Discrete Time Signals and Systems in Time-Domain 2

* Discrete Time Signals

c. Classification of sequences
c2.Energy and Power Signals

-total energy of a sequence x[n]

E =S ]

n=—00
-average power of a periodic sequence
k

1
b=k 2 Z‘x[n |

-average power of an aperiodic sequence
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Discrete Time Signals and Systems in Time-Domain 2

* Discrete Time Signals

c. Classification of sequences
c3.0Other types

-bounded sequence

‘x[n]‘ <B <o

-absolutely summable

o0

Z‘x[n]‘ < 00

n=—00

-square summable (finite energy)

i‘x[n]‘z < 00
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Discrete Time Signals and Systems in Time-Domain 2

* Sequence jUunumnz
a. unit sample sequence

I, n=0 L on=k .
5["]:{0, neo O k]_{o, nek }
b. unit step sequence
I, n=>0 X
u[ :{o, 0 u[n]znzz(:)5[n] 1 [ ] 1
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Discrete Time Signals and Systems in Time-Domain 2

e Sequence juuuummniy

c. Sinusoidal and Exponential sequences

Real SlﬂUSOldal SCJUCNCC ETWE Al
x[n]= Acos(wn+¢), —oo<n<oo | L |

mmmmmmmmmmmm

x[n]=x,[n]+x,[n] x[n]= Acos(g)cos(myn) x [n]——As1n(¢)s1n(a)0n)
Exponential sequence .

x[nl=A4Aa”, —o<n<ow
o = 8(00+Ja)0), A = ‘A‘€j¢ | [
x[n] — Ae (og+jogy)n — ‘A‘egonej(wo’“‘{b) | T T T !

ogh

e”" cos(wyn + ¢) + jlAle”™" sin(wyn + @)
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Discrete Time Signals and Systems in Time-Domain 2

« Sequence jluvumwie T
c. Sinusoidal and Expo 0 0
Real sinusoidal sequen: i AN

2 27—
1 et llatln ol 4 falalalslele]
2o T#“Tliﬁijﬁi}lﬁi £ of \‘\ TT1 W{Mww lﬁrﬁirw\
SUCE ST ATV L P RS R R IR R R I pe g ey
20 10 30 2 1 20 30 40
Time i Time index n
(8 (h)
s given by x[n] = 1.5coswon: (a) wp = 0, (b) wp = 0.17, (¢)

Figure 2.15: A family of sinusoidal sequences gi
wo = 0.27, (d) w, = 0.87, (&) wo = 0.97, (f) wp = 7, (g) wo = 1.17, and (h) wp = 1.27.
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Discrete Time Signals and Systems in Time-Domain 2

* Sequence gl

1@

c. Sinusoidal a1~

Exponential se - e jﬁ%m i

-1

Real part

Amplitud
Amplitude

-0.5 ’
0 10 20 30 40 0 10 20 30 40
Time index n ) Time ind
(a) (b)

Figure 2.16: A complex exponential sequence x[n] = e(C1/12+jm/On (a) Real part and (b) imaginary part

mmmmmﬁ’?m?m

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time index n Time index n

(a) (b)

Figure 2.17: Examples of real exponential sequences: (a) x[n] = 0.2(1.2)", (b) x[n] = 20(0.9)".
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Discrete Time Signals and Systems in Time-Domain 2

* Sequence jUunumnz

d. Representation of arbitrary sequence
using unit sample sequence

x[n]=0.50[n+2]+1.50[n—1]—-0[n—2]+ 20[n —4]

(@, Ist S 2‘04
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Discrete Time Signals and Systems in Time-Domain 2

* Sampling Process
at discrete-time constant t_
n 27n

t =nl = —=
FT QT

Ex2.12 Determine the discrete-time signal v[n] obtained by uniformly sampling
at a sampling rate of 200 Hz a continuous-time signal v, (t) composed of a weighted
Sum of five sinusoidal signals of various frequencies, as given below:

v, () =6c0s(607¢)+ 3s1n(30072) + 2 cos(3407)
+ 4¢c0s(5007¢) + 10sin(66077).

