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Supplementary Exercise on Trigonometry
Prove that cos’(A + 8) + cos*(B + 0) + 2 cos(A — B) sin(A + 8)sin(B + 0) is independent of 6.
Prove that, if sin(a. + ) = k sin(a — ), then (k + 1) cot oo = (k — 1) cot 3.
If X sin O +y cos 6 = sin ¢ and X cos O — Yy sin O = cos @, express X in terms of 6 and ¢ as
simple as possible.

Without using tables or calculators, find the values of tan 15° and tan 22% °.

If cos O + cos ¢ = X and sin O + sin ¢ =Y, prove that cos%(e—(p)z i%wlxz +y’.

Prove the identities: sin® A + sin® B — sin®(A — B) = 2 sin A sin B cos(A — B),
tan3A—-2tan2A+tan A .
=sin2A.
4(tan3A—tan2A)
In any triangle ABC, prove that  (a) b”sin(C — A) = (¢’ — a%) sin B,

(b)y a’—(b-c) coszg = (b +c)? sinzg,

A c+b, A
(c) tan( 5 + B) C_btan 5
Solve completely the triangle ABC in which a =2.718, b = 3.142, A = 54°18'. Show that there
are two possible triangles and find their areas.
If A, B, C are the angles of a triangle, prove that
(sin B — cos B)* + (sin C — cos C)* — (sin A — cos A)* = 1 — 4 sin A cos B cos C.
Given that (1 + cos A)(1 + cos B)(1 + cos C)(1 + cos D) =p sin A sin B sin C sin D,

prove that (1 — cos A)(1 — cos B)(1 — cos C)(1 —cos D) le sin A sin B sin C sin D.

a=bcosC+ccosB
If A, B, C are the angles of a triangle, using sine rule to prove <b=ccos A+acosC ...(*)
c=acosB+bcosA

Hence, solve the system (*) and express cos A, cos B, cos C in terms of a, b and c.
If 0 + ¢ = Yam, prove that (1 + tan 0)(1 + tan @) = 2. Deduce the value of tan ‘4.
Establish the identity sin 6(cos 20 + cos 46 + cos 60) = sin 30 cos 46.

Prove that, if X = cos 30 + sin 30 and Yy = cos 6 — sin 0, then X —y = 2y sin 20.

) . 1 . .
By expressing (3 + cos 0) cosec 0 in terms of tanz 0 (= t), show that this expression cannot

have any value between —2 V2 and 242 .
By projection of the sides of an equilateral triangle onto a certain line, or otherwise, prove that
cos 0 + cos(0 + %4m) + cos(0 +% m) = 0,
and find the value of sin 0 + sin(0 + %41) + sin(0 + % n).
If tan oo = k tan 3, show that (k — 1) sin(a + ) = (k + 1)sin(a. — B).
Show that, if the equation tan X = k tan(x — o) has real solutions (in X), (k — 1)* is not less than
(k + 1) sin’o..
Solve the equation when k = -2 and o = 30°, give your answer in general solution.
(@) Ifsin o + cos a = 2a, form the quadratic equation whose roots are sin o and cos a.
(b) Solve the equation and find the general solution of X:
cos” X + cos X — sin X — sin” X = 0.
Lety=sin 0 (3 sin O —sin 2a) + cos 0 (3 cos 6 — cos 2a) (0° < a < 90°).
(@) Find the general solution of O such that y has a minimum value and find this value.
(b) Find the general solution of 6 such that y has a maximum value and find this value.
(¢) Find also the maximum and minimum value of the expression
sin o (3 sin o — sin 20) + cos o (3 cos o — cos 20) (0° < a < 90°).
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Supplementary Exercise on Trigonometry

If o, B are two distinct roots of the equation a cos 6 + b sin 6 = ¢, prove that

Prove the identity

%sin(a +B)—cos(a+p)=1.

cos(20+¢)+cos(2¢ +0) _ cos(20— )+ cos(2¢—6)
2cos(0+¢)—1 2cos(6-¢)-1 '

