Answers: (1998-99 HKMO Final Events)  Created by: Mr. Francis Hung Last updated: 24 March 2008

Individual Events

Sljla] 2 |I1|p 12ja] 8 |I13]a] 6 [l4]a |23 |1I5]a 2
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Group Events
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d| 4 dl 1 dl 5 d| 6 d| 3 s| 150 S| 8

Sample Individual

SI.1 If ais the smallest prime number which can divide the sum 3** + 5™, find the value of a.
3" is an odd number, 5% is also an odd number, so 3" + 5 is an even number, which is
divisible by 2.

SI.2 For all real number xand y, x ® y is defined as: x @ y :X—ly :
If b =4 & (a ® 1540), find the value of b.
a® 1540 = 1t _ 1 ;b=4@(a@1540)=@:770

2x1540 3080 4

SI.3 W and F are two integers which are greater than 20. If the product of W and F is b and the

sum of W and F is c, find the value of c.

WE =770------(1)
W

770 =22x35 W =22, F=35,¢c=22+35=57

+F=c .- (2)
Sla If iz(l—%}(l—%j---[l—%},find the value of d.
114 " 22\ 3 c

(AP bt o

12 56 3 4 o8

PR S

23 57 2 3 57

Individual Event 1

11.1 If the interior angles of a p-sided polygon form an Arithmetic Progression and the smallest
and the largest angles are 20° and 160° respectively. Find the value of p.

Sum of all interior angles :g (20° + 160°) = 180°(p - 2)

90p =180p-360 =>p=4

11.2 In AABC, AB=5,AC=6and BC =p. If é: cos 2A, find the value of Q.

(Hint: cos 2A = 2 cos” A - 1)
6°+5°-4° 3

2
cosA=——" " —:c0s2A=2cos°A-1= 2x|> —1:1;Q:8
2x6x5 4 8
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11.3 Iflog, Q +logs Q + logs Q :%, find the value of R.

%=I0928+Iog48+logg8:3+g+1:1—21;R:11

11.4 If the product of the numbers R and % is the same as their sum, find the value of S.

11XE=11+E:> @:11, S=10
S S S

Individual Event 2

121 If x, y and z are positive real numbers such that **Y"Z=XTY¥Z _“XHY+Z oy
z y X
a:(Hy)'(yH)'(HX),find the value of a.
XYz
Lot XHY=Z ) XoyRz_, —xty+z_,
7 1 y ] X .

X—y+z=ky--(2); Q)+ +@):x+y+z=k(x+y+2)=>k=1
—X+y+Z:kX ...... (3)

x+Yy)-(y+z)-(z+x) _8xyz _ 8
Xyz Xyz

12.2 Letuand t be positive integers such thatu + t + ut =4a + 2. If b = u + t, find the value of b.
u+t+ut=34=1+u+t+ut=35=1+u)(l+t)=35=1+u=51+t=7
u=4,t=6=>b=4+6=10

12.3 In Figure 1, OAB is a quadrant of a circle and semi-circles are drawn on OA A
and OB. If p, q denotes the areas of the shaded regions, where «
p=(b—-9) cm?and q = c cm? find the value of c.
p = 1, let the area of each of two unshaded regions be x cm?

From (1), x+y=2z,(2):x+z2=2y,(3):y+z=2x; .. a:(

~

O =
Let the radius of each of the smaller semicircles be r. The radius of the quadrant is 2r.

2
X + g = area of one semi-circle :%; 2x + p + q = area of the quadrant :%n(Zr)2 = nir?

2x(1)=(2),2x+20=2x+p+g=>q=p;c=1
124 Letfo(x) =ﬁ and f2(X) =fo(faa(¥)), N = 1, 2, 3, ... If f2000(2000) = d, find the value of d.

