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SI|P 6 I1|P| 25 12 |P 16 I3 |P 1 14| P 2 I5|P 2
Q 7 Q 8 Q 81 Q 2 Q 12 Q 1
R 2 Rl 72 R 1 Rl 3996 R 12 R 1
S| 9902 S 6 S| 333332 S| 666 S 2 S 0

Group Events

SG|a 1 Glla] 243 |G2ja] 9025 |G3|a| 3994001 [G4/a| 504 |GS5|a|l 729000
b 15 b| 25 b 9 b 5 b 3 b 12
c 80 c 4 c 6 c 3 Cc 60 Cc 26
d | d 3 d 40 d 38 d 48 d 3

Individual Event (Sample)
SI.1 For all integers m and n, m ® n is defined as m® n=m" + n™. If 2 ® P = 100, find the value

SI.2

of P.
27+ P*=100
64 +36=20+6=100,P=6

If 3/13Q+6P +1-3/13Q-6P —1=3/2, where Q > 0, find the value of Q.
[/13Q+37 -313Q—37) =2

13Q +37 - 33/(13Q +377 13Q—37 +33/(13Q - 37y {13Q + 37 — (13Q — 37) =2
24 = 3/(13Q) -372313Q +37 —3/(13Q) -37°313Q-37

24 = J(13QF -37* V2; (- 313Q+37 -3/13Q-37 =42
13824 =[(13Q)* — 1369] x 2

6912 + 1369 = 169 Q*

Q' =49=Q=7

SI.3 In figure 1, AB = AC and KL = LM. If LC = Q — 6 cm and

KB = R cm, find the value of R.

Draw LN // AB on BM.

BN = NM intercept theorem

ZLNC = ZABC = ZLCN (corr. Zs, AB // LN, base s, is0s. A) K
LN=LC=Q -6 cm=1 cm (sides opp. eq. £s) L
R cm=KB =2 LN =2 cm (mid point theorem)

B C M

N

SI.4 The sequence {a,} is defined as a; =R, a1 =an +2n (n > 1). If 100 = S, find the value of S.
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a=2,a=2+2,a3=2+2+4, .., a00=2+2+4+...+ 198=2+%(2+198)-99=9902=S
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Answers: (1999-00 HKMO Final Events)  Created by: Mr. Francis Hung Last updated: 21 February 2008

Individual Event 1
I1.1 Let [X] represents the integral part of the decimal number X.

Given that [3.126] + [3.126+%]+[3.126+§ ]+...+[3.126+%] — P, find the value of P.

P =[3.126] + [3.126+%]+[3.126+§]+...+[3.126+%]
—343+43+3+3+43+3+4=25

2 2 2
I1.2 Leta+b+c=0. Given that ? + 2b + 2C =P —3Q, find the value of Q.
2a“+bc 2b“+ac 2c”+ab
2 2 2
pc & b cC Method 2
2a’ +bc 2b? +ac 2c¢’ +ab a2 b2 2 2530
2 + + =25—
— (b+c) n b n ¢’ 2a> +bc 2b%+ac 2c’+ab
2b* +5bc+2¢*  2b* —bc-c® 2¢’ —bc-Db’ - The above is an identity which holds for all
_ a’ N b? N c’ values of a, b and ¢, provided that a+b+c=0
(2b+c)b+2c) (2b+c)b-c) (b+2c)c-b) Leta=0,b=1,c=-1,then
_ (b+c)(b—c)+b*(b+2c)—c*(2b+c) 0+ % " % ~25-3Q.

(2b +c)b +2¢c)b —c)
(b+c)(b-c)+b* —c* +2bc(b—c)
(2b +c)b +2c)b -c)
(b—c)b® +2bc+c* +b* +bc+c® +2bc)
(2b+c)b +2c)b —c)
(2b* + 5bc + 2¢)
(2b +c)b +2¢)

1.3 In the first quadrant of the rectangular co-ordinate plane, all
integral points are numbered as follows,
point (0, 0) 1s numbered as 1’ ) >
point (1, 0) is numbered as 2,
point (1, 1) is numbered as 3,
point (0, 1) is numbered as 4, 4
point (0, 2) is numbered as 5,
point (1, 2) is numbered as 6,
point (2, 2) is numbered as 7,
point (2, 1) is numbered as 8§,

Q=8

=1=25-3Q0=0Q=8

>

A

\ 4
\ 4
v

Given that point (Q—1,Q) is numbered as R, find the value of R.
point (0, 1) is numbered as 4 = 2?
point (2, 0) is numbered as 9 = 3
point (0, 3) is numbered as 16 = 4°
point (4, 0) is numbered as 25 = 5°
point (0, 7) is numbered as 64 = 8
point (0, 8) is numbered as 65, point (1, 8) is numbered as 66, point (2, 8) is numbered as 67

(Q-1, Q) = (7, 8) is numbered as 72
11.4 When X +y = 4, the minimum value of 3x* +y* is g , find the value of S.

