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Helen Liang Memorial Secondary School (Shatin)


Advanced level Pure Mathematics


Supplementary Lecture Notes

Functions

A. 
Odd and Even Functions

Definitions

Example A1

The followings are odd functions:
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The followings are even functions:

(1)

[image: image5.wmf]x

x

f

=

)

(


(2)

[image: image6.wmf]6

4

2

)

(

cx

bx

ax

x

g

+

+

=


(3)

[image: image7.wmf]x

x

h

cos

)

(

=


(4)

[image: image8.wmf]2

1

2

)

(

x

x

x

k

x

+

-

=


The followings are neither odd nor even:
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Properties:

Functions do not have to be odd or even, but any function may be written as the sum of an odd function and an even function.

Example A2

If 
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Example A3

If 
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are odd functions, then
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Example A4

If 
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are even functions, then
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B.
Bounded Functions

Definition of boundedness and unboundedness

Example B1

Show that 
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is bounded.

Example B2

Show that the following functions are strictly increasing on 
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Terminologies

(a) Monotonic increasing

(b) Monotonic decreasing

(c) Monotonic function

Example B3

Discuss the monotonicity and extreme value(s) of 
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C.
Interesting functions

1. Absolute value function

Activities

Investigate the properties of the graph of the following functions:
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2. Step function

Activities

Investigate the properties of the graph of the following functions:
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3. Sign function

4.
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The graphs of these functions are very interesting indeed.  (Are they continuous?  Differentiable?)

5.
Rational Functions
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, where p(x) and q(x) are polynomials, is called a rational function.

The graph of 
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The graph of 
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Activities

Draw the graph of each of the following functions with Winplot, free for downloading from “Peanuts Software,” and discuss their properties.
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The method of calculus let us investigate more thoroughly the changes of function over different domain.

6.
Exponential Functions
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, then it is commonly denoted as 
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Activities

Draw the graph of each of the following functions with Winplot, and discuss their properties.
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A famous exponential function is the normal distribution:  
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7.
Logarithmic Functions


[image: image76.wmf])

0

(

,

log

)

(

>

=

a

x

x

f

a

, is called a logarithmic function.

If 
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Activities

Draw the graph of each of the following functions with Winplot, and discuss their properties.
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D.
Definition of Function

For each element x in a certain area D, if there is a rule of correspondence such that for each x there is only one corresponding y, then y is called a function of x.  Denoted as 
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· The element x is called the variable.  

· The collection of all the possible values of x is called the domain.  

· For each value of x, a, the corresponding value f(a) of y is called the value of function.  

· The collection of all the possible values of function is called the codomain of the function.

In terms of modern mathematical language, a function is a mapping from the domain to the codomain.  There are three parts to a function:

Example D1

(an easy function)

Example D2

(not a function)

Example D3

(not a surjective function)

Example D4

(not the same as the one in D1)

Example D5

(not a function, multi-assignment of value in domain)

Activities

Which of the followings are functions from R to R?  If not, find a suitable domain to make it a function.
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An interesting function with several formulas is the Dirichlet function:


[image: image103.wmf]î

í

ì

Ï

Î

=

Q

Q

x

x

x

f

,

1

,

0

)

(


What does the graph look like?

Another interesting function may be defined as follows:
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Imagine what it looks like?

E.
Inverse Functions and Composite Functions

Definition (Inverse function)

Example E1

Let 
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be a function from 
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Example E2

Let 
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Definition (Composite function)

Example E3
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F. Injections, Surjections, and Bijections

Definitions (injection – noun, injective – adjective, one-one)

Definition (surjection – noun, surjective – adjective, onto)

Definition (bijection – noun, bijective – adjective, one-one correspondence, invertible function)

Activities

Are the following functions from 
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 injections, surjections, bijections, or none applies?
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Exercise

1. Let 
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.  Show that f is surjective.  Is f bijective?  [Hint:  You may use the fact that every polynomial equation with real coefficients and odd degree has at least one root.]

2. Let 
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3. The function 
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A. Show that 
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B. Let 
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