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Individual Event 1

11.1

11.2

11.3

Given that there are a positive integers less than 200 and each of them has exactly three
positive factors, find the value of a.

If x = rs, where r and s are positive integers, then the positive factors of x may be 1, r, s and x.
In order to have exactly three positive factors, r = s = a prime number.

Possible x =4, 9, 25, 49, 121, 169. a = 6.

If a copies of a right-angled isosceles triangle with hypotenuse +/2 cm can be assembled to
form a trapezium with perimeter equal to b cm, find the least possible value of b. (give the

answer in surd form).
DEM
or

The perimeter = 6 + 242~940r2+442~89
The least possible value of b = 2 + 4+/2

If sin(c” - 3¢ + 17)° :b;"z, where 0 < ¢c?—3c + 17 <90 and ¢ > 0, find the value of c.

o 4 1
sinfcc-3c+17)°=———7"—=—"=
( ) 2+442-2 2
c2-3c+17=145
c2-3c-28=0

(c=7)(c+4)=0
c =7 or —4 (rejected)

11.4 Given that the difference between two 3-digit numbers xyz and zyx is 700 —c, where X > Z

http://twg.hkcampus.net/~twg-htw

If d is the greatest value of x + z, find the value of d.
Xyz — zyx =700-c

100x + 10y + z — (100z + 10y + x) =700 -7

99x — 99z = 693

X=-z=7

Possible answers: x =8,y=10rx=9,y=2

dis the greatest value of x + z=9+2 =11
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Individual Event 2

12.1

12.2

12.3

12.4

In Figure 1, ABCD is a square, M is the mid-point of AD and N is 4 M N D
the mid-point of MD. If ZCBN : ZMBA =P : 1, find the value of
a.

Let ZABM =6, ZCBM = P6. Let AB=4, AM =2, MN =1=ND

tan(9=i
2

1
tn20= 2810 _ 22 _4_yi1pg p=2
1-tan’6 1-(1)° 3

B C

Given that ABCD is a rhombus on a Cartesian plane, and the co-ordinates of its vertices are
A(0, 0), B(P, 1), C(u, v) and D(1, P) respectively. If u + v = Q, find the value of Q.

+ABCD is a rhombus, .. It is also a parallelogram

By the property of parallelogram, the diagonals bisect each other

Mid point of B, D = mid point of AC

1+2 2+1) (O0+u O+v
2 2 2 2

u=3,v=3=0Q=u+v==6

If1+(1+2)+(1+2+3)+...+(1+2+3+...+Q) =R, find the value of R.
R=1+(1+2)+(1+2+3)+...+(1+2+3+...+6)
R=1+3+6+10+15+21=56

In figure, EBC is an equilateral triangle, and A, D lie on
EB and EC respectively. Given that AD//BC,
AB =CD =R and AC L BD. If the area of the trapezium
ABCD is S, find the value of S.

Z/ABC = / BCD =60°, AC intersects BD at J, ACLBD.
By symmetry, Al=DJ=x,BJ=CJ=y.

ZJBC = ZJCB = ZJAD = ZJDA = 45°, /ADC = 120°

56 x+y

Apply sine formula on AACD, — =—
sin45°  sin120°

x+y=2846, area:%(x+ y)’sin90° = %(784)(6)= 2352
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Individual Event 3

13.1 Let x#t1 and x=-3.1f a is the real root of the equation L +

13.2

13.3

13.4

1

Last updated: 27 March 2008

__ 2 Jfind the value of a

2

x—1 x+3 x2-1

1 2 1 1 2-(x+1)
= — - =
x+3 x°-1 x-1 x+3 (x-1)fx+1)
1 1-x 1 1

= - = —
x+3  (x-1)x+1) x+3  x+1
X+l=-xXx-3=>x=-2=a
andg(b):1+I L

2 3

If(b) — g(b)| + f(b) + g(b) = 3, find the value of b.

