Mean Value Theorem
Edited by Mr. Francis Hung on 20090519

Let fJa, b] — R be continuous on [a, b] and differentiable on (a, ). Then Jc e(a, b) st

()= S)-fla
(o101

Proof: Consider the auxiliary function g(x) = fla) — f(x) + Z‘ £ ®)- £(a)]

Then g(x) is continuous on [a, b] and differentiable on (a, b).
gla)=g(b)=0.

By Rolle's Theorem, dc € (a, b) s.t. g'(c) =0 and hence f '(c): M.
—a

Cauchy Mean Value Theorem

Let fand g be differentiable on (a, b) and continuous an [a, b], then J¢ (a, b) such that
[A(b) - Aa)]g'(c) = [g(b) — g(a)]f '(c)
Proof: Define h(x) = f(x)[g(b) — g(a)] - gx)[/(b) - Aa)]
Then / is continuous on [a, 5] and differentiable on (a, b)
We have h(a) = fla) g(b) - g(a)(b)
h(b) = fla)g(b) — g(a)(b)
- h(a) = h(b)

By Rolle's Theorem, 3¢ € (a, b) s.t. h'(c) = 0 and result follows.
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Mean value Theorem Examples Edited by Mr. Francis Hung

Example 1

4a,

a a . _
If +—1+---+”T’1+an =0, prove that the equation aox” + a1x" " + ... + @, x + a, = 0 has at

n+l n

least one root between 0 and 1.

ax™ ax” a. x*
Letf(x)=—"—+—"—+--+2—+a,x
n

n+1 2

Then f (x) is a polynomial which is continuously differentiable everywhere.

f(0)=0andf(1)= n“jl

By mean valued theorem, 3¢ €(0, 1) such that /’(c) =0
f(c) =a"tar "'+ . ta, cta,=0

i.e. the equation agx” + apx™ + ... + a,_1 x + a, = 0 has at least one root (c) between 0 and 1.

+a_+...+a”7*1+an =0 (given)

Example 2
) ) . . T T T
By using mean value theorem on f (x) = cos x (in radians) with a :E + 180" b :E’
1 V4 |
prove that —— ——>cos 61°>————.
360 2 180
T T T
x)=cosx,a=— + — b= —
) 3 180 3
T T
f(a)—f(b) cos §+@ —cos 3 ‘
d¢ e (b, a) such that T =f’(c)=> =-sinc¢
180
) . 1 )
7 §in30° < sinc=——cos61° < ——sin 90°
180 180 2 180
T cos6l° < l——>c o> %
36 80 2 3 180
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Example 3

(@)

()

(@)

()

If f'(x) exists in 0 <a < x < b, show that there exists ¢ €(a, b) such that

fB)-f@=cf @
(Hint: Let g(x) = [f (b) —f (a)] ¥ - f(x) lné)
a a

By taking f(x) =xi , deduce that lim n(a'l’ - lj =Ilna fora>0.

n—>0

Let g0 = [ (B) -/ @] 0~ ~7@) "

g@)=—f@ i’ g0y =—f@n’
a a

By Rolle's Theorem, there exists ¢ (a, b) such that g’(c) =0
b

[F(b) —f @]~ f(c) In2=0
C a

fB)-f@=cf @

Whena=1,LHS=RHS =0

1 1
Whena > 1, n(a" —ljZn cf’(c) lna=c'1’ In a, for some ce(1, a)

1
Let ¢"=1+h, h,>0

Thenc=( +h,)'=1+nh,+ ... >1+nh,

c—_l>hn>0
n

Il .
lim —2>1lim#A,>1m O
n—w B n—>0 n—>0

By squeezing principle, lim 2, =0

n—>0
1

limc” =1
n—>0

lim n(a'l’ - lj =lna

n—>0

1 1
When 0 <a<1, n(a" —1)2 c¢”Ina, for some ce(a, 1)

1
It can be easily proved that lim n(a" - lj =Ina

n—>0
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Mean Value Theorem for Integrals
Calculus Volume 2 Second Edition by Tom M.APOSTOL p.154, 219

Theorem 1 If fis continuous on [a, b], then for some ¢ in [a,b] we have Ib f (x)dx= fe)b—-a)

Proof: let Max(f(x)) =M, Min(f(x)) = m.
m<flx)<M

mb-ay< | f(xkde<M(b - a)

m < bigj:f(x)dx <M

By the intermediate-value theorem, there exists a constant ¢: a < ¢ < b, such that

[ F ek = 10

[ 7 =fob-a)

Theorem 2 Weighted Mean-Valued Theorem for Integrals

Assume fand g are continuous on [a,b]. If g is never changes sign in [a,b], then there
exists ¢ €[a,b] such that Ib F(x)g(x)dx= 1 (c)jbg(x)dx