1 1 1 1-x x-1 1
fo(X) =——, fi(x) =f = = = —1-=
o0 = T b =) = = = =

1 1 — N :
f2(x) = fo(1— =) =———— = x, which is an identity function.
x" 1-(1-3)

So f5(X) = fz(X) =X .. fzooo(X) =X fzooo(ZOOO) =2000=d
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Individual Event 3

13.1

13.2

13.3

13.4

For all integers m and n, m ® n is defined as: m ® n=m" + n™. If 2 ® a = 100, find the value
of a.

2°+a”=100;64+36=2°+6°=100,a=6

If 3130+6a+1-313b—6a-1=%2, where b >0, find the value of b.

(/130+37 -3130-37) =2

13b + 37 - 33/(13b+37)° 4130 —37 +33/(13b—37)*3/130+37 — (13b — 37) = 2

24= 3/(13b)’ ~3723/130+37 —-3/(13b) —3723/13b—37

24 = 3/(13b)? —37% ¥2; (--3/13b+37 -3/130-37 =4/2)
13824 = [(13b)? - 1369] x 2

6912 + 1369 = 169 b?

b’=49=b=7

In figure 2, AB = AC and KL = LM. If LC = b - 6 cm and

KB = c cm, find the value of c. A
Draw LN // AB on BM.
BN = NM intercept theorem K
ZLNC = ZABC = ZLCN (corr. Zs, AB /I LN, base /s, is0s. A) L
LN=LC=b-6cm=1cm (sides opp. eq. £s)
B C M

ccm=KB =2 LN =2cm (mid point theorem) N
The sequence {a,} is defined as a; = ¢, ans1 = an + 2n (n > 1). If @100 = d, find the value of d.

a=2,8=2+2,83=2+2+4, .., ai00=2+2+4+ ...+ 198:2+%(2+198)-99:9902:d

Individual Event 4

14.1

14.2

14.3

14.4

Mr. Lee is a years old, a < 100. If the product of a and his month of birth is 253, find the
value of a.

253 = 11x23; 11 = his month of birth and a = 23

Mr. Lee has a + b sweets. If he divides them equally among 10 persons, 5 sweets will be
remained. If he divides them equally among 7 persons, 3 more sweets are needed. Find the
minimum value of b.

1I0m+5=7n-3=23+b

m-10m=8;n=4m=2,23+b=7x4-3=25,b=2

Let ¢ be a positive real number. If x> + 2+/c x + b = 0 has one real root only, find the value of ¢
X +2Jcx+2=0,A=4(c-2)=0=>c=2

In figure 3, the area of the square ABCD is equal to d. IfE, F, G,

H are the mid-points of AB, BC, CD and DA respectively and A E B
EF = c, find the value of d.

Area of EFGH =¢’=2°=4
Area of ABCD = 2 x area of EFGH =8 H F
d=38
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Individual Event 5

15.1

15.2

15.3

15.4

If 144° = 10, 1728% =5 and a = 12?4 find the value of a.
a=12%30= 144 + 17289=10+5=2

f1-24+2 =0,b=2 findb.
X X X

2
(1—2) =O;x:2,b:g:
X 2

If the number of real roots of the equation x> — bx + 1 = 0 is ¢, find the value of c.

X*—x+1=0;A=12-4<0, c=number of real roots = 0
Letf(1) =c+1andf(n) = (n-1) f(n—1), where n > 1. If d = f(4), find d.
f(1) = 1, f(2) = (1) = 1, f(3) = 2f(2) = 2, f(4) = 3f(3) = 3x2 = 6

Sample Group

SG.1 In the given diagram, Z/A+ /B + Z/C + /D + ZE = a°, find a.

A
In AAPQ, /B + #ZD = ZAQP ...... (1) (ext. £ of A) /A\
/C+ /E= /APQ ......(2) (ext. Z of A) E 9 B
ZA+/B+ /C+ /D +/E = ZA+ ZAQP +/APQ (by (1) and (2))
= 180° (s sum of A) D C
-.a=180
SG.2 If the sum of x terms x® + x® + ... + x® = x°, find b.
xx°=x"=b=7
2 3 g_ 3°-1 _
SG3 If1+3+3°+3°+...+3 = 5 , find the value of c.
. : .31 31
By using the formula for the sum of n terms of a geometric series: 7 = c=9

SG.4 16 cards are marked from 1 to 16 and one is drawn at random. If the chance of it being a

perfect square number is % find d.

