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Let fand g be differentiable on (a — 8, a +6) \ {a} with g'(x) # 0 on this set. Then
. "(x
0 ACON

=/{ exists,
'(x)

X—>a g

then )1C1_>nll g 8

exists and equals to ¢

(i) Iff(x) > © and g(x) -> w0 asx —> aand if lim J 'Ex; = exists,
x>a g'\x
/()

then lim exists and equals to /.
D g(x)

Proof: (i) Take x st. a<x<a+06
Now fand g continuous on [a, x] and differentiable on (a, x)
[f(x) and g(x) > 0 as x — a]
By Cauchy's mean value theorem on [a, x]
Jex € (a, x) s.t. [fix) - Aa)1g'(cx) = [8(x) — g(@)]f (cx)
Note: g(x) # 0; otherwise da € (a, x) s.t. g'(a) = 0 contradiction

fx)_fe)

g(x) g'(cx)—)g asx »>at (cx—a)

Similarly lim J ( )—

e g(¥)
i W) S,
X—>a g(x) x—)a g( )
(i) Given g€ > 0, first choose x; € (a, a + 0) s.t. whenever a <x <X,

-.we get

We have f:(x)—ﬁ <g and g(x)>0
g'(x)
Now choose x; € (a, x3) s.t. g(x) > max{g(xZ), /(xy )} whenever a < x< x;
€ €

Apply Cauchy's mean value theorem on [x, x;]

Jex € (x, x) s.t. [flxz) = Ax)]g'(c) = [8(x2) — g(x)]f ()
fx)_ f0a)  fle) glo)f'(e.)

glo) gl glc,) glg'le,)

‘ﬂﬂ ()|, | (e 44&%V%J
g(x) ®| e, g(x)g'(e,)

<gtet+e(|l|+e)<(|f]|+3)eassuminge <1

. f)

>0 asx —>a
g(x)

Similarly lim J ( )—
X—>a— g(x)

[ <
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L' Hopital's Rule
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Rules on infinity ()

Created by Francis Hung on 26 June 2008

o is not a number, for any real number x, —o0 <x <0

(a) wo+ow=ow
(b) woxw=wx
(¢ —=0

1

@ Tim L= fim L=

x>0+ ) x—>0- X
() o=

(H o =wfora>1
(g a”=0for0<a<l

(h)y 0“=0fora>0,acanbewx

(#) 19=1 for any number a, a #

Indeterminate Forms

0
(@) 6
) =
(¢) Oxow
d) oo
(e) 0
o
(g 17
- f(x)
s g(x)
then tim )iy /()

wva g(x) xa g'(x)

Examples and exercises:

XCOSX —sin x

lim
x—0 x3
. —XSIn X+ COSX —COSX
= lim >
x—0 3x
. —sinx
= lim
=0 3x
. —COSX
= lim
x—0 3
1
3

. 0 o0
isin the form — or —; (a can be any number or o or —x©)
Q0

0
type —
(type =)
(L' Hopital's rule)

0
type —
(typ O)

(L' Hopital's rule)
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L' Hopital's Rule Created by Francis Hung on 26 June 2008

lim cosl(g)cos xJ

x>0  sin’x

Exercise 1.1

_ Y
Exercise 1.2 lim M
x—0 X
Exercise 1.3 If lim x(1+acos ;C) —bsinx =1, find a and 5.
x—0 X
.1 -
@ tim og=a) (type =)
x—>a+ log e’ —e? 0
1
= lim =4 (L' Hopital's rule)
x—>a+ e
e’ —e
) T e 0
— lim £ "¢ _ (type —)
x—>a+e” (x — a) 0
—lim — & (L' Hopital's rule)
s—at e (x —a)+e”
=—=1
ea
Exercise 2.1 lim @H_e)
x—>o0 X
2
Exercise 2.2 lim w
= log(x~3)
(3) lim xlogx (type 0 x —0)
x—>0+
.1
= lim 8% (type E)
x—=0+ % Q0
1
= lim — (L' Hopital's rule)
x—>0+ — -
= lim (— x)= 0
x—=0+

Exercise 3.1 lim (a - x) tan[ﬂj
x—>a 2a

Exercise 3.2 lim sin (sin x) tan[x - gj

x—0

. 1 1
4) ;lcl—>mz{x 5 log(x 1)} (type o© — o)

