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Reference: Techniques of MathematicaI_AnaIysis by C.T. Tranter p. 160 - p.165, p.263 - p.266
Euler's Function: €” = cos x + i sin x; ™ = cos x — i sin x

COS X :% ™+ e™); sin x =%(eiX —e™
i

eV =¢e*(cosy +isiny)

Hyperbolic Function: cosh z =1 (e +¢e7) sechz = -2 -
2 coshz e*+e™
H — 1 z -7 _ _ 2
sinhz==(e"—¢€) cosech z =— = -
2 sinhz e’—e™*
tanhz:smhz:e -e coth 7 = 1 _e*+e

coshz e’+e”? tanhz e’ —-e™”
coshz+sinhz=¢’ coshz-sinhz=¢e™
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z . z z
coshz=1+—+—+-+—<+--+; sinhz=z+—+—+---+
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Relation with real trigonometric functions:

+---

cosh z = cos iz;
tanh z = —i tan iz;
sech z = sec iz;

sinhz=-isiniz
cothz=icotiz
cosech z =i cosec iz

Identities: cosh?z —sinh®z=1
sech? z =1-tanh?z
cosech? z = -1+ coth?z

Exercise: Find sinh(-z); cosh(-z); sinh 0; cosh 0

Addition Formulae:  sinh(x £y) = sinh x cosh y + cosh x sinh y
cosh(x £ y) = cosh x cosh y + sinh x sinh y

tanhxttanhy

1+tanhxtanhy

Double Angle Formulae: sinh 2z = 2 sinh z cosh z
cosh 2z = cosh? z + sinh? z = 2 cosh? z— 1 = 2 sinh? z + 1
Special manipulation: If x and y are real numbers,
sin(x + iy) =sin x cosh y + i cos x sinh 'y
cos(x +iy) = cos x coshy —i cos x sinhy
sinh(x + iy) = sinh x cos y + i cosh x siny
cosh(x + iy) = cosh x cos 'y + i cosh x sin 'y

tanh(x £ y) =

Inverse hyperbolic function: z is a complex number, Tanh™ z :% Log (T—ZJ
-z

/ 2
sinh™ x = In(x+\/x2+1) Xi—XH},x;«tO

cosech™ x = In[
X

(x>0, take +; x <0, take -)

/ 2
cosh™t x = In(x+\/x2 —1), x>1 sechlx= In[u], 0<x<1

X
tanh™ x :%In(?—xj ,—1<x<1 coth™x :%In[X—Jrﬂ x> 1
_X —
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Hyperbolic Functions

Differentiation: d s:jnh X = osh x
X
dcoshx .
=sinh x
dx
d tanh x — sech? x
dx
sl
dsinh™ x _y 1
dx 1+ x?
d cosh™x _, 1
dx e
-1
dtanh™ x _y 1
dx 1-x?
d cosech™x - 1
dx XA/1+ X2
dsech™_ 1
dx X+/1— x?
dcoth™®x _ 1
:+ >
dx X" =

Integration: The inverse process of differentiation
J'sinh xdx = cosh X + ¢

jcosh xdx=sinhx + ¢

jsechzxdx: tanh x + ¢
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w = —cosech x coth x
dx
dsech x = —sech x tanh x
dx
d coth x
= —cosech x
dx

(x>0, take +; x <0, take -)
(for all x > 0, take both + and -)

(x>0, take +; x < 0, take -)

(x>0, take —; x < 0, take +)

1 (x>0, take —; x <0, take +)

j cosechxcoth xdx= —cosech x + ¢
j sechxtanh xdx=-sech x + ¢

Icosechzxdx =—cothx+¢C

I dx =In|x++/x?+1|=sinhtx+¢
N1+ X2

I 1 dx =In|x++/x? =1|=cosh™ x + ¢
X2 -1

| 12dx:1In1+—X:tanh‘1x+c
1-x 2 |1-x

I;
Xv1+ x?

dx=-1In
X

1+V1+x°

=—cosechtx+¢

1 AN 4
I—dx——ln———sech X+C
X4/1—x? X
j 21 dx:—lInX—H:—coth‘1x+c
X° -1 2 (x-1

Remember J‘idx =In|x|+c
X

then Isec xdx = In|sec x + tan x| +

Icsc xdx=-In|csc x + cot x| + ¢;

=In|csc x —cot x| + ¢, =In
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