:£:>d=4
d

Perfect square numbers are 1, 4, 9, 16, so the probability :% =%
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Group Event 6

G6.1 Letx *y =x+y—xy, where X, y are real numbers. Ifa=1* (0 * 1), find the value of a.
0*1=0+1-0=1;a=1*(0*1)=1*1=1+1-1=1

G6.2 In figure 1, AB is parallel to DC, ZACB is a right angle,

AC = CB and AB = BD. If ZCBD = b°, find the value of b. DC
AABC is a right angled isosceles triangle.
Z/BAC = 45° (/s sum of A, base /s is0s. A) h
Z/ACD = 45° (alt. /s, AB // DC) AN
/BCD =135° A B
Apply sine law on ABCD,
BD _ BC
sin135° sinD
ABy2 = ABSINAST  ien that AB = BD
sinD

sinD:E;D:30°
2

ZCBD =180° — 135° — 30° = 15° (£s sum of ABCD), b = 15
G6.3 Let X, y be non-zero real numbers. If x is 250% of y and 2y is c% of x, find the value of c.

XZ2.5Y i, Q)
c
2y =—— X, 2
Y=100 2
. c
sub. (1) into (2);: 2y =——-2.5
(1) into (2): 2y 100 2%
c=80

G6.4 If logy x = 2, logq x = 3, log, X = 6 and logpgr X = d, find the value of d.
Iogx_2_ log x log x

= ; —:3’ _— =
log p logq logr
logp _ 1 logg 1 logr 1

logx 2’ logx 3’ logx 6
Iogp+logq+|09f=1+l+l=1
logx logx logx 2 3 6
Iogpqr:l

log x

log x =1=d=logpgr X =1

log pgr

Group Event 7
G7.1 Ifa=x*+x*and x* + x + 1 = 0, find the value of a.
X" +x+1 =0 :>X+£:_1:>(X+£j2 -1 %2 +%=—1:>(X2 +ij2 =1;a =x'+—=-1
X X X X X
G7.2 1f6° + 6" = 2° + 2°*1 + 2°*2 find the value of b.
6°(1+6)=2"(1+2+4)=b=0
G7.3 Let c be a prime number. If 11c + 1 is the square of a positive integer, find the value of c.
Hc+l=m*=>m’-1=1lc=>M+1)(m-1)=1lc=>m-1=1landm+1=c; m=13
G7.4 Let d be an odd prime number. If 89 — (d + 3)? is the square of an integer, find the value of d.
-~d is odd, d + 3 must be even. 89 — (d + 3)> must be odd.
By trial and errorm=5,89=8°+5=d+3=8=d=5
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Group Event 8

G8.1 Let a be the number of positive integers less than 100 such that they are both square and cubic
numbers, find the value of a.
The positive integers less than 100 such that they are both square and cubic humbers are:
1 and 2° = 64 only, so there are only 2 numbers satisfying the condition.

G8.2 The sequence {ay} isdefinedas: a;=1,a;=1and ax = ax1 + ax2 (k> 2)
Ifa; +ax+ ... +a=11ay, find the value of b.
aa=l,ap=1a=2,a4=3,a5=5,a=8,ar=13,a3 =21, a9 = 34, a;0 = 55
aptayt...+ap=1+1+2+3+5+8+13+21+34+55=143=11x13=11as;;b=7

G8.3 If ¢ is the maximum value of log(sin x), where 0 < x < r, find the value of c.
0<sinx<1;log(sinx)<logl=0=c¢=0

G8.4 Given that x +y = 18. If the maximum value of \/;+\/§ is d, find the value of d.

x+y= (Wx+yyf -2y =[x+ fyf =18+2 xy318+2(%j=36 (GM < AM)
Ix+y <6=d

Group Event 9

G9.1 If a tiles of L-shape are used to form a larger similar figure (figure 2)
without overlapping, find the least possible value of a.
From the figure, a = 4. I 1