Ist S 2‘“
arachar@

N7 Digital Signal Processing




Discrete Time Signals and Systems in Time-Domain 2

* Discrete-Time Systems
a.Simple Discrete-Time Systems

xln] ‘ﬁ)—‘ winl  xln] ——(f—» w,ln]

yin] yin]
w ] = x[nlyln] win] = x(nl+y(n] ) —TL — x,[n]
(a) (b) (a)
A
x[n] > wyln]  xln) —f ;71— wyln]

waln] = Ax[n] wyln]=x[n-1]

(© {d)
xin] — | M = yin]
x[n] — 7 |p—— welnl] x[n] x[n]
5 ! (b)
wsln] = xfn+ 1] x[n]
(e) ®

Figure 2.5: Schematic representations of basic operations on sequences: (a) modulator, (2) adder, (c) multiplier, (d)

unit delay, (e) unit advance, and (f) pick-off node.
Ist S r 2004
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Discrete Time Signals and Systems in Time-Domain 2

* Discrete-Time Systems
b.Complex Discrete-Time Systems

x[n —2]_ 3 xfn =3]

MA ) B

o, oy 03 Oy

AR ? K«Y T
e

ARMA "

Figure 2.6: Discrete-time system of Example 2.3.

Accumulator o

bl a,

z- z
x[rn-2] \/ 2 azf |‘—‘ y[n-2]

Figure 2.7: Discrete-time system of Example 2.4,
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Discrete Time Signals and Systems in Time-Domain 2

* Discrete-Time Systems
b.Classification of Discrete-Time Systems
bl.Linear System

x,[n] produces y,[n]
x,[n] produces y,[n]

x[n] = ax,[n]+ Px,[n] must produce y[n]=oy[n]+ py,[n]

). Ist S 2‘“
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Discrete Time Signals and Systems in Time-Domain 2

* Discrete-Time Systems
b.Classification of Discrete-Time Systems
b2.Time Invariant System

x,[n] produces y,[n]

x[n]|=x[n—n,] must produce y|n]=y|n—n,]

77@@ o 20041
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Discrete Time Signals and Systems in Time-Domain 2

* Discrete-Time Systems
b.Classification of Discrete-Time Systems
b3.Linear Time Invariant (LTI) System

Y

swnuaniinvesis linear uaz Time 1nvariant

x,[n] produces y,[n]

x,[n] produces y,[n]

x[n]=ox,[n—n,]+ px,[n—m,] must produce

yinl=ay[n—ny]+ py,[n—m]
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=/ Digital Signal Processing  Suphatif




Discrete Time Signals and Systems in Time-Domain 2

* Discrete-Time Systems
b.Classification of Discrete-Time Systems
b4.Causal System P ,

Nﬂ@@ﬂﬂl@ﬂllﬁﬂ %ﬂ@]?@‘c’JN VS ‘11uﬂmmwﬂauwmmamamuu
NI

causal y[n]=ax[n]+a,x[n—1]+a,0[n—-2]

non-causal y[n]=ax[n]+a,x{n+1]+a,0[n—1]

77@@ o 20041
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Discrete Time Signals and Systems in Time-Domain 2

* Discrete-Time Systems
b.Classification of Discrete-Time Systems

b5.Stable System

nne bounded mnput 1¢1% bounded output

‘x[n]‘<Bx = ‘y[n]‘<By

Ist S 2‘“
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Discrete Time Signals and Systems in Time-Domain 2

* Discrete-Time Systems
b.Classification of Discrete-Time Systems
b6.Passive and Lossless Systems

Passive i‘y[n]‘z < i‘x[n]‘z

Nn=—a0

Lossless Z‘y ‘ :Z‘x[n]‘z

N=—00 N=—00
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Discrete Time Signals and Systems in Time-Domain 2

* Time-Domain Characterization of LTI system

a.Input-Output relationship

yln]=x[n]* hln]

o h|n] dunaneuduiadues LTI system

Ist S 2‘“
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Discrete Time Signals and Systems in Time-Domain 2

e Time-Domain Che

-1

a.Input-Output relat

(h) ()]
Figure 2.25: Illustration of the convolution process
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Discrete Time Signals and Systems in Time-Domain 2

e Time-Domain Che

-1

a.Input-Output relat

(h) ()]
Figure 2.25: Illustration of the convolution process
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Discrete Time Signals and Systems in Time-Domain 2

* Time-Domain Characterization of LTI system

a.Input-Output relationship

Vin] = hn]*x[n] = > h{Kn[n —

k=—o0

I
—L
[~
[ B Nl
Lhl| 2

Wi
I
LA 2

L-"l-IEnLlh.'IMl—'-

=
e e e — | —

I

—L

p—L
=3 =3 |=3 =3 =3 [=3
r—ml— e — —
Lh | s bl | 2| = |
PR ) IS 'S VIS IS [
| 2
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Discrete Time Signals and Systems in Time-Domain 2
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Discrete Time Signals and Systems in Time-Domain 2

* Time-Domain Characterization of LTI system
a.M31FoNADTLUL

— hinl [N Aynl [ =N ki) F Re]

Cascade

— (1@ hyfn]

Figure 2.28: The cascade connection.