Prove the identities

(@)
(b)
(©)
(d)
(®)

sin?(20 + @) + sin’(2¢ + 0) — sin*(0 — @) = 2 cos(0 — @) sin(26 + @) sin(2¢ + H),
tan(3A — %) tan(A + Vim) = 2SM2A
1-2sin2A
(cosA + cosB + cosC)” + (sinA + sinB + sinC)* = 1+8cos'2(B—C)cos/2(C-A)cos4(A-B),
tan3A _2cos2A+1
tanA  2cos2A-1’
sin?(A + 0) + sin’(B + 0) = 1 — cos(A — B) cos(A + B + 26).
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Supplementary Exercise on Trigonometry
cos*(A + 0) + cos*(B + 0) + 2 cos(A — B) sin(A + 0)sin(B + 0)

= % [1+cos2(A+0)]+ % [1+2cos2(B+0)]—cos(A—B) [cos(A+ B +20) — cos(A—B)]

=1+ % [cos2(A + 0) + cos2(B + 0)] — cos(A — B) cos(A + B +20) + cos*(A — B)

=1+ cos(A + B +20) cos(A — B) — cos(A — B) cos(A + B +20) + cos*(A — B)
=1+ cos’(A—B)
After simplification, the expression does not carry 6, which is independent of 6.
sin(a + B) =k sin(a. — B), then (k + 1) cot a = (k— 1) cot .
sin . cos B + cos a sin B =Kk sin o cos B — Kk cos a. sin 3
k cos a sin B + cos a sin 3 =Kk sin o cos B — sin o cos 3
(k+1)cosasinB=(k—1)sin o cos B
(k+1)cota=(k—1)cotp
Xsin®+ycosO=sino...... (D)
XcosO—ysinO=cos Q... 2)
(1) x sin@:XSin26+ysinecos€)=sin9sin(p
+)  (2) xcos 0: X cos” O —y sin O cos O = cos O cos ®

X =sin O sin @ + cos 6 cos @
= cos(¢p — 0)
Using the formula tanxzﬂ (proof: Sin2x__ 2smx<‘;osx =tanXx)
I+ cos2x I+cos2x 1+42cos” x-1
1
o pse_ SN30° 9 1 I _2-V3_, 5
1+cos30° [ T2iB 244 2B
1

1°  sin45° 2 1 1 \/_1\/—1

2 l+cosds |, L 241 241 421

Alternatively, using the formula tan 2x ZLH;(
I—tan” X
2tanl15°
1-tan’15"
1 2tanl5’
B l-uan’ls
I —tan® 15° =2+/3 tan 15°

tan> 15°+2+/3tan 15°—=1=0

tan 15° Z—ﬁi\/(\/g)z +1

=—\J3+2o0r-43-2
+0° < 15°<90° ~.tan 15°>0 = —~/3-2 is rejected
tan 15°=2—+/3

tan 30° =

tan 22% can be found in a similar way.

cos 0 +cos@=X.......... (D)
sinf+sine=Yy........... (2)
(1)* cos® 0 + cos® @ + 2 cos O cos ¢ = X°
1) (2)*sin’ 0 + sin® @ + 2 sin 0 sin @ = V?
1 +1  +2cos(@—@)=x*+Vy
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Supplementary Exercise on Trigonometry
2[1 + cos(8 — @)] = x> +y?

2[1+2 cos2%(6—(p) —1]=x+y?
4 coszé(e—(p)z X +y°

cos%(@ —)= i%w/ X* +y?
6. RHS =2 sin A sin B cos(A — B)
=—[cos(A + B) — cos(A — B)] cos(A —B)
= —cos(A + B) cos(A — B) + cos*(A — B)

= —% (cos2A+cos2B)+ 1 — sinz(A - B)

:_%(1—2 sin® A+ 1 — 2 sin’ B)+1—sin2(A—B)

= sin” A + sin® B — sin®(A — B) = LHS
You may try to prove the identity from the left side.
LHS = tan3A—-2tan2A+tan A
4(tan3A—tan2A)
1 tan2 A—tan A
4 4(tan3A—tan2A)
sin2A—A)