Ifh>1 ()= a

. If b satisfies the equation

4 2
2log2 |og3|+ 2log2 , log3 :3:>|Iog@,| Jlogl2_, |ogi _ Iogb_
logb Iogb| logb logb | logh | logh 3b 12
4 b?
log—=+log—
Y390
Iogi—logﬁ or Iogi—logE
3b 12 3b b?
b*=160rb=9
Method 2
Remark Define the maximum function of x, y as: Max(x, y) :%M
Similarly, the minimum function of x, y is: Min(x, y) :w
f(b)= —a__4log2 _ logl6 ,0(b)=1+ 1 _logb +Jog3 _ log3b , by using the change of base formula
log,b  logb logh log,b logb logb logh

The given equation is equivalent to 2 Max(f(b), g(b)) =3

If f(b) > g(b), i.e. 12916 1093 ) <%, then the equation is 2f(b) = 3

logb  logh
2log16
logb
= 27 < 16, which is a contradiction; .".rejected
If f(b) < g(b), the equation is equivalent to 2 g(b) = 3

3
=3= log 256 = log b® = b* = 256 <(%) =1 <%

i.e. z:ggsb =3 =log9b®=logh*=9b*’=b*=b=3
2
Given that x, satisfies the equation x> - 5x + (b —8) = 0. If ¢ :% , find the value of c.
X + X5 +1
X =5x+1=0,x+1=5x x"+ 2% +1=25¢ x*+ x* + 1 = 24%°

2 2
c= Xo =% :i
Xg+X,+1 24x2 24

If =2 and 216c are the roots of the equation px? + dx = 1, find the value of d.

—2 and 9 are roots of px’ + dx—1=0

sum of roots = _a. 249 =-18d=7=d __ 1
p 18
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Individual Event 4
14.1 Let a be a real number. If a satisfies the equation log,(4* + 4) = x + log,(2** - 3), find the
value of a.
loga(4* + 4) = log, 2° + loga(2°* - 3)
4+ 4= 252 -3)
(22 + 4 = 2-(2)* - 3.2
0=(2"?-32"-4
2 -H2*+1)=0
2=4,x=2=a

14.2 Given that n is a natural number. If b = n® — 4an? — 12n + 144 is a prime number, find the
value of b.
Let f(n) = n*—8n%-12n + 144
f(6) = 6> - 8-6°— 12:6 + 144 = 216 — 288 - 72 + 144 =0
.. 1(6) is a factor
By division, f(n) = (n - 6)(n - 6)(n + 4)
b=n®-8n*-12n+ 144 ,itisaprime=n-6=1,n=7,b =11

14.3 In Figure 1, S; and S; are two different inscribed squares of the right-angled triangle ABC. If
the area of S; is 40b + 1, the area of S; is 40b and AC + CB = c, find the value of c.

A 4

Add the label D, E, F, P, Q, R, S as shown. CDEF, PQRS are squares.

Let DE =, SR =y, then x =+/441=21,y =440 . Let BC =a, AC=b, AB=c =+a’ +b” .
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Let the height of the triangle drawn from C onto AB be h, then ab = ch =2 area of A .....(*)

AAFE ~AACE: 22X X oy= @ oy 1)
b a a+b
ACSP ~ ACAB: height of ACSP fromC :ﬂj h—y :D:w _ ch _ /220
SP c y c c+
2 2
By (%), 22 =./440 = 440 = 20VE D" (o)
ab a“+ab+b
c+
c
From (1) ab=21(a+b) ............ (3), sub (3) into (2):

~21(a+bl(a+b)?—2ab 21(a+b)/(a+b)?—42(a+b) 21(a+b)? —42(a+b)
Va0 = (a+b)* —ab ~ (a+bP-21(a+b) (a+b)-21

Cross multiplying and squaring both sides:

440[(a + b)* - 42(a + b) + 441] = 441[(a + b)* — 42(a + b)]
(a+b)?—42(a + b) — 440x441 = 0
(a+b-462)(a+b+420)=0