» h][”]
Parallel N })_ N vy I
ol hsln]

Figure 2.29: The parallel connection.
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Discrete Time Signals and Systems in Time-Domain 2

* Time-Domain Characterization of LTI system
a.MIFOUADTE LY

Ex 2.27 Consider the discrete-time system composed of 4 discrete-time systems
with impulse responses given by

hl[n]=5[n]+%5[n—l], hz[n]zéé'[n]—%é'[n—l],

1 n = H4[n] 4’@—’
hy[n]=20[n], hy[n]= —2(§j u[n].
Find the overall impulse response h[n]. Ha[n]
= Hsn]
* Hy[n]
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Discrete Time Signals in Transform Domain 3

3.1 Discrete Time Fourier Transform — DTFT

= Fourier Transform U84 Discrete-Time sequence x [F?]
= . — jam
- wWumsueas sequence clugﬂtmumm complex exponential sequence {e },

ot ) ..:;. 1 =
o Wuailsnnuonaa

Discrete-time Fourier Transform DTFT

(]

I(c‘*”’{ “ ) = Z I[}‘?] e /"

H=—u
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Discrete Time Signals in Transform Domain 3

Definition

X(ej“’) = ix[n]e‘jm

_ X, (e”)+ jx,, (e™)
- ) e
i 6 (@) = aglx(e”)
.| = magnitude function (spectrum)

e?lo) = phase function (spectrum)

-7< 0(w) <7 il principal value

). Ist S @/77@5@/’ 2004
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Discrete Time Signals in Transform Domain 3

Ex 3.1 For o [FI ]
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Discrete Time Signals in Transform Domain 3

Ex 3.2 x[n] a’ u [ﬁ‘] :‘{E ‘ < 1

X(ej“) = i{x”u[ﬂ] e’

F=—ix3
— i an E"_ Jalr]
n =[]
- 7
- S
fE=—03
B 1
l—c e’
o 77@@ or 2004
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Discrete Time Signals in Transform Domain 3

Magnitude
Phase in radians
)

3n -2n —n 0 n 2R 3n -3n -2n -7 0 m 2n 3n
Normalized frequency Normalized frequency
(a) (b)

Figure 3.1: Magnitude and phase of X (¢/?) = 1/(1 — 0.5¢ /%),
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Discrete Time Signals in Transform Domain 3

Inverse Discrete-time Fourier Transform IDTFT

1 T

x ] = — I X (e_“’r”) T day
27 2
o 77@@ or 2004
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Discrete Time Signals in Transform Domain 3

J®
Ex 3.3 Consider the DTFT Hyp(e’™)
1
H. (&) 1, 03‘(0‘3@0
e o
LP 0, w < ‘a)‘ <r
-7 —0, ®, 0
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Discrete Time Signals in Transform Domain

M- Hy(e/*), M =1 Hy(e/), M=3
Hy(e')= > TR0l prion TN Ja e
M n / \ / 37 \
n=—M
/ \ ~ / \ ~
—1T —w, 0 W, \sz —w\\/—% 0 wc\a/qm
(a) (b)
Hy (e, M=17 Hy(e/), M =19

FA

F. W W\

AAAAA

A" i

P V_N
/V\’V\

VNN

- V-o, 0 oV “Tme -7 —w,

(c)

LT A
wV T W

(d)

Figure 2.21 Convergence of the Fourier transform. The oscillatory behavior at

w = wc is often called the Gibbs phenomenon.

2 Digital Signal Processing
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Discrete Time Signals in Transform Domain 3

Band-limited Signals

«full-band discrete-time signal 0< |a)| <7
*bandlimited signal
lowpass discrete-time signal (0 < |a)| <w <71
Bandwidth BW=Q
bandpass discrete-time signal (0 < @, < ‘a)‘ Sw, <7

Bandwidth BW= (()H T Q)L
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Discrete Time Signals in Transform Domain 3

TABLE2.1 SYMMETRY PROPERTIES OF THE FOURIER TRANSFORM

DTEFET Properties

Sequence Fourier Transform
x[n] X(e/?)

