Given a 5-digits integer x = abcde. If a + ¢ + e — (b + d) = 11k, where Kk is an integer, prove that x is
divisible by 11.
Proof: x = 10000a + 1000b + 100c + 10d + e
=9999a +a+100lb-b+99c+c+11ld-d+e
=11(909a+91b+9c+d)+a-b+c-d+e
=11(900a + 100b + 9c + d) + 11k
which is divisible by 11.
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Prove that, for any positive integer n, the integer 10" + (-1)" is divisible by 11.

Hence deduce a necessary and sufficient condition for an integer to be divisible by 11 by
considering only the sum and difference of the digits of the integer.

Solution

Induction on n.

n =1, 10" + (-1)° = 11 which is obviously divisible by 11.

Suppose 10 + (=1)** = 11m, where m is an integer, for some positive integer k.

104 + (-1)¥ = 10(104) + (-1)* = 10[11m — (-1)*] + (-1)* = 110m +(-1)%(1 + 10) = 11[10m + (-1)"]
which is divisible by 11.

So, by M.1., 10" + (=1)" is divisible by 11 for any positive integer n.

The necessary and sufficient condition is: Let S; be the sum of all odd digits of an integer N, S, be
the sum of all even digits of N. S; — S, is divisible by 11 if and only if N is divisible by 11.

Proof: Let N = a,x10" + a,_yx10™t + ...... +a;x10 + ap, where 0 < a, <9 and a, are integers, 0<r<n.
S1-S= (—1)”an + (—1)”_1an_1 + ... —a; +qg
If N is divisible by 11, a,x10" + a,1x10"* + ...... +a;x10 + ag = 11m, where m is an integer.
N =11m = ax[10" + (-1)"*] + a1 x[10" " +(-1)"?] + ...... +a;x[10 + 1] +ap (1 - 1)
+[(-D"an + (1) tap g+ ...... —ay + ag]
= anx11k, + ap_1 %11k + ...... + a;x11k; + ap 11kg + S;—S;, where k; are integers, 0<r<n
O S -S,=11Im- [anxllkn + ap1x11kog + ...... + a;x11k; + ag 11k0]
=11[m —apkn + an_1kn1 + ... + ajky + agko], which is divisible by 11.
If S1 — S, is divisible by 11, then (=1)"a, + (1) an_1 + ...... —ap + ap = 11m, where m is an integer.
N = a,x10" + a,1x10™ " + ...... +a,x10 + ag
= a,x[10" + (=1)™] + ap_1x[10™ +(=1)"] + ... +ayx[10 + 1] + ap (1 - 1)
+[(-1D)"an + (1) tany + ...... —a; + ag]
= anx11k, + ap_1x11kog + ...... + a;x11k; + ag 11k + S1-S,
=11 [apkn + @n_1kn1 + ... + ajky + agko] + 11m, which is divisible by 11.

The question is proved.