A
v

G9.2 Let , B be the roots of xX* + bx =2 = 0. If o > 1 and p < -1, and b is an integer, find the value
of b.
a-1>0andB+1<0=(a-1)(P+1)<0=af+a-PB-1<0=a-pB<3
at+tpP=-b<2+3<1l=b>-1,
ot+B=-b>20-3>-1=b<1
Combined solution -1 <b <1; “~bisaninteger, ..b=0

G9.3 Given that m, ¢ are positive integers less than 10. If m = 2c and 0.m¢ = ¢ “; , find the value
m -+
of c.
0mczlom+c ~c+4 20c+c c+4 7c c+4 —14¢% + 35c = 33c + 132

= = = = —=

99 m+5 99 2c+5 33 2c+5
14c®+2c-132=0=7c*+c-66=0= (7c +22)(c-3)=0=c=3

G9.4 A bag contains d balls of which x are black, x + 1 are red and x+ 2 are white. If the

probability of drawing a black ball randomly from the bag is less than % , find the value of d.

X 1 X x4+l x<l—>x=0-—d=3x+3=3
3X+3 6 X+1
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Group Event 10
G10.1 If the roots of x* — 2x — p = 0 differ by 12, find the value of p.

atP=2,aB=-p
a-B=12=(a-B)’=144= (0 + By’ -4aP=144 =4 +4p=144 = p=35

G10.2 Given that the roots of x* + ax + 2b = 0 and x* + 2bx + a = 0 are both real and a, b > 0. If the
minimum value of a + b is Q, find the value of Q.

a’-8b>0and 4b*-4a>0
a’>8bandb’>a=a*>64b’>64a=a’-64a>0=a@-64)>0=a’>64=a>4
minimum a = 4, b* > a = b*>4 = minimumb = 2
Q =minimumvalueofa+b=4+2=6

G103 If R?°% < 53%% \where R is a positive integer, find the largest value of R.

(R0 < (53190 = R? <« 5% = 125 = R <+/125 < 12, the largest integral value of R = 11
G104 |n figure 3, AABC is a right-angled triangle and BH L AC.

If AB = 15, HC = 16 and the area of AABC is s, find the

value of s. H

It is easy to show that AABH ~ ABCH ~ AACB. 15

Let /~ABH=6=/BCH 6

In AABH, BH =15 cos 0

InABCH,CH=BH =tan 6 = 16tan 6 = 15 cos 0 B C

16 sin 0 =15 cos’> 0 = 16 sin 0 = 15-15sin? 0
15sin?0 +16sin0-15=0
(3sin®+5)(5sin6-3)=0

3

sinezé;tanez—
5 4
BC:AB+tan9:15x§:20

Area of AABC = %-le 20=150=s

Group Event (Spare)
GS.1 If a number N is chosen randomly from the set of positive integers, the probability of the unit

digit of N* being unity is % find the value of P.

If the unit digit of N* is 1, then the unit digit of N may be 1, 3, 7, 9. So the probability :%

P=4
GS.2 Given that x +y = 18. If the maximum value of ~/x +,/y is d, find the value of d.

x+y= (Vx+yyf —2yxy = Wx+yf =18+2 xy318+2(XL2yj=36 (GM < AM)
Ix+Jy <6=d

GS.3 If the roots of x* — 2x — R = 0 differs by 12, find the value of R.
a+tpf=2,apf=-R
a-Pp=12=(a-P)?=144 = (0 + B)’-4a p=144 =4 +4R =144 =R =35

GS.4 If the product of a 4-digit number abSd and 9 is equal to another 4-digit number dSba, find the

value of S.
a=1,d=9, Let the carry digit in the hundred digit be x. Then9s + 8 =10x+b ......... 1)
W+X=S .. (2);x=5s=9b..ccccue... 3)

Sub. (3)into (1): 9s+8=10(s-9%) +b=8=5-89%b =5s=8,b=0
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