1. x*[n} X*(e™/®)

2. x¥*[—nj X*(e/%)

3. Re{x[n]} X.(e/®) (conjugate-symmetric part of X (e/®))

4. jTmix[n]} X,(e/®) (conjugate-antisymmetric part

of X (e/))
5. x.[n] (conjugate-symmetric part ~ Xg(e/?) = Re{X(e/?)}
of x(n}])
6. x,[n] (conjugate-antisymmetric jXi(efy = jTm{ X (e/))
part of x[#])
The following properties apply only when x[n] is real:
7. Any real x[n] X(e/*)= X*(e/®) (Fourier transform is
conjugate symmetric)

8. Any real x[n] Xr(e’®) = Xg(e™/*) (real part is even)

9. Any real x[n] X(e’®) = —X;(e/®) (imaginary part is odd)
10. Any real x[n] | X (e!®)] = | X (e /®)| (magnitude is even)
11. Any real x[n] aX(e/”y = —<aX(e”/*) (phase is odd)
12. x.Jn] (even part of x|n]) Xr(ei?)
13, x,[n] (odd part of x[n]) jX(e/?)

77@@ 7 2004
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Discrete Time Signals in Transform Domain 3

TABLE 2.2 FOURIER TRANSFORM THEOREMS

DTFT Pl’OpeI‘tles Sequence Fourier Transform

x[n] X(el)

ylnl Y(e*)
1. ax[n] + by[n} aX(el®) + bY(e/?)
2. x[n—ng] (ng aninteger) e/ X (ei®)
3. efwonxn] X(g]'(w*wo))
4. x[-n] X(e1®)

X*(el®) if x[n] real.
S. nx|[n] J M
dw

6. x[n] x y[n] X(el®)Y(e/®)
7. x[n]yln] % / X (e®y¥(e/@=)dp

Parseval’s theorem:

8. Z xfnl? = ] | X (/) Pdw

A=—00

9, Z x[n]y*[n] = —%T- f” X(e/*)Y*(e/)dew
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Discrete Time Signals in Transform Domain

TABLE2.3 FOURIER TRANSFORM PAIRS
DTFT Properties Sequence Fourier Transform
- 1. 8[n] 1

2. 8[r — ng] e~ Jono

3.1 (-0 <n < o0) Z 2n8(w + 21k)
k=—c0

4. a" 1 !

. a'uln] (la] <1) T—geJa

10.

11.

. uln]

. (n+Da"uln] (la] < 1)

rsinwy(n + 1)
sinwp

uln] (rl <1)

Sin weh
n

0, otherwise

.x[n]:{l’ O<n<M

efwon

cos(won + ¢)

0
1
m + Z 7!5(0) +27rk)

k=—00

1
(1 — aeJe)?
1
1~ 2rcoswpe™ @ 4 yle=ilw

X(el) = [1 o] < @,

R we < |w|<m

sinfa(M + /2] _ o
sin(w/2)

Z 218(w — wo + 2mk)

k=—00
00

Z [re/?8(w — wo + 2mk) + me™I?8(w + wo + 27 k)]

k=—o00

Digital Signal Processing
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Discrete Time Signals in Transform Domain 3

Ex 3.5 Determine the DTFT of the sequence V[n]|=(n+1)a"u[n] ‘0[‘ <1
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Discrete Time Signals in Transform Domain 3

Ex 3.6 Determine the DTFT ' (e/) of the sequence v[n] given by

dyv[n]+dyn—-1]= p,o[n]+ p,o[n—1] ‘d1 /do‘ <1

o 77@@ or 2004
\\=// Digital Signal Processing — suphattharachark /7/ /




Discrete Time Signals in Transform Domain 3

Ex 3.7 Determine the impulse response of stable LTI system
which input and output satisfy the constant-coefficient difference equation

Vinl- %y[n 1= x[n]- %x[n ]
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Discrete Time Signals in Transform Domain 3

Ex 3.8 Compute the energy of the sequence h, ,[n] of Ex 3.3

H (¢7)= 1, oﬁ‘w‘ﬁwc
AT 0, a)cﬁ‘a)‘ﬁﬂ
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Discrete Time Signals in Transform Domain 3

3.2 Discrete Fourier Transform — DFT

(Introduction)
- MDD finite-length sequence x[n], 0 <=n <= N-1

- NMuaa X (e-”" ) 158071 frequency samples NYANINNDANIY) DY
w=w,, 0<k<N-I

- N9 X(ej”)!ﬁﬂdi“lﬂﬁilzﬁ]x[n]ulﬁ

Discrete Fourier Transform DFT

M-1
X|K] = Zx[rr]wff 0<k<N-1

n=l[l
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