Proof: If g(x) > O for all x € [a,b], then Ibg(x)dx >0

let Max(f(x)) =M, Min(f(x)) = m.
mg(x) < fix) g(x) < Mg(x)

m I:g (x)ate < I:f (x)g(x)ax < M I:g(x)dx ................... (*)

If I:g(x)de 0, then g(x) = O for all xe[a,b]

(otherwise Jxpe(a,b) such that g(xo) > 0,

since g is continuous, Ve> 0, 36> 0 s.t. |x — x| <& = |g(x) — g(x0)| <e
—& <g(x)—glx) <e

—& + g(xo) < g(x) <&+ glxo)

lete = %g(x0)> 0, then %g(x0)<g(x)<%g(xo), for all x: [x —xo| <&
Ibg(x)dx > Ixofssg(x)dx > 0, which leads to a contradiction.)

In this case, I:f(x)g(x)dx = I: Odx=0 = f[gjjjg(x)dx c= a

2 2

If Ibg(x)dx;t 0, then Ibg(x)dx> 0; divide (*) by Ibg(x)dx.
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Mean value Theorem for Integrals Edited by Mr. Francis Hung

jf
fbg x)dx

By the intermediate-value theorem, there exists a constant ¢: a < ¢ < b, such that

[ 7(xgle)ete
[[gcx

[ 1)) = 1) gl

If g(x) <0, we can arrive at the same result if we apply on —g(x) > 0.

fe)

Theorem 3 Second Mean Value Theorem for Integrals
Assume g is continuous on [a, b], and assume f has a derivative which is continuous and

never change sign in [a,b]. Then there exists ce[a,b] such that

[ 7 ()elekiv = f(@)f “glekax+ /()] glxe

Proof: Let G(x) =ng(l)dl, since g is continuous, we have G'(x) = g(x)

Therefore integrating by parts gives

I 7 (el = [ 7(:)G (el = [ 1 (G )
=AB)G®) - [ "1 (<G (xktx (:Gla)=0)

By Theorem 2, we have I: f '(x)G(x)dx= G(c) I: f '(x)dx for some ce[a,b]
= GOD) -Aa)]
[*7(x)e ()= ABYG(b) - G()AB) - A)]

=) [ g0t 1) -] | gtk

= (@) gl 1) glx
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HKAL Past Paper 1995 Paper 2 Q13
(b) Let F(x) be a function with a continuous second derivative such that /"(x) > 0 and F'(x) >m>0

for a <x < b. Using Theorem 3 with f{x) =— F';() and g(x) = —F'(x) cos F(x), show that
x

I:cosF (

()
SO G

I:cosF(x)dx = f(a)j:g(x)dx + f(b)jfg(x)dx, for some ce[a,b]

cosF I F cosF )dx

>0 for all x €[a,b], so f(x) satisfies the conditions in Theorem 3.

Fl

_— ICF()cost)dx+ ( IF x)cos F(x

I (a)

F'l a)-[ cos F(x )dF (x) + F'l(b) L cos F(x)dF (x)
1 1 . b

F'(a) sin F( ) F'—(b)sm F(x]c

jcosF(x)dx\:‘F,L(a)[sm(c)_sinF(a)]+F,L(b)[sm F(b)—sinF(c)i

- ‘sin F(c)‘ ‘sin F(a)‘ ‘sin F(bx ‘sin F(c)‘

NGO RED

<

(¢) (i) Show that I; cos(x")dx < Iol cos(x”+1 )dx

Hence show that hmI cos( )dx exists.

n—>0

RS

(ii)  Using (b), or otherwise, show that hmI cos( )dx exists.

n—>0

(/) For0<x<1 x'>x""

0 < cos(x") < cos(x" ™)

n n+l
IO cos(x )dx < IO cos(x )dx
1 . . . . . .
The sequence {[0 cos(x”)dx} is monotonic increasing which is bounded above by 1.

By Monotonic convergent Theorem, hmI cos( )dx exists.

n—>0

http://twg . hkcampus.net/~twg-htw Page 6



Mean value Theorem for Integrals Edited by Mr. Francis Hung
(#) Let F(x)=x";1<x<2m.
Forn>2, F(x)=n">n>0and F'(x) =n(n—-1)x""'>0

=By (b), Ilzncosx"dx < 4

. 2
= lim I cosx”dx‘ =0

n—soole 1

. 2m
= lim cosx"dx =0

n—»c0 ¢ 1

. 2m " . 1 " . 2m "
lim cos(x )dx:hm cos(x )dx+11m cos(x )dx
0

n—>0 n—wod 0 n—o el

1
= lim cos(x")dx
0

n—>0

.. The limit exists.
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