Supplementary Problem on Root Approximation
In this problem you may assumed that if -1 <M < 1, then limM"=0

n-oo
(@) Ifa<nb,letg(x) be a continuous differentiable function defined on [a, b]. Suppose y = g(x)
satisfies the following 2 conditions:
(1) as<g(X)<bforallx:asx<b
(2) lg|sM<1lforallx:a<x<hb
If X1 = g(Xa), prove that lim g(x,)=limx, anda<limg(x,)<b.
n—oo n—oo

n-—-oo

(b) Letg(x) :Z , 1 <x < 2. Show that fixed-point method fails.
X

(c) Letg(x) S —E, 3.1 < x < 3.2. Show that fixed-point method also fails.
X

X2
(d) Given that a root of the equation x + In x =0 is a. Show that 0.4 <a < 0.8.
Here are three iterative formulae:
(1) Xper =-=In X,
(i) X1=e™™
X, +e7%
2
(a)  Which of the formula can be used?
(B) Which formula is better? Use it to find the root correct to 3 decimal places.
Solution
(@ Leth(x)=g(x)-x
thenh(a)=g(@)-a=0
h(b)=g(b)-b=0
(thereisaroot a: a<a <bsuchthath(a) =0
0 g(a)=a
By mean value theorem, g(x,) — g(a) = (X, — a)g'(c), a < ¢ < X,
[Xn+1 = O = [9(Xn) — g(a1)]
= [xn = alg'(c)|
Xn+1 — O < [Xn — a|M
OXn — a] £ [Xp-1 — a|M
[Xp-1 — 0| £ [Xp—2 — a|M

(i) Xrer =

X)[x1 — o < [xo— a|M
Xn —al < [Xo — o M"
Take limitn - oo
lim [xo—al< [xo—0a] limM"
n—o n-oo

rI]irrol(xn —O(Xs|x0 ~a|0=0

O r!lrgo Xp =0 =g(a) = g(rI]irr; Xn)

O r!lrgo g(Xn) = a (-.-g is continuous.)
O Eirr;g(xn):r!irr;xn

rasashb

O as<limg(x,)<b.

n—oo

(b) mm:% 1<x<2

gx) = —% <00 gis strictly decreasing on [1, 2]
X
91)=2,00=1,01<g(x) <2



[Jcondition (1) is satisfied.
, 2
90 =—
X
2
1
O %s lg'(X)| < 2, In particular, |g'(1.25)|=1.28 > 1

%S|g'(x]£

condition (2) fails.
© 9 =i2—£, 3.1<x<3.2
X< X
g(3.1) =-3.12 0J[3.1, 3.2]
g(3.2) =-3.027 J[3.1, 3.2]
condition (1) fails

+3.1<x<32

0g"(x) # 0 Ox O[3.1, 3.2]
g"(3.1)=-0.61<0

[Jg'(x) is strictly decreasing
9'(32) <g'(x) <g'((3.1)

g'(3.1) =0.97,9'(3.2) =0.92
00.92 < g(x) < 0.97

O |g'(x)] < 0.98 Ox J[3.1, 3.2]
condition (2) is satisfied.

d f(X)=x+Inx
f(0.4)=-052<0
f(0.8)=0.58>0
Othereisaroot a: 0.4 <a <0.8suchthatf(a)=0

F=1+2
X
0 f'(x) > 0 Ox 0[0.4, 0.8]

Of (x) is strictly increasing and so that root a is unique.
(@ @@ Xwa=-Inx

g(x) =-1Inx
g0 =-"
X

9'(0.4) =-2.5; ¢'(0.8) =-1.25
[Jcondition (2) fails
(i) X1=e™™
g(x)=e™
g'(x) =-e <00 g(x) is strictly decreasing
g'(0.4) =-0.67
9'(0.8) =-0.45
0'(0.8) <g'(x) <g'(0.4) forx: 0.4 <x<0.8



B

g'(x)[<0.7<1
condition (2) is satisfied.
g(0.4) =0.67, g(0.8) = 0.45
0.4<g(x)<0.8forall x:0.4<x<0.8
condition (1) is satisfied.
Fixed-point method can be applied.
X, +e

2
x+e ™
9(x) = 5
0(0.4) = 0.54; 9(0.8) = 0.62

o) =%(L—e_x) > 0 for all xI[0.4,0.8]

(i) Xesr =

g(x) is strictly increasing.
9(0.4) = g(x) = 9(0.8)

0.54 < g(x) < 0.62
04<9(x)<0.8

condition (1) is satisfied.
g'(0.4) =0.16; 9'(0.8) = 0.28

g"(x) :% e” >0 for all x

g'(x) is strictly increasing on [0.4, 0.8]

9'(0.4) < g'(x) = g'(0.8)

0.16 <g'(x) <0.28

Olg'(x)]<0.3<1

condition (2) is satisfied

Fixed-point method can be applied.
For formula (ii), M = 0.7; for formula (iii), M = 0.3.
[JFormula (iii) is better.
Here is a comparison:

Letxo=22%08 _ o6
Formula (ii) Formula (iii)
>
n Xrsep =€ n Xr+1 = Xr +2e
0 0.6 0 0.6
1 0.5488 1 0.5744
2 0.5776 2 0.5687
3 0.5612 3 0.5674
4 0.5705 4 0.5672
5 0.5652
6 0.5682
7 0.5665
8 0.5675
9 0.5669
10 0.5673
converges to 0.567 (3 d.p.) in 10 steps converges to 0.567 (3 d.p.) in 4 steps