1 cos2Acos A
== note that tan o0 — tan 3 =
4 4sin(BA-2A) ( b cosa cosP cosacosf3

sinow  sinf3 _ sina.cosP—cosasinf

cos3Acos2A
_ 1 sinAcos3A _ sin(o.—p)
4 4sinAcosA cosocosf
1 4cos’ A-3cosA
4 4cosA

=V4i[1 - (4 cos” A—3)]
= Vi(4 — 4 cos® A)

=sin’ A= RHS
7. InAABC,A+B+C=180°, - = _ C _\_a—ksinA b=ksinB,c=ksinC.
sinA sinB sinC
@) b? _ (ksin B)2
c’-a’ (k sinC)2 —(k sin A)2
_ sin’ B
sin>C —sin* A
_ sin’ B
(sinC —sin A)sinC +sin A)
B sin® B
C+A. C-A _ . A+C A-C
2¢cos sin -2sin cosS
2 2
B sin’ B
. A+C A+C . C-A C-A
2sin coS -2sin cosS
2 2 2
sin’ B

“sin(A+C)sin(C—A)
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Supplementary Exercise on Trigonometry
_ sin’ B
sin(180° — B Jsin(C — A)
_ sin’ B
~ sinBsin(C—A)
sin B

=——— Hence result follows.
sin(C— A)

by a*-(b-c) coszéA
=a2—(b—C)2-1+CzOSA

=%[2b2 +2¢° —4bccos A— (b2 —2bc+ 02X1 +cos A)], by cosine rule

:%[sz +2c¢* —4bccos A—(b2 —2bc+c? +b* cos A—2bccos A+c? cos A)]
Z%[bz +2bc+c’ —(b2 cos A+2bccos A+c’ cos A)]
=%[(b+c)2 ~(b+c) cosAl

_(b+C)2 1—cos A

=(b+c) sinzéA

c+b, A
(©) ——tan—
c-b 2
_ksinC+ksinB sl
ksinC —ksin B
cos—
. B+C C-B . A
2sin cos sin—
_ 2 2 . 2
B+C . C-B
2cos sin cos—
2 2 2
2 cos -B . A
€08, €08 ) _B+C . 180°—A A
= . , hote that sin = sIin =Ccos—,
. -B A 2 2
2sin—sin COSE
:;_ cos B+C can be simplified similarly.
tan
_ 1
180°—A-B-B
tan 5

tan(90° — é — Bj
2

= tan(% A + B), this is known as tangent rule.
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Supplementary Exercise on Trigonometry
a=2.718,b=3.142, A=54°18": SSA C
By cosine rule a> = b* + ¢ — 2bc cos A
2.718> =3.142° + ¢* — 2x3.142 ¢ cos 54°18'
¢* —3.666973 ¢ + 2.48464 = 0
c=2.770or 0.90 (B =69.8° or 110.2°, C = 55.9° or 15.6°) b=3.142
So, there are two possible triangles.

c=2.77, area =% bc sin A :% x3.142x2.77 sin 54.3° =3.53

¢=0.90, area :% x3.142x0.90 sin 54.3°=1.14 ¢ 4718 v

(sin B — cos B)? + (sin C — cos C)* — (sin A — cos A)®
= sin’B — 2 sinB cosB + cos’B + sin’C — 2 sin C cos C + cos’B — sin®A + 2 sin A cos A — cos’A
=1-sin2B+1-2sin Ccos C— (1 —sin 2A)
=1+sin2A—-sin2B—-2sinCcos C
=1+ 2 cos(A+B)sin(A—B)—2sinCcos C
=1-2cosCsin(A—B)—2sinCcosC
=1-2 cos C[sin(A — B) + sin C]
=1-4cos C sin A-B+C cos A_S_C
=1 -4 cos C sin(90° — B) cos(A —90°)
=1-4sinAcos B cos C.