3x2+y2=3x2+(4x)2=4x28x+16=4(x1)2+12,min=12=%2;8=6
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Answers: (1999-00 HKMO Final Events)  Created by: Mr. Francis Hung Last updated: 21 February 2008

Individual Event 2

12.1 Iflogy(logs P) =logs(log, P) and P # 1, find the value of P.
log(log, P) _ log(log, P)

log?2 log 4
log(log, P) _ log(log, P)
log?2 2 log2

2 log(logs P) = log(log, P) = log(logs P)* = log(log, P)
(logs P)* =log, P

log P ’ _logP
log4 log?2
log P 1

P#1,logP#0= =
(2log2)* log2

logP =4log2=1og16;P=16

12.2 In the trapezium ABCD, AB / DC. AC and BD intersect at O. 4 3
The areas of triangles AOB and COD are P and 25 ~
respectively. Given that the area of the trapezium is Q, find the

value of Q.
AAOB ~ ACOD (equiangular) D c
area of AAOB ( OA)2 16 (%jz
areaof ACOD \OC) 25 \OC
OA:0C=4:5
area of AAOB = 4 (the two triangles have the same height, but different bases.)
area of ABOC 5

Area of ABOC = 16x%= 20

Similarly, area of AAOD = 20
Q = the area of the trapezium = 16 + 25 + 20 + 20 =81

2.3 When 19999 is divided by 7, the remainder is R. Find the value of R.
19998 = (7x285+4)*'=7m + 4*' = Tm + (4*)" = Tm + (7x9+1)* = Tm+ Tn + 1
R=1

2.4 If 111111111111 — 222222 = (R + S)* and S > 0, find the value of S.
111111111111 — 222222 = (1 + S)?
1111111000001 —2) = (1 + S)*
111111x999999 = (1 + S)*
32 x 1111117 = (1 + S)?
1+S=333333
S =1333332
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Individual Event 3
[3.1 Given that the unit digit of 1+2+3+...4+1997+1998+1999+1998+1997+...+3+2+1 is P, find the
value of P.
14+2+43+...+1997+1998+1999+1998+1997+...+3+2+1
=2(1+2+...+1998)+ 1999
=(1+1998)x1998 +1999
P = unit digit =1

132 Given that X +—= P, Ifx’ +i6= Q, find the value of Q.
X X

s 1Y R B (P o, 1
X“+—| =-1=2X"+—/+3 X +X—2 =-1=x +X—6:2
X

- Q Q Q R
13.3 Given that + +-e = , find the
JQ+42Q  2Q +4/3Q J1998Q +4/1999Q  /Q +4/1999Q
value of R.
2 2 2 ~ R
V2444 Ja+e V3996 +4/3998 /2 +4/3998
Va-V2 Jo-+a /3998 — /3996 R
2 + 4+t =
4-2 6—4 3998 -3996 | /2 +/3998
R
V3998 V2= —t——
3998 + 2
R =(+/3998 - v2 J\/3998 + 2 )= 3996
[3.4 Letf(0)=0;f(n)=f(n—1)+3whenn=1,2,3,4,.... If2f(S)=R, find the value of S.

f(1)=0+3=3,f(2) =3 +3 = 3x2, f(3) =3x3, ..., f(n) = 3n
R = 3996 = 2f(S) = 2x3S
S =666
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Individual Event 4

14.1 Suppose a+ ! =b+ ! — 2, where a#—1, b#1, and a — b + 2#0.
a+l b-1
Given that ab —a + b = P, find the value of P.
a—b+2+ L1 =
a+l b-1
@-b+2)[1- —L _J=0=ab+b-a-2=0;P=2

(a+1)\b-1)

[4.2 In the following figure, AB is a diameter of the
circle. C and D divide the arc AB into three
equal parts. The shaded area is P. If the area of
the circle is Q, find the value of Q.

Let O be the centre.

Area of AACD = area of AOCD

(same base, same height) and ZCOD = 60°
Shaded area = area of sector COD = 2
.area of the circle =6 x 2 =12

I4.3 Given that there are R odd numbers in the digits of the product of the two Q-digit numbers
1111...11 and 9999...99, find the value of R.
Note that 99 x 11 = 1089; 999x111 = 110889.
Deductively, 999999999999 x 111111111111 = 111111111110888888888889
R = 12 odd numbers in the digits.