—lim log(x - l) - (x — 2)
X2 (x - 2)10g(x - l)

0
type —
(typ O)
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L' Hopital's Rule

R
=1im x—1
x>2 X—2
+ log(x - l)
x—1
~lim 2-x
=2 x — 2+ (x —1)log(x — 1)
-1
=lim
x—>21+l+log(x—l)
__ !
2
Exercise 4.1 lim [ﬂ —cot zj
x—>0\ x a
. . [ 2x
Exercise 4.2 lim| ==secx—tanx
x—)% T

—-X

x—1 e

x—0

Exercise 4.3 lim[ +

(5) Evaluate lim(cos x)zz.

x—0

Lety= (cos x)%2

log(cosx
log y = loglcosy)
X
. .. logcosx
lim log y =lim —=5—
. —tanx
=i
x—0 2x
il - sec’ x
x—0 2
1 limy=— l
08 50 Y 2
iy~
Exercise 5.1 lim (l +sin x)°°t *
x—0
Exercise 5.2 lim x%
Exercise 5.3 lim (x — a)H

X—a+
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(L' Hopital's rule)

0
type —
(typ O)

(L' Hopital's rule)

j , where sinh z =% (e —¢”).

0
type —
(typ O)

(L' Hopital's rule), (type %)

(L' Hopital's rule)

(type 17)
(type ")

(type 0°)
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L' Hopital's Rule solution Created by Francis Hung on 26 June 2008
Last updated: May 20, 2009
cos|\Z Jcosx
iy oAkt
=0 s x
— fim —>1 [(5)?0”15 (_ ik x) (L' Hopital's rule)
x>0 2sin x cosx
_ T, SO [(5)cos x]
4 x>0 cosXx

Exercise 1.1 (type %)

(L' Hopital's rule)

4 cosO 4

_ A
Exercise 1.2 lim M
x—0 X

y
Note that lim (1+x)*=1lim (1 + lj

x—0+ Y0 y

=lim[l + l} =e
n—>0 n

y
and lim (1+x)"= lim [1 N lj

x—0— y—>—0 y

Z—>0

=lim[l - lj , where y = —z
z

l z—1
=lim[l+ j -1
7% z—1
=lim(l+lj , wheren=z-1
n—>00 n
=e
lirg (l + x)% = lirgi(l + x)% =e
Now let y =(1+ x)%
Iny= ln(l+x)
X

Differentiate w.r.t. x

L': ﬁ—ln(ler)

2

y x
= x_(lxt();)}rnx(;ﬂ).(prx)% ...... )
1
lim # (pe £2=2)
= ng}) - %(l + x)% (L’ Hopital’s rule)

http:/twg.hkcampus.net/~twg-htw Page 5



L' Hépital's Rule solution

— lim x—(ngx)ln(H—x)'(ler)%
x50 X (l+x)
— olim x—(l+x)1n(l+x)
x50 x2(1+x)
ml—l—ln(l+x)
x>0 2x+3x7
— olim 1n(l+x2
=0 2x +3x

Exercise 1.3 If lim

x(14+acosx)—bsinx

x—0 x3

|

x—0 3x2

. (I+acosx)—axsin x —bcosx
im =

lim

x—0 3x2

C . 0
In order that the limit exist, and equal to 1, it must be of the type o

l+a-b=0...... .. (D)

}Cig})l cos );xZax sinx _ 1. (type %)
lim sin x —asin x — ax cos x _

x—0 6x

lim (1-a)sin x —axcosx _q

x—0 6x

|

l+(a—b)cosx—axsinx _

. (I—a)cosx—acosx+axsinx
im =

x—0 6
lim (1-2a)cosx +axsin x _
x—0 6
(1-2a)
=1l........ 2
S 2
5
a___
2

sub into (1), 5 =1 +a=—%

lim log!l +e* )

x—>o0 X

Exercise 2.1
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(by (*))
0

t —

(type =)

(L Hopital’s rule)
0

t —

(type O)

(L Hopital’s rule)

=1, find a and b. (type %)

1, (L’ Hopital’s rule)

(L Hopital’s rule)

0
type —
(typ O)

(L Hopital’s rule)

o0
(type —)
o0

(L Hopital’s rule)

o0
(type —)
o0

(L Hopital’s rule)
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L' Hépital's Rule solution

2
Exercise 2.2 lim M

=3 loge— 1)’