Given that (1 + cos A)(1 + cos B)(1 + cos C)(1 + cos D) =p sin A sin B sin C sin D
(1 —cos A)(1 —cos B)(1 —cos C)(1 —cos D)
(1-cos A)1-cos B)1-cos C)1—cos D)1+cos A)1+cos B)1+cos C)1+cos D)
(1+cos A)1+cos B)1+cos C)1+cos D)
(l—cos2 AXl—cos2 BXl—cos2 CXl—cos2 D)
psin Asin BsinCsin D
_sin’ Asin’ Bsin’ Csin” D A

psin Asin BsinCsin D

:lp sin A sin B sin C sin D.
In the triangle on the right,
a=BC=BD+DC=ccosB+bcosC...... (1) c °
b=AC=AE+EC=ccosA+acosC.... (2)

Similarly c=acosB+bcosA ........ (3) (do this part yoursel
These equations are known as projection formulae.

In (2) cos C =b_i%SA ............ @)

In (3) cos B =H’+SA ............ (5) A

Put (4) and (5) into (1)
c—bcosA b—ccosA
. + b-
a a
—=a’=c’+b*—2bccos A E
Similarly b? = a* + ¢* — 2ac cos B b
c¢*=a’+b*-2abcosC
(Do the substitution yourself.)

a=c¢
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Supplementary Exercise on Trigonometry
0 + ¢ = Vam, tan(0 + @) = tan Yan = 1
tanB+tang _ |
1-tanOtano

tan O +tan @ = 1 —tan O tan ¢

1 +tan O +tan @ +tan O tan ¢ =2

(1 +tan 0)(1 +tan @) =2

Let 0 =¢ = '%m, then 0 + ¢ = Vam

By the above result, (1 + tan 0)(1 + tan @) =2

= (1 +tan 0)* =2

1 +tan 0 =++/2

tan Ym =+/2 — 1 (reject—\/z— 1)

sin O(cos 20 + cos 40 + cos 60)

= sin O(cos 46 + 2cos 40 cos 20)

=c0s 40 sin 6(2 cos 26 + 1)

=cos 40 [2 (1 — 2sin” B) + 1] sin O

= cos 40(3 sin 6 — 4 sin’ 0)

= sin 30 cos 40

if X =cos 30 + sin 30 and y = cos 6 —sin O,

X—Y=cos 30 +sin 30 —cos 0 +sin 0
=4cos’0—3cos0+3sin0—4sin’ 0—cos 0+ sin O
=4cos’0—4cosO+4sin®—4sin’ 0
=4 cos B(cos” 0 — 1) + 4 sin® 6( 1 — sin® 0)
=4 cos 0 sin” O + 4 sin O cos” 0
=4 sin O cos O(cos O —sin 0)
= 2y sin 26.

Let E=(3 + cos 0) cosec 0

1-t* 1+t?

1+t2) 2t

C343tP 41t
2t
4427
2t
_2+t?
t ] 0
Et=2+t 12
?—Et+2=0

=3+

2t 1+t2

wt= tang can be any real number, A >0

E2—4x2>0
(E+2+2)E-2+2)20
= E<-2v2 orE>242
This expression cannot have any value between —2 V2 and2+/2.
APQR is an equilateral with QR inclined to the horizontal at an angle 6.
Suppose PQ = QR =RP =1 unit.
The projection of QR on horizontal is MT, the projection of PQ on horizontal is MN, the
projection of PR on horizontal is NT.
MT=QR cos O =cos 6
MN = PQ cos('sm + 0) = cos(}sm + 0)
NT = PR cos(Ysm — 0)
MT=MN-+NT
P.7



Supplementary Exercise on Trigonometry

cos 0 = cos(Ysm + 0) + cos(Ysm — 0)

cos 0 — cos(¥sm + 0) — cos(Ysm—0) =0

cos 0 +cos(Vsm+ 0+ m)+cos(sm—0—m)=0
cos 0 + cos(% m+ 0) + cos(-%m—0)=0

cos 0 + cos(B +%4m) +cos(0 +4% m) =0
Using the projection of APQR onto the vertical,
AB = PR sin(%sm — 0) = sin(Ysm — 0)