144 Leta, a,, ..., ar be positive integers such that a; < a,< az<...< ar.;< ag. Given that the sum
of these R integers is 90 and the maximum value of @, is S, find the value of S.
ata+...+an=90
at@+h+@+2)+...+@ +11)<90
12a; +55<90
a; <2.9167 = S = max. value of a; =2
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Individual Event 5

Ix2x4+2x4x8+3x6x12+---+1999x 3998 x 7996
P+2°+3%+..-4+1999°

I5.1 If (

1
P:(lx2x4+2x4x8+3x6x12+~-+H@9x3%ﬁx79%j3
1°+2°+3°+..-+1999°

1
[1x2x4(1+2° 43 +---+1999° )]5
P +2° +3% +---+1999°

1
=83=2
[5.2 If (x—P)(x—2Q)— 1= 0 has two integral roots, find the value of Q.
x-2)x-2Q)—1=0
X*—2(1+QX+4Q-1=0
two integral roots = A is perfect square

A=4[(1+Q)* - (4Q - 1)]

=4(Q*-2Q+2)
=4Q-11>+4
It is a perfect square > Q—-1=0,Q =1
I5.3 Given that the area of the AABC is 3Q; D, E and F are the A
points on AB, BC and CA respectively such that
AD Z%AB, BE :% BC, CF :% CA. If the area of ADEF is D

R, find the value of R.
R =3 —area AADF — area ABDE — area ACEF

=3-(L AD - AF sin A+ L BE - BDsin B + L CE - CF sinC)

1
T = P, find the value of P.

=3 %(%-%bsinA—i-%-%sinB+%-%sin€)
=3 %(%-bCSmA+%-aCsmB+%-abs1nC) b

=3 - %(3 x area of AABC)
=3-5x9=1
15.4 Given that (RX2 —X+ 1)1999 =aqpt+taX+ 3.2X2 +...+ 3.3998X3998 .
IfS=ap+a; +a+ + a3997, find the value of S.
0 —x+ D =ap+ax+an+ ...+ ax "
compare coefficients of x*% on both sides, azgog = 1
Putx=1,1""=ap+a, +a+  +asos
S=aptata+ +a3997 = (At ar tat + @3998) — 3908 =1 —-1=0
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Group Event (Sample)

SG.1 Letx *y=x+Yy—Xy, where X, y are real numbers. Ifa=1 * (0 * 1), find the value of a.
0*1=0+1-0=1
a=1*0*H)=1*1=1+1-1=1

SG2In figure 1, AB is parallel to DC, ZACB is a right angle, D C
AC =CB and AB =BD. If ZCBD = b°, find the value of b.
AABC is a right angled isosceles triangle.
/BAC =45° (£s sum of A, base £s is0s. A)
ZACD = 45° (alt. Zs, AB // DC)

ZBCD =135° A B
Apply sine law on ABCD,
BD BC

sin135° sinD

ABA2 = ABSIAST e that AB = BD
sin D

sinD=l; D =30°
2
ZCBD = 180° — 135° - 30° = 15° (£s sum of ABCD), b= 15

SG3 Let X, y be non-zero real numbers. If X is 250% of y and 2y is ¢% of X, find the value of C.

X=2.5Y o (1)
c

=—— X e 2

Y =100 )

C
b. (1) into (2): 2y =——-2.5
sub. (1) into (2): 2y =00+ 2.5y

c=280

SG4 If logp X =2, logq X = 3, logy X = 6 and logpqr X = d, find the value of d.
log X 2. log X _3. logX:6
log p logq logr

logp_l_ logq_l_ logr
logx 2 logx 3  logx

1
6
10gp+logq+logr =l 1 é

+—+—=1
logx logx logx 2 3
logpqr:1
log x
log x

=l=d=1o x=1
log pqr Sor
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Group Event 1

Last updated: 21 February 2008

G1.1 Given that when 81849, 106392 and 124374 are divided by an integer n, the remainders are

equal. If a is the maximum value of n, find a.

