Sample1
	      6
	      2
	      5
	      6
	      4.75

	Sample2
	      2
	      3
	      1
	      6
	      3

	Sample3
	      1
	      1
	      4
	      6
	      3

	Sample4
	      6
	      2
	      2
	      1
	      2.75

	Sample5
	      1
	      5
	      1
	      3
	      2.5


Here sample size n=4. The above table is very interesting: look at the values of the mean X. The average (mean) of these means is 3.2. 

That is 
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. Thus, although the mean of a particular sample may not be a good predictor of the population mean, we get better results if we take the mean of a whole bunch of sample means. Therefore, the values of 
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 are values of a random variable (take a sample of 5, and measured the mean), and its probability distribution is called sampling distribution  of the sample mean. The above table suggests that the expected value of the sampling distribution of the mean is the same as the population mean, and this turns out to be true.

Notation

Mean of sample means: 
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Standard deviation of sample mean: 
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Example 1)

The Nome Ice company was in business for only three days. Here are the numbers of phone calls received on each of those days: 10,6,5 Assume that sample of size 2 are randomly selected with replacement from this population of three values.

a) List 9 different possible samples and find the mean of each of them.

b) Identify the probability of each sample and describe the sampling distribution of sample means

c) Find the mean of sampling distribution

	Sample
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	5,5
	5

	5,6
	5.5

	5,10
	7.5

	6,5
	5.5

	6,6
	6

	6,10
	8

	10,5
	7.5

	10,6
	8

	10,10
	10

	
	63
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 EMBED Equation.3  [image: image13.wmf]·
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	5
	1/9
	5/9

	5.5
	2/9
	11/9

	6
	1/9
	6/9

	7.5
	2/9
	15/9

	8
	2/9
	16/9

	10
	1/9
	10/9

	
	9/9
	63/9
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The Central Limit Theorem

The Central Limit Theorem is a statement about the characteristics of the sampling distribution of means of random samples from a given population. That is, it describes the characteristics of the distribution of values we would obtain if we were able to draw an infinite number of random samples of a given size from a given population and we calculated the mean of each sample. 

The Central Limit Theorem consists of three statements: 

[1] The mean of the sampling distribution of means is equal to the mean of the population from which the samples were drawn. 
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[2] The variance of the sampling distribution of means is equal to the variance of the population from which the samples were drawn divided by the size of the samples. 
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[3] If the original population is distributed normally (i.e. it is bell shaped), the sampling distribution of means will also be normal. If the original population is not normally distributed, the sampling distribution of means will increasingly approximate a normal distribution as sample size increases. (i.e. when increasingly large samples are drawn) 

Example 1)

For following problem, assume that men’s weights are normally distributed with a mean given by 
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a) If 1 man is randomly selected, find the probability that his weight is between 100 lb and 165 lb. 

b) If 81 men are randomly selected, find the probability that they have a mean weight between 100 lb and 165 lb.

Example 2)

The random number generator on the TI-83 Plus calculator and many calculators and computers yields numbers from a uniform distribution of values between 0 and 1, with mean of 0.5 and a standard deviation of 0.289. If 100 random numbers are generated, find the probability that their mean is greater than 0.57? Would it be unusual to generate 100 such numbers and get a mean greater than 0.57?
Example 3)

Membership in Mensa requires an IQ scores above 131.5. Nine candidates take IQ test, and their summary results indicated that their mean IQ score is 133. Assume that IQ scores are normally distributed with a population mean of 100 and standard deviation of 15.

a) If 1 person is randomly selected, find the probability of getting someone with an IQ score of at least 131.5
b) If 9 people are randomly selected, find the probability of getting someone with an IQ score of at least 131.5
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