BC =QR sin 6 =sin 0
AC = PQ sin(Ysm + 0) = sin(*47 + 0)
AB +BC=AC

sin(Y5m — 0) + sin 0 = sin(Y4m + 0)

sin(Y5m — 0) + sin 0 — sin(5w + 0) =0

sin O + sin[n — (Y5m — 0)] + sin(Ysmt + 0 + 1) =0
sin O + sin(0 + %4m) + sin(0 +4% ) = 0
tan oo = K tan 3

sino. _ ksinf

cosa.  cosf

sin a cos B =Kk sin 3 cos o

%[sin(a+[3)+ sin(oc—B)]zg[sin(oc—i-ﬁ)—sin(a—ﬁ)]
sin (a0 — B) + k sin (oo — B) = k sin (a0 + B) — sin (o + )
(k—1) sin (oc + B)=(k + 1) sin (a0 — B)

Given tan X =K tan (X — o)

(k—1)sin(2x—a)=(k+ 1) sin a

sin(2x—a) = K+l sina

(k1)

It has real solutions (in X) = -1 <

(k +1)°
(k-1)°
(k+1)*sin* a < (k— 1)

(k— 1) is not less than (k + 1) sin” o..
When k=-2 and o = 30°,

(=2 — 1) sin (2x — 30°) = (-2 + 1) sin 30°

sin (2x — 30°) :%

—

k+1)

(k1)

sina<1

sin o<1

2X —30°=180°n + (—1)" 9.594°
2x = 180°n + (—1)" 9.594° + 30°
Xx=90°n+ (—1)"4.797° + 15°,n =0, £1, +2, £3, ........
(@) Ifsino+coso=2a
squaring sin® a. + cos” o + 2 sin a cos o = 4a’
2 sin o cos o =4a’ — 1

) 1
sin o cos o = 2a’ —E

1
sum of roots = 2a, product of roots = 2a’ B

. . . . 1
quadratic equation whose roots are sin o, cos o is x* —2ax + 2a’ ) =0

2 —4ax+4a>-1=0
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Supplementary Exercise on Trigonometry
cos” X + cos X — sin X — sin” x =0
cos? X —sin X + cos X — sin X =0
(cos X + sin X)(cos X —sin X) + cos X —sin X =0
(cos X —sin X)(cos X +sinX+1)=0
cos X —sin X =0 or cos X + sin X =—1

1 1 .
tanX=1or —cosX+—sinX=——
2 2 V2
X = 180°Nn + 45° or cos (X — 45°) = cos 135°
X =180°n +45° or x —45°=360°n + 135°

X =180°n +45° or x =360°n + 180° or 360°n —90°, n =0, 1, £2, +3,

Lety=sin 0 (3 sin 6 — sin 2a) + cos 0 (3 cos 6 — cos 2a) (0° < a < 90°).

(@)

(b)

(©)

=3 sin” 6 — sin 0 sin 20 + 3 cos’ O — cos O cos 2a.
=3 —(sin O sin 2a + cos O cos 2a)

=3 —cos(0-2a)

when y has a minimum value, cos(0 — 2a) = 1

6 — 20 =360°n

0=360°n+2a,n=0, £1, £2, £3, ......

when y has a maximum value, cos(0 — 2a) = —1
0 —2a =360°n + 180°

0 =360°n+ 180°+2a,n=0,+1,£2, £3, ......
Interchange the role of a and 6, we have

sin o (3 sin o — sin 20) + cos o (3 cos o — cos 20) = 3 — cos(a — 20)
maximum value is 3 — (-1) =4

minimum valueis 3 —1=2

acos 0+ bsin 6 =c, a, B are two distinct roots.
acosatbsina=c...... (1)
acospt+bsinpf=c...... (2)

()=

(2)acosa+bsinoa=acos+bsinf

a(cos oo — cos B) = b(sin B — sin o)

+B . oc_—B:_zbcosoc—i-B ) oc_—B

.o
—2a sin———sin ————sIn
2 2 2
_ . o—P

., B are distinct .. sin #0

. o+ o+
a sm—BZ b cos—[3

2

o+ b

tan—B = 2t
a

Using the formula for half angle: t = tanaT

%sin(oc +B)—cos(o+p

+P

b 1+t> 1+t°
_a| 2B) | -0
b |1+ | 14(f
_a 2ab a’-b’
b a’+b* a’+b?
_2a’-a’+p’
a’ +b?