81849 =pn+k

106392 =qgn +k

124374 =rn +k
= 24543 =(gq—-p)n

17982 =(r—q)n
=243 x 101 =(g—p)n

243 x 74=(r—q)n

a = maximum value of n =243
RN - 1++/3
1++3 1-43

G1.2 Let X—1

If b = 2x* — 3xy + 2y?, find the value of b.

b =2x% — 3xy + 2y = 2x> — 4xy + 2y* + xy = 2(X — y)* + Xy

1+\/§_1—\/§
) ﬁ)ﬂws)zr“

1-3

+1=25

— 43 2
-2

1-43 1+\/§j2+1—\/§.1+\/§
1+4/3 1-4/3

G1.3 Given that C is a positive number. If there is only one straight line which passes through point

A(1, ¢) and meets the curve C: x> +y> — 2x — 2y — 7 = 0 at only one point, find the value of c.
The curve is a circle.

There is only one straight line which passes through point A and meets the curve at only one
point = the straight line is a tangent and the point A(1, C) lies on the circle.

(otherwise two tangents can be drawn if A lies outside the circle)

Put x =1, y = ¢ into the circle.

1+¢°-2-2c-7=0

¢ -2c-8=0

(c—4)(c+2)=0

c =4 or ¢ =-2 (rejected)

Gl1.4In Figure 1, PA touches the circle with AN
center O at A. If PA = 6, BC=9, PB = d, -\
find the value of d. / : \\4
It is easy to show that APAB ~ APCA / N\
PA_PC (ratio of sides, ~A's) ( O H| \'\.\
PB PA \ /RN
6 _9+ d C ‘»\ -/'J(B “p
d 6 ~_ 7
36=9d +d o
d*+9d-36=0

(d-3)(d+12)=0
d =3 or—12 (rejected)
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Group Event 2

G2.1 If 191 is the difference of two consecutive perfect squares, find the value of the smallest
square number, a.
Let a = t*, the larger perfect square is (t +1)*
(t+ 1)y —t2=191

2t+1=191
t=095
a=95>=9025

1

G2.2 In Figure 2(a), ABCD is a rectangle. DE:EC = 1: 5, and DE = 124. ABCE is folded along the
side BE. If b is the area of the shaded part as shown in Figure 2(b), find the value of b.

A D C’
E F || ‘| NG
00 A D
30° E
B C
B

Let DE =t, then CE = 5t. Suppose BC’ intersects AD at F, C’E intersects AD at G.
BC=BC'=AD =5t tan 60° =543 t

ZC’ED =60°, ZABC’ =30°, ZC’FG = 60°, ZC’GF =30°

AF = 6t tan 30° =243 t, DG =t tan 60° =3 t

FG=5/3t-23t— J3t=243t

C’F=2+3tcos 60°=43t,C’G=231tcos 30° =3t

Area of AC’FG = %\/gtwt :gtz =¥\/ﬁ= 9

G2.3 Let the curve y = x> — 7x + 12 intersect the x-axis at points A and B, and intersect the y-axis at
C. If ¢ is the area of AABC, find the value of C.
X2 =X+ 12=(x-3)(x—4)
The Xx-intercepts of 3, 4.
Letx=0,y=12
1 :
c 25(4—3)-122 6 sq. units
G2.4 Let f (X) = 41x* — 4x + 4 and g(x) = —2x* + x. If d is the smallest value of k such that
f (x) + kg(x) = 0 has a single root, find d.
41X% —4X + 4 + k(=2X* +X) =0
(41 = 2K)x* + (k—4)x +4=0
It has a single root = A=0or 41 —2k=0
(k—4)* —4(41 —2k)(4) =0 or k= —%

k>~ 8+16—16x41 +32k=0o0rk= —%

k2+24k—640=00rk=—%

41

k=16 or —40 or -5 d = the smallest value of k =40
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Group Event 3

G3.1 Let a=+/1997x1998x1999 x 2000 +1, find the value of a.
Lett=1998.5, then 1997 =t— 1.5, 1998 =t—-0.5, 1999 =t +0.5,2000 =t + 1.5

V1997 x1998x1999x 2000 +1=/(t —1.5)x (t — 0.5)x (t + 0.5)x (t +1.5) +1

=[t? —2.25)x t? —O.25)+1=\/(t2 —%)x(tz —%)H

2
=\/t4 —%tz +f—2= (tz —%j =t 1.25

=1998.5 — 1.25 = (2000 — 1.5)*— 1.25
=4000000 — 6000 +2.25-1.25
=3994001
G3.2 In Figure 3, A and B are two cones inside a
cylindrical tube with length of 20 and diameter /P
of 6. If the volumes of A and B are in the ratio
3:1 and b is the height of the cone B, find the
value of b. \L

1.3 (20 - b)—ﬂ 32h=3:1
3 3

20-b=3b
b=35

G3.3 If ¢ is the largest slope of the tangents from the point A{ to the circle

££J
2

C: x* +y* =1, find the value of .