AC+CB=a+b=1462

14.4 Given that 241c + 214 = d?, find the value of d.

d? = 241x462 + 214 Method 3
d? = 2x(241x231 + 107) Observe the number patterns:
d? = 2x[(236 + 5)x(236 — 5) + 107] 34% = 1156

d” = 2x(236° — 5% + 107) 334° = 111556

d” = 2x(236° + 82) 3334° = 11115556

= 4x(118x236 +41) | s

d? = 4x(8x59% + 41) ~.d =334

d? = 4x[(3x59)? - 59° + 41] Also, 33” = 1089

d? = 4x[(177)? - (60 — 1)* + 41] 333°=110889

d® = 4x(177° - 3600 + 120 — 1 + 41) 3333% = 11108889

d? = 4x(177° - 3440) = 4x(177° = 3540 + 100) | soovvveeervvmemmmsmnsnsnnnnnnieeen

d? = 4x(177% - 2x177x10 + 10?)

d? = 22(177 - 10)?

d? = (2x167)?
d=334

Method 2: d? = 241x462 + 214 = 111556
300% = 90000 < 111556 < 160000 = 400> = 300 < d < 400
330% = 108900 < 111556 < 115600 = 340? = 330 < d < 340
The unit digit of d® is 6 = the unit digit of d is 4 or 6
335% = 112225 = d = 334
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Individual Event (Spare)

IS.1

IS.2

IS.3

IS.4

In figure 1, AABC is an acute triangle, AB =15 AC =13, and its
altitude AD = 12. If the area of the AABC is P, find the value of P.

BD =+/152-122 =9
CD=+13?-122=5

P =areaof A :%(9+5)><12 =84

Given that x and y are positive integers. If x* + y* is divided by x + y, the quotient is P + 13
and the remainder is Q, find the value of Q.

x'+y'=97(x+y) +Q,0<Q<x+y

Without loss of generality, assume x >,

X' <xt+yt=97(x +y) + Q < 98(x + y) < 98(2x) = 196X

x> < 196

X<5

On the other hand, x* + y* = 97(x + y) + Q = x*(x +y) — y(x* - y°)
= (-9 +y) =y -y)+ Q
RHS>0= LHS >0 = x*>97

X>5

SX=5

Next, X' +y* = 97(x +y) + Q = y’(x +y) + X(’ - y?)

= (97 -Y))(x+y) =x(x’ - y’) - Q

= (97 - Y))(x +y) > x(* = y°) = (x +)

= (98-y’)(x +y) >0

=098>y°

=42y ... 1)
0<Q=0<x"+y* - 97(x +v)
= 97(5+y) <625 +y*
=97y <140 +y* ..o (2)

By trial and error, y = 1 and y = 4 satisfies (2)

So there are two possible pairs (x, y) = (5, 1) or (5,4).
5%+ 1* =626 = (5 + 1)x104 + 2, the quotient is not 97.
5%+4%=881=(5+4)x97+8,Q=8

: . : : : . .12
Given that the perimeter of an equilateral triangle equals to that of a circle with radius acm.

If the area of the triangle is Rn® cm?, find the value of R.

Radius of circle :%cm = 1.5 cm = circumference = 2xntx1.5 ¢cm = 3w cm

Side of the equilateral triangle = = cm

V3 V3

Area of the triangle :%nz sin60° cm? :Tnzcm2 =R =
Letw=23 s=w+ * . find the value of 5
2R wa L
W +

1
W +---

142

vv:z,s:2+é:>sz—zs—1:o,s:7,s>o, ~S=1+42 only
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Group Event 1
G1.1 Given that a is an integer. If 50! is divisible by 22, find the largest possible value of a.
2,4,6,8, ..., 50 are divisible by 2, there are 25 even integers.
4,8, ..., 48 are divisible by 4, there are 12 multiples of 4.
8, ..., 48 are divisible by 8, there are 6 multiples of 8.
16, ..., 48 are divisible by 16, there are 3 multiples of 16.
32 is the only multiple of 32.
a=25+12+6+3+1=47

G1.2 Let [x] be the largest integer not greater than x. For example, [2.5] = 2. If
b :[100x11x 77 +12><78+13><79+14x80] find the value of b.