=1
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Supplementary Exercise on Trigonometry
cos(20+ @)+ cos(2¢ +0) B c0s(20— @)+ cos(2¢—0)
2cos(0+¢)-1 - 2cos(0—0)-1
[2 cos(0 — @) — 1][cos(20 + @) + cos(2¢ + 0)] = [2 cos(0 + @) — 1][cos(20 — @) + cos(2¢p — 0)]
LHS =2 cos(20 + @) cos(6 — @) + 2 cos(2¢ + 0) cos(0 — @) — [cos(20 + ¢) + cos(2¢ + 0)]

= cos 30 + cos(0 + 2¢) + cos(20 + @) + cos 3¢ — cos(26 + @) — cos(2¢ + 0)
= cos 30 + cos 3¢
RHS =2 cos(20 — @) cos(0 + @) + 2 cos(2¢ — 0) cos(0 + ¢) — [cos(20 — ¢) + cos(2¢p — 0)]
= c0s 30 + cos(6 — 2¢) + cos 3¢ + cos(p — 20) — cos(20 — @) — cos(2¢p — 0)
= cos 30 + cos 3¢
.~.LHS = RHS
(@) 2 cos(0 — @) sin(26 + @) sin(2p + 0)
=—c0s(0 — @)[cos(30 + 3¢) — cos(0 — )]
=—cos(0 — ¢)cos(36 + 30p) + cos’(0 — 0)

= _% [cos(40 + 2¢p) + cos(20 +4p)] + 1 — sin?(0 — )

is equivalent to

:_%[1_zsin2(2e+(p)+1—2sin2(6+2(p)]+l—Sinz(e—(P)

= sin’(20 + @) + sin’*(2¢ + 0) — sin’(0 — ¢) (similar to Q6(a))
(b) tan(3A — %) tan(A + Vam)
_ sin(3A—37)sin(A+7)
- cos(3A—37)cos(A+ )
_ =3 [cos(4A—7)—cos(2A—)]
%[cos(4A— )+ cos(2A— )]
_ —(sin4A+cos2A)

sin4A—cos2A
3 2sin2Acos2A+cos2A

2sin2Acos2A—cos2A
_ 2sin2A+1
2sin2A-1
_1+2sin2A
1-2sin2A
(c) (cos A + cos B + cos C)* + (sin A + sin B + sin C)?
= cos’A + cos’B + cos’C + sin’A + sin® B + sin® C + 2(cos A cos B + sin A sin B
+ cos B cos C + sin B sin C + cos C cos A + sin A sin C)
=3+ 2[cos(A—B) + cos(B—C) + cos(C—A)]
A-C cos A—228+C Jr400820—A_
A-2B+C C-A
S + cos

=3 +4cos 2

=1+4cosC_A[co

]

=1+8005C_AcosC_BcosA_B=RHS
2 2 2

tan3A

tan A
_ sin3A cosA

cos3A' sin A
_ 3sinA—4sin’ A cosA
4cos® A—3cosA sin A
_3—4sin* A
4cos’ A-3

(d)
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Supplementary Exercise on Trigonometry
_3-2(1-cos2A)
2(1+cos2A)-3
_2cos2A+1
~ 2cos2A-1"
(e) sin’(A + 0) + sin’(B + 0)

= % [1—cos(2A +20)] +% [1—cos(2B +20)]

=1 —% [cos(2A + 20) + cos(2B + 20)]
=1-cos(A—B)cos(A+B+20)
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