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Coordinate Geometry:

Chapter 1  Coordinate Systems

I.
Cartesian Coordinate System
A.
Cartesian Coordinates (Rectangular Coordinates)

x is called the abscissa.

y is called the ordinate.

O is called the origin.

B.
Useful Formulae
1.
Distance Formula

The distance between A(x1, y1) and B(x2, y2) is AB =
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2.
Gradient (Slope)

The gradient (or slope) of the line AB is given by mAB =
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3.
Section Formula

If P divides AB in the ratio AP : PB = ( where ( ( (1, then P is equal to 
[image: image3.wmf]÷

ø

ö

ç

è

æ

+

+

+

+

l

l

l

l

1

,

1

2

1

2

1

y

y

x

x

.


P divides AB internally or externally according as the ratio ( is positive or negative.


AP : PB = 7 : 3

AQ : QB = 7 : (3


In particular, the coordinate of the mid-point of AB are 
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4.
The Angle between Two Given Lines

(( = (1 – (2,


(tan (
=
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Hence tan ( =
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 where ( is the acute angle between L1 and L2.

Note
L1 and L2 are parallel if m1 = m2.

L1 and L2 are perpendicular if m1m2 = (1.

5.
Area of a Triangle

The area, (, of the triangle whose vertices (arranged in anti-clockwise order) are P1(x1, y1), P2(x2, y2) and P3(x3, y3) is given by ( =
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Remark

P1(x1, y1), P2(x2, y2) and P3(x3, y3) are collinear iff area of (P1P2P3 = 0.

i.e. ( =
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6.
Centroid of a Triangle

The coordinates of the centroid of the above triangle are 
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C.
Change of Axes
1.
Translation
Let P be the point (x, y) and O' be the point (h, k) relative to axes OX and OY, and if P is the point (x', y') relative to axes O'X ' and O'Y ' parallel to OX and OY respectively, we have 
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Example 1
Find the equation of the line 3x ( y ( 2 = 0 referred to a new origin at the point   (1, 2), the old and new axes being parallel.

Example 2
Suppose the equation of a circle becomes x2 + y2 = a after translating the origin to    (3, 4) with the coordinates axes being parallel to the original ones.  Find the equation of the circle with respect to the original axes.

2.
Rotation

(i)
Anticlockwise Rotation of Axes about Origin through an Angle (

If P is the point (x, y) relative to the axes OX and OY, and the point (x', y') relative to the axes OX ' and OY ' where (XOX ' = (, then 
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Proof


Let (X 'OP = ( and OP = r.  Then x' = rcos(, y' = rsin(.


Hence,
x = rcos(( + () = rcos( cos( ( rsin( sin(
= x'cos( ( y'sin(  and 



y = rsin(( + () = rsin( cos( + rcos( sin( = x'sin( + y'cos(
Example 3
Find the equation of the line pair 4x2 ( 11xy + 6y2 = 0 when the axes are rotated through the acute angle whose tangent is 
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Remark
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i.e. the composition of two rotations is also a rotation.

Note
If we put ( = ((, then it is obvious that
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(ii)
Anticlockwise Rotation of an Object about Origin through an Angle (
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If the rotation is clockwise, the corresponding matrix is
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i.e.
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Remark

From (i) and (ii), we note that anticlockwise rotation of an object about origin through an angle ( is equivalent to clockwise rotation of the axes about origin through an angle (.

Example 4
Rotate ((2, 3) through 150( about the origin.

Example 5
Given that the equation of a line L is y = x.  Find the equation of L if

(a) the coordinate axes are rotated through 
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(b) the line L is rotated through 
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3.
Shear
Definition
Shear is a transformation in which a line, which is called the invariant line, remains fixed while all other points move, parallel to the fixed line, a distance proportional to their distance from the line. 

Consider a shear with the x-axis being the invariant line.

By definition, (x ( x') ( y ( x ( x' = (y for some ((R.  As y = y', we have x = x' + (y'.

i.e. 
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 represents a shear parallel to the x-axis with factor (. 

Similarly, 
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 represents a shear parallel to the y-axis with factor (.

Theorem 1
The area of a triangle remains invariant under a shear.

Proof

Let (x1, y1), (x2, y2), (x3, y3) be the coordinates of the vertices of the triangle.

Then the coordinates after shearing become (x1 + (y1, y1), (x2 + (y2, y2), (x3 + (y3, y3) where ( is the factor of shear.

(area after shearing =
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  which is the area before shearing.

Corollary 2
The area of a polygon remains invariant under a shear.

4.
Reflection


The reflection about the x-axis is represented by 
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Similarly, the reflection about the y-axis is represented by 
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Theorem 3
The reflection about the line y = (tan() x is represented by
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First Proof

	Starting position.
	Rotate the line

through ((.
	Reflection.
	Rotate the line

through (.


So 
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Second Proof









From the figure,










Hence 
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In particular, reflection about the line y = x (i.e. ( =
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5.
Enlargement and Two-way Stretch


Enlargement: 
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2-way stretch: 
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II.
Polar Coordinate System
A.
Polar Coordinates


OA is called the initial line.

O is called the pole.

Usually, (( < ( ( (.

B.
Relation between Cartesian and Polar Coordinates
(x, y) and (r, () are related by the following equations: 
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Example 1
Find the polar coordinates of the point whose Cartesian coordinates are ((
[image: image48.wmf]3

, 1).

Example 2
Transform the following equation from polar coordinate form into Cartesian coordinate form: 
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Remark

Notice that the representation of the polar coordinates of a point is not unique.

e.g. 
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 and so on.

C.
Curve Sketching in Polar Coordinate System
Example 1
Sketch the lemniscate r2 = a2cos 2( where a > 0.

Example 2
Sketch the three-leaved rose r = asin 3( where a > 0.

Example 3
Sketch the cardiod r = a(1 ( cos() where a > 0.

Example 4
(Vision Calculus  P.414  Ex.10.2  Q.7)

Theorem
Suppose P(r, () is a point on a curve represented by a polar coordinate form r = r(() where r(() is a non-negative and continuously differentiable function.  Let O be the pole and ( be the angle from the line OP to the tangent of the curve at P.  Then tan ( =
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Proof
tan( = tan(( ( () =
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Suppose (x, y) is the Cartesian coordinates of P.

Then x = rcos( and y = rsin(.

(
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d

d

x

= r'(()cos( ( r(()sin(
and 
[image: image54.wmf]q

d

d

y

= r'(()sin( + r(()cos(.

Hence, tan ( =
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((*) becomes tan ( =
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