11x76+12x77+13x78+14%x79
8 11x77+12x78+13x79+14%x80
11x76+12x77+13x78+14x79
11x76+12x77+13x78+14x79+11+12+13+14
11x76+12x77+13x78+14x79
11+12+13+14 j

100

=100x

11x76+12x77+13x78+14x79
11x100+12%x100+13%x100+14x100
11x76+12x77+13x78+14x79
11x76+12x77+13x78+14x79 <11x100+12x100+13x100+14x100<2(11x76+12x77+13x78+14x79)
11x77+12x78+13x79+14%x80 <2

<
11x76+12x77+13x78+14x79

101<1ooxll><77+12><78+13><79+14><80 <102, b=101

11x76+12x77+13x78+14%x79

=100><(1+

=100 +

G1.3 If there are ¢ multiples of 7 between 200 and 500, find the value of c.

@ = 28.6, the least multiple of 7 is 7x29 = 203

5—30: 71.4, the greatest multiple of 7 is 7x71 = 497

497 =a+(c-1)d=203+ (n-1)7;c=43

G1.4Given that 0 < X gg and X, satisfies the equation +/sin x +1 —+/1—sin x :sing. If d = tan X,

find the value of d.

2
(\/Sinx+1—x/l—sin X)2 :(singJ
1+sinx+ 1_Sinx_2m=1—cosx

2

2(2—-2cos x)=1-cos X
cosx=1

X0:O

d=tanxo=0

http://twg.hkcampus.net/~twg-htw Page 7



Answers: (2003-04 HKMO Final Events)  Created by: Mr. Francis Hung

Group Event 2
G2.1 If the tenth-place digit of 5° is a, find the value of a.
5% = ...125, the tenth-place digit = a = 2

G2.2 In Figure 1, AABC is a right-angled triangle, AB=3cm,
AC =4cmand BC =5 cm. If BCDE is a square and the area of
AABE is b cm?, find the value of b.

_3

Height of AABE from A = AB cos B =3x

ol w
U] ©

9 9

b :15X—
2 5 2

)

Last updated: 27 March 2008

D

G2.3 Given that there are ¢ prime numbers less than 100 such that their unit digits are not square

numbers, find the values of c.
The prime are: {2, 3, 5, 7, 13, 17, 23, 37, 43, 47, 53, 67, 73, 83, 97}
c=15

G2.4 If the linesy = x + d and x = -y + d intersect at the point (d — 1, d), find the value of d.

X=—(x+d)+d
x=0=d-1
d=1

http://twg.hkcampus.net/~twg-htw
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Group Event 3
G3.1 If ais the smallest real root of the equation /x(x+1)(x +2)(x+3)+1 =71, find the value of a.

Lett=x+ 1.5, then the equation becomes /(t—1.5)t—0.5)t+0.5)t+1.5)+1=71

(tz—gj(t2—£j+1:71
4 4
2
\/t“—§t2+3+1=71:>,/t4—§t2+§:71:> (t2—§j =71
2 16 2 16 4

22 Z 71t =&:>t=£ or t=-2f
4 4 2 2

x=t-15 :i%—% =7 or =10, a = the smallest root = -10

G3.2 Given that p and q are prime numbers satisfying the equation 18p + 30q = 186. If
log, ——=b >0, find the value of b.
3q+1

18p + 309 =186 = 3p + 59 =31
Note that the number 2" is the only prime number which is even.
3p + 59 = 31 = odd number = eitherp=2o0rq=2

