Aids to Advanced Level Pure Mathematics Part 1 p.189 Q29 (Problem on Integration)
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Two sequences {a,} and {b,} of positive numbers are related as follows:

a,+b
by > ay, ansv =4/ayb, , bpar = n2 Tt (nx1)

Prove that both sequences converge to the same limit 7, say.
ab +t°

If b >a >0, show that the function f given by u =f (t) = , t0)(0,) is strictly decreasing

on the interval (0,+/ab] and strictly increasing on the interval [+/ab ). Hence find an
explicit expression for each of the inverse function of f.

Tt
Let I(a, b)=I05 a6 ,0<a<bh.

Ja?cos20+b?sin? 0

2
By making the substitution t =v/a? cos? 8+b?sin’@ and u = ab+t

I(a, b) = 1 /ab, 22 H
92 0

, show that

. de
bn) _IOZ \/az c0526+b25in2 0
n n

+
a,=+/ab, blzal;rbl , 8net =4/25D,  bpey =20 Zb“ foralln>1.

Using (a), show that I(a, b) = I(ay, by).

Let I(ay, where the sequences {a,} and {b,} are given by

do _T
Ja2cos?8+b2sin2e 2/

T
Using (a) and (d), show that J'OE

Solution
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a,+b
bn+1_an+1: n2 T a-nbn
>, /a,b, —/a.b, =0

O bpe1 2 ans1
O by,za,0n=>1
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bn — bns1 = bn— n2 f
>

_bn_a
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O b, =bpes
an+1 — @n =4/a,b, — an

o (e
- b, —a,
o e

U ap+1 2 ay

Db1> > bn > bn+1 >an+1 > Ap > ... > aAp.

The sequences {a,} is monotonic increasing and bounded above by b; and {b,} is monotonic
decreasing and bounded below by a.

[0 Both sequences converge.

Let lima, =k, limb,=m
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a, +b : . a, +h,

b1 = L0 limb,,, =lim
n-oo n-oo
k+m
m=——10»0 k=m, let the common limitbhe 7.
2
f(t)_ab+t _a_b t
2t 2t 2

f(t) _—%% letf'(t) =0, t* = ab, t=+/ab

P =7+ ab ) -Jab)

If t0(0,v/ab ], '(t) < 0 O f (t) is strictly decreasing.
If tO[vab ,e0), f'(t) > 0 O f (t) is strictly increasing.

_ab+t?
2t
t?—2ut+ab=0
t=u++vu’-ab
T

I(a, b):IE a6
0 Ja2cos2B+b2sin?0
t=+a?cos?B+b?sin20 0 t* = a% cos? O + b? sin? O

2t dt = (-2a® cos ©'sin 6 + 2b” sin 6 cos 6) d6 0 dB = tht[
(b -a )smecose

,0<ac<h.

8=0,t=a;0=21,t=h,
2
t?—a’=b’sin*0-a’sin’0=(b*-a?)sin’0 0 sinf=——

b? - t* = b cos? 8 — a? cos® 0 = (b* — a%) cos? B [J cosB =

(a, b) = Ib talt

e L R

b2 —a?

_ Vab dt b dt
I(a, b) _Ia \/(bz _tzxtz_az)-l-‘[@\/(bz _tZXtZ_aZ)
:ab+t2’t=u_m forast<+vab;t=u++vu?-ab for Jabs<t<h.

2t
t=a U—Tt Jab,u=+ab;t=b, u—a+b
Whent=u-+u?-ab,dt=du- udu (U‘VU —a}i tdu
Vu? —ab u?-ab Ju? —ab

2
Whent=u++u?—-ab,dt=du+ udu =(“+VU —ab}juz tdu .
Ju? -ab Ju? -ab Ju? -ab

(b2 _ t2)(t2 _ a2) — b2 t2 + a2 t2 _ a2 b2 _ t4
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02 0
=| DB\/ab,aTerQ by the formula (*).

u do a, +b a,+b
(d) I(an, b)) =[2 rap=+ab, bi=——2 a,n=.ab, , bp=—"1—", n>1.
"=, \JaZ cos® 8+bZsin? @ " T 2

To show I(a, b) = I(ay, by) by mathematical induction on n.
By (©), I(a, b) = | lab, 2+2
U 2 O

= I(al, bl)
The formula is true for n = 1.
Suppose I(a, b) = I(a, bx) for some positive integer k.
Use the result of (c) and replace a by a, b by by.

@ b) = 1 52, % +ka

= l(aks1, bi+1) by the definition.
O1(a, b) = I(ak+1, bk+1) by induction assumption.
The formula is also true for n = k + 1 if it is true for n = k.
By the principle of mathematical induction, I(a, b) = I(a,, by) for all positive integer n.

2 de _ B o _
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0 Jr2cos2@+¢%sin? 0 o




