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Helen Liang Memorial Secondary School (Shatin)

Advanced level Pure Mathematics


Supplementary Lecture Notes

Inequalities

A. Basic Properties

The following list supplements those in textbook Theorem 6.1




B. Proving Inequalities

To prove, say ,

, we can use one (or more) of the following methods:

(i) 


(ii) 


ONLY if 


(iii) 


(iv) 





(v) Divide and Conquer   (divide into different cases)

(vi) Induction

(vii) Calculus

(viii) Some expressions that can lead an equation into an inequality:





Example B1
i,iii,iv
If 

, show that 

.

Example B2
i,ii

If 

, show that 

.

Example B3
v

If 

, show that 

.

Example B4
vi

Show that 

.

Example B5
vii

Show that 

, 

.

Example B6
viii

Show that 

, 

.

Condition for Equality

SYMBOL 167 \f "Wingdings" \s 12 \h
The condition for equality is the necessary and sufficient condition for one side of the inequality equals to another.

SYMBOL 167 \f "Wingdings" \s 12 \h
Sometimes the conditions for equality is required as part of the solution for inequalities with  "" or "".

SYMBOL 167 \f "Wingdings" \s 12 \h
Note 




but




Example C1

If 

, show that 

. What is the condition for equality?

Example C2



, show that 

.

Example C3

If 

, show that 

, equality occurs iff 

.

D. Famous Ineqaulities

The purpose of studying these inequalities is to appreciate the various proofs and to familiarize with their area of applications.

(I) AG

Basic Form:


,    

 equality iff 

.

Generalize:





  equality iff 

 are all equal. (#)

Example D1
Proof of the AG inequality

Example D2
Another proof (backward induction)

(i) show by induction that (#)  is true for 

.

(ii) show by induction if (#) is true for 

, then (#) is true for 

.

Application of AG

Note that in order to apply AG, the elements must be positive real numbers.

Example D3



 are distinct positive real number.

Show that 


Example D4



 are distinct positive real number.



.  Hence 

.

Example D5




(II) Cauchy-Schwarz

Basic Form:




equality hold if and only if 

.




Example D6

Generalize:




Example D7  Proof of CS inequality
Application of CS inequality

CS inequality can be used on negative numbers.

Example D8

If 

, show that 

.

Example D9




Example D10

(a) 


(b) 


(c) 


E. Absolute Values

SYMBOL 167 \f "Wingdings" \s 12 \h
The absolute value is the unsigned value of any given real number.

SYMBOL 167 \f "Wingdings" \s 12 \h
The graph of a function involving absolute values is usually characterized by having sharp turning points.

Practice

Unless otherwise specified, a , b and c are positive real numbers.

Discuss the condition for equality if possible.

(1) Show that (i)


(ii)


(iii)


(2) If 

, show that 

. 

(3) Show that 

.

(4)  If 

 and 

, show that 

.

(5)  Show that 

 where 

.

(6)  For k positive real numbers 

,


show that 

.


Hence deduce that 

.

(7)  

 and 

.


Show that 

.

(8)  


(9)  Given 

 are real numbers and 

 for 

.


Let 

, 

 and 

.


Show that 

. What is the condition for equality?

(10) 
(a) Given 

 are positive real numbers. Let 

.




 and hence 

.


(b) Given 

 are positive real numbers.



Let   

   and   




Use induction on n and (a) to show that 

.
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