_ b h— p_
Ifp=2,thengq=5;b=lo =lo
p q Js 3q+1 Js

1 ]
=log, —< 0 (rejected
3x5+1 981G (rej )

p _ 7
=lo =0
+1 983><2+1

Ifg=2,thenp=7;b=lo
q p Og 3

G3.3 Given that for any real numbers x, y and z, @ is an operation satisfying
i) x®0=1,and
(i) (x@®y) Dz = (z Dxy) +1z.
If 12004 = c, find the value of c.
c=1® 2004 = (1©0) ©2004 = (20040)+ 2004 = 1 + 2004 = 2005

G3.4 Given that f (x) = (X* + 2x* + 4x— 5) + 2004. If f(\/3-1)= d, find the value of d.
x:\/§—1
2 2
(x+17=(V3)

X2+ 2x—-2=0
By division, x* + 23 + 4x -5 = (X* + 2x = 2)(* + 2) -1 = -1
d= f (ﬁ —1): f(x) = (x* + 2 + 4x — 5)*°® + 2004 = (-1)®* + 2004 = 2005
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Group Event 4

GALIf f(x)=—2 p=f[_ L |4¢ 2 )4
442 1001) (1001

4* 47 44442.4542.47°
f(x)+ fFl-x)=— — - — =
4 +2 4% 42 A4 442.4%42.4

P:fiij+f(ij+ +f(@]
1001 1001 1001
:f( 1 j+f(1000j+f( 2 j+f(999]+ f(500j+f(501] 500
1001 1001 1001 1001 1001 1001

G4.2 Letf(x)=|x—al +|x—-15| +|x—a—-15|, wherea<x <15and 0 <a < 15. If Q is the smallest
value of f (x), find the value of Q.
f(x)=x-a+15-x+15-x+a=30-x>30-15=15=Q

N 1:(1000

j find the value of P.
1001

G4.3 1f2"=3"=36andR —l+l, find the value of R.
m n

log 2" = log 3" = log 36
mlog 2 =nlog 3 =log 36
:Iog36 . n:IogSG
log2 log3
i+£: log?2 N log3 _ log6 _ log6 1
m n log36 1log36 log36 2log6 2

G4.4 Let [x] be the largest integer not greater than x, for example, [25] = 2. If

a= 1+i2+i2+ + > and S = [a], find the value of a.
2° 3 2004
1 1 1 1 1 1
l<a=l++5++—7< 1+ + -t
2> 3 2004 1x2 2x3 2003x 2004
1 11 1 1
=1+l -
2 2 3 2003 2004
= 2—L<2
2004

S=[a]=1
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Group Event (Spare)

GS.1 For all integers n, F is defined by F, = Fp_1 + Frp, Fo=0and F; = 1.
Ifa=Fs+F_4+ ... +F;+ Fs, find the value of a.
Fo=0+1=1F;3=1+1=2F;=1+2=3,Fs=2+3=5
F_1+0:12F_1:1,F_2+1:0:>F_2:—1,F_3+(—1):1:>F_3:2,
F_4+2:—12>F_4:—3, F_5+(—3):2:>F_5:5
a=Fs+F4+...+F;+F5=5-3+2-1+1+0+1+1+2+3+5=16

GS.2 Given that X, satisfies the equation x* + x + 2 = 0. If b = xo* + 2x> + 3x¢° + 2xo +1, find the
value of b.
By division, b = xo* + 2x¢® + 3xo? + 2% +1
= (on + Xo t 2)(X02 +X)+1=1

GS.3 Figure 1 shows a tile. If C is the minimum number of tiles I

required to tile a square, find the value of C. ] B
2 ]
|
. []
2
C=12
GS.4 If the line 5x + 2y — 100 = 0 has d points whose x and y coordinates are both positive integers,
find the value of d.
(x, y) = (18, 5), (16, 10), (14, 15), (12, 20), (10, 25), (8, 30), (6, 35), (4, 40), (2, 45)
d=9
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