2
2tanxsec” x

=lim —
x> §IN X COS X

=lim

=lim ——=-1
x—>3 —SIn x

Exercise 3.1
Xx—a

i 202

Xx—a 1

Jim ——=
*x=>Z8INX x*>FCOSX

Created by Francis Hung on 26 June 2008

o0
(type —)
o0

(L Hopital’s rule)

bt
2

0
type —
(typ O)

(L Hopital’s rule)

lim (& — x) tan[ﬂj (type 0 x o)
2a

o0
(type —)
o0

0
type —
(typ O)

—2cos(2)sin (%)

— (L” Hopital’s rule)

()

T rea(?)
_2a

T

lim sin (sin x)tan
x—0

Exercise 3.2

0
type —
(typ O)

(L Hopital’s rule)

[x— gj (type 0 x —0)

=1lim sin (sin x)- (- cot x)
x—0

T sin (sin x)
=0 tanx

=—Ilim >
x50 sec” x

cos(sin x)cosx

0
type —
(typ O)

(L Hopital’s rule)

=—lim cos(sin x)cos3 x=-1

x—0

Exercise 4.1 lim [ﬂ —cot zj

x—=0\ x a
. atan®—x
=lim
=0 xtan*

0
type —
(typ O)
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L' Hopital's Rule solution Created by Francis Hung on 26 June 2008
Last updated: May 20, 2009

2x .1
. asec” £-1 -] St e 1
=lim s (L’ Hopital’s rule)
=0 tan +xsec” -

1

a
2

. tan”

=lm ———— (- seczf—lztanzf)
0 X L x X

=0 tans +2sec” >

. 2 x

) sin” <

081N £ COS> + %

a a a

1(1-cos )
=11m2‘—“
x—0 %Sln 2x + X
a a

1-cos2: 0
T (type =)

=lim———=0 (L’ Hopital’s rule)

Exercise 4.2 lim [Z_x secx —tan xj

y
x> T

=limn 2x —Tsin x (type %)

Y23 TCOSX

=lim 27 meosx (L’ Hopital’s rule)

x>% —qsin x

: B - : 1 Z —Z
Exercise 4.3 hm[x ! T j , Where sinh z :E (e—¢e7).

0\ 2x*  2xsinh x

X

Y (x—l)sinh xX+xe
=lim -

x50 2x?sinh x
~lim (x - l)- 2% (ex - e’x)+ xe "
x50 2x -%(ex - e’x)

o (x - l)(ex - e’x)+ 2xe "
lxlgé 2x2(ex - e’x)

0
5 (er B 1) (type 0 )

(L Hopital’s rule)

1. (2x—l)£2x+l 0
=_lim type —
40 \x? +x k™ —x (typ O)

1. 2e% +(2x—1)-2-¢* '

:_1 L: HA 1, 1
450 Qx+1)e™ + 20 + x> 1 (L Hopital’s rule)
I.. 4xe*"

Ty (x> +ax+1f> -1
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L' Hépital's Rule solution

) X
=lim

0 2x? 4+ 4x+1—e

1

1

6

lim (l +sin x)°°t ¥

x—0

Exercise 5.1

Let y = (1 + sin x)™**
log y = cot x log(1 + sin x)

- bl

limlog y =lim —log(l s x)
x—0 x—0 tanx

cosx
14+sinx

=lim :
-0 gec” X

3
cos’ x
=1

=lim -
=0 ]+sinx

loglir%yZ l=> limy=e

x—0

Exercise 5.2 lim x%
Lety =y
1
logy= 08X
. . logx
lim log y =lim
X—>0 X—>0 x
1
=lim <=0
x>0 |

10g1ingy=0:> lir%y=e0=l

Exercise 5.3 lim (x - a)H

Lety=(x—-a)" “

logy = (x — a)log(x — a)
lim log y = lim M

1

loglim y=lim L‘j

xXx—a+ Xx—a+ —
(x—af
=— lim (x—a) =0
xXx—a+

lim y=e"=1

X—a+
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=0 4x+442e
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0
type —
(typ O)

(L Hopital’s rule)

(type 17)

0
type —
(typ O)

(L Hopital’s rule)

(type ')

o0
(type —)
o0

(L Hopital’s rule)

(type 0°)

o0
(type —)
o0

(L Hopital’s rule)
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