V1o V10

Let the equation of tangent be Y 5 = C(X — —)

2
X — y+@(l—c)=0
Distance form centre (0, 0) to the straight line = radius
0-0+30(1—c)
c +(— 1)?

=1

%(l—c)2 =c? +1

5-10c+5¢2=2¢"+2
3¢2-10c+3=0
(3c—1)(c-3)=0

c =% or 3. The largest slope = 3.

G3.4 P is a point located at the origin of the coordinate plane. When a dice is thrown and the
number N shown is even, P moves to the right by n. If n is odd, P moves upward by n. Find
the value of d, the total number of tossing sequences for P to move to the point (4, 4).
Possible combinations of the die:
2,2,1,1,1,1. There are 4C, permutations, i.e. 15.
4,1,1,1,1. There are sC; permutations, i.e. 5.
2,2,1,3. There are 4C, x 2 permutations, i.e. 12.
4,1,3. There are 3! permutations, i.e. 6.
Total number of possible ways =15+ 5+ 12 + 6 = 38.
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Group Event 4

G4.1 Let a be a 3-digit number. If the 6-digit number formed by putting a at the end of the number
504 is divisible by 7, 9, and 11, find the value of a.
Note that 504 is divisible by 7 and 9. We look for a 3-digit number which is a multiple of 63
and that 504000 + a is divisible by 11. 504504 satisfied the condition.

/ [ 2 / / 2
G4.2 In Figure 4, ABCD is a rectangle with AB = 8+ved-n and BC= 8-ved-w” . BE
T T

and BF are the arcs of circles with centers at C and A respectively. If b is the total area of the
shaded parts, find the value of b. y
AB =AF,BC=CE

Shaded area = sector ABF — rectangle ABCD + sector BCE

=7 aAB2 - AB-BC + % BC?
4 4

2 2
:ﬁ\/8+\/64—n2 _\/8+\/64—n2 .\/8— 64—’ +1\/8_ 64-n’
4

4

I

[8+\/64—n2 +8—\/64—R2J_\/64—(64—n2) B
T T

T T T

2
:z(ﬁj_ T 4 —3—p
4\ 7 11:2

G4.3 In Figure 5, O is the centre of the circle and B
c® = 2y°. Find the value of C.
ZBOC = 2¢° (£ at centre twice £ at )
y+y+2c=180 («s sum of AOBC)

2
T

ENG R

2y +2¢ =180
c+2c=180
c=60

G4.4 A, B, C, D, E, F, G are seven people sitting around a circular table. If d is the total number of
ways that B and G must sit next to C, find the value of d.
If B, C, G are neighbours, we can consider these persons bound together as one person. So,
there are 5 persons sitting around a round table. The number of ways should be 5!. Since it is
a round table, every seat can be counted as the first one. That is, ABCDE is the same as
BCDEA, CDEAB, DEABC, EABCD. Therefore every 5 arrangements are the same. The
number of arrangement should be 5! + 5 = 4! = 24. But B and G can exchange their seats.
.. Total number of arrangements = 24 x 2 = 48.
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Group Event 5

G5.1 If ais the smallest cubic number divisible by 810, find the value of a.
810 = 2x3*x5
a=2’x3°%5" = 729000

G5.2 Let b be the maximum of the function y = \Xz — 4] — 6X (where -2 < x < 5), find the value of b.
When 2 <x<2,y=4—x"—6x=—(x+3)*+13
Maximum value occurs at X =2,y =—(—2 + 3)* + 13 =12
When2 <x<5,y=x"—4-6x=(x-3)*-13
Maximum value occurs at X =5,y =-9
Combing the two cases, b =12

G5.3 In Figure 6, a square-based pyramid is cut into
two shapes by a cut running parallel to the base

and made % of the way up. Let 1 : ¢ be the

ratio of the volume of the small pyramid to that

of the truncated base, find the value of C.

The two pyramids are similar.

volume of the small pyramid (LI 1
3X

volume of the big pyramid - 27

c=27-1=26

G5.4 Ifcos® 0 +sin® 0 =0.4 and d =2 + 5 cos® 0 sin® 0, find the value of d.
(cos” O + sin” B)(cos” O — sin” © cos” O + cos’ 0) = 0.4
cos* 0 + 2 sin® O cos® 6 + cos* 8 — 3 sin? O cos* 0 = 0.4
(cos® O + sin® ©) — 3 sin® 0 cos” 0 = 0.4
1-0.4=3sin’ 0 cos’ 0
sin® 0 cos® 6 =0.2
d=2+5cos*0sin® 0 =2+ 5%0.2=3
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