Taylor's Theorem

Theorem 1 (Lagrange form)
Suppose f ™Y (x) is continuous on [a, b] and differentiable on (a, b) then Ox O (a, b) CtO(a, X) s.t.

n-1 ¢ (r) (n)
f(x) = f(a) + Z%I(a)(x—a)Wle(c)(x—a)”
r=1 : '
Proof: Let g(t) = (t—a)"; Note: g"(a) = 0 for 0 < r < n and g™(t) = n!
Define E(6) = (1) + n-1 f(r)(t)( —t)r LG = alf) + n—lg(r)(t)( —t)r
efine F(t) = f(t) ;TX ; G() =9() ;TX

F, G satisfies the conditions of Cauchy's mean value theorem
then Oc O (a, X) s.t. [F(X) - F(@)]G '(c) = [G(X) — G(a)]F '(c)
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n-1 ¢ (r) (n)
f(x) = f(a) + Zl%l(a)(x ~a)' +j(x -a)". Q.E.D.
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(x - a)r is called the Taylor Polynomial of degree n — 1.

(x-a)" is the remainder of Lagrange form




Theorem 2 (Cauchy form)
Suppose f ™Y (x) is continuous on [a, b] and differentiable on (a, b) then Ox O (a, b) CtO(a, X) s.t.

f(x) =f(a) + nz_lw (x-a) + M (x-a)(x—c)"*

r=1 r! (n _1)
n-1 ¢ (r)
Proof: Define F(t) = f(x) — f(t) - Zlfot)(x —t)

r=1

(n)
Ft)=- gn _S)(x -t

By mean value theorem, [c [ (a, X) s.t. M = F'(c)

0-f(x)+ f(a)+ Zl

r! _ w—c)t
-X_(a; (_) o) )
f(x) = f(a) + nZl f r!(a)(x—a)r + En _%?(x—a)(x—c)”‘l. Q.E.D.

Corollary (Maclaurin's Theorem)
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n-1 ¢ (r) (n)
Puta =0, then Ox O (a, b) Ckl(a, x) s.t. f(x) = f(0) + Z f rI(O)Xr + f nI(C)Xn
r=1 . .
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Theorem 3 (Integral form) 1984 Paper 2 Q2, 2003 Paper 2 Q12
If f is n times continuously differentiable on [a — h, a + h],then

n-1 f
f(x) = x a £
kzo L1
_ _ 1 L\ ¢ (m)
Proof: Let Iy, —(m—l)!LX(X )" ™ (t)dt, m=1
— 1 _ m+1
s = ﬁo(x t)" f t——I )(t)
= rrlﬂ (x t ] mlrf ™ (integration by parts)
_ 1 4
= ﬁx f m—1)!LX(X t f )d
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On the other hand, I; = % LX (x-tf2f W)t = Lx f'(t)dt = Lxdf (t) =f(x) -f(0)
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1984 Paper 2 Q2c Show that 0 < In(1 + x) - x + %xz —%x3 +%x4 <%x5, for0<x<1

x) = £(0) + f(z(o)x —

Putting f(x) = In(1+x) which is infinitely differentiable on (-1, 1),

n-1 _ I
f(X)_ f(n)() (1) (n 1)-
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forany0<x <1, In(1+x) =1n 1+ x - _+?_T+I5

Since IS:%J'OX(x—t)4 _1)4(4!)dt
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Define g(x) = \/1_2 forall x 0 (-1, 1). Let n be a positive integer.
1-x
(i)  Prove that (1 - x)g'(x) —x g(x) = 0.

(i)

(iii)

(i)

(i)

Hence deduce that (1 — x?) g™V (x) — (2n + 1) x g™(x) - n? g™ (x) = 0, where g© = g.

Prove that g®™2(0) = 0 and g®"(0) = z(zn)l)g'
n!

] C 2n1 2n
Using (a), prove that g(x) = — t )dt
g (a),p 9= 3 " e 1),f (1)
1-x)g*(x) =1

Differentiate both sides w.r.t. x

2(1-x)g(x)g'(x) - 2x g°(x) =0

g) 20, (L=x)g'() =X g(X) =0 oo *)
Use Leibniz rule to differentiate (*) w.r.t. X n times.
(L-x%) g™ - 2nx g™ ) —n(n - 1)g"P(¥) - x gV —n g"Px) =0

1-x3) g™V - @n +1) xg"x) -’ g"Px) =0 ............ (**)
_ 1 H(2x0)

Putx=0in (*),g'(0)=0
Putx=0,n=1into (**),g"(0)=1=
Othe statement is true forn=1

Suppose g®(0) = 0 and g®)(0) = 2k J é



(iii)

Put x = 0, n = 2k into (**): g**1(0) = (2k)* g**(0) = 0

qzk +1)E’ 0 (2k+2) O

Put x = 0, n = 2k+1 into (**): g**2(0) = (2k + 1)%g®*"(0) = X 0
k! oYk +1)5

The statement is also true for n = k + 1, by M. 1., the statement is true for all n ON {0}
By Taylor's Theorem (integral form), (replace n by 2n, put a = 0)
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