CHAPTER 8

8.1a. Find H in cartesian componentsat P(2, 3, 4) if thereisa current filament on the z axis carrying 8 mA
inthe a, direction:
Applying the Biot-Savart Law, we obtain

" _/OO ldL xag /‘X’ Idza; x [2a, + 3a, + (4 — 2)a,] _/00 Idz[2a, — 3a]
T ) 4TR2 T ) _o 47 (z2 — 8z + 29)%/2 "~ J_oo A (z2 — 87 4 29)3/2

Using integral tables, this evaluates as

1 |:2(22 - 8)(2a, — 3ay)

oo
I
- = —(2a, — 3a,
4 | 52(z%2 — 8z + 29)1/2 }Oo 267 X )

a:

Thenwith 7 = 8 mA, wefinally obtain H, = —294a, + 196a, ©A/m

b. Repeat if thefilament islocated at x = —1, y = 2: In this case the Biot-Savart integral becomes

H. — /00 ldza; x[(2+ Da, + (3—2ay, + (4—z)a] /"0 ldz[3a, — a(]
A 47 (22 — 87 + 26)3/2 T ) 47(z2 — 87 + 26)3/2

Evaluating as before, we obtain with 7 = 8 mA:

I [Z(ZZ —8)(3a, — ax)]OO
b =

I
— = —(3a, —a,) = —127a, + 382a, uA/m
47 | 40(z2 — 87 + 26)1/2 207 5% ~ &) x 3828y uA/

—o0
c. Find H if both filaments are present: Thiswill be just the sum of the results of partsa and b, or

Hr =H, + H, = —421a, + 578a, nA/m

This problem can also be done (somewhat more simply) by using the known result for H from an
infinitely-long wire in cylindrical components, and transforming to cartesian components. The Biot-
Savart method was used here for the sake of illustration.

8.2. A current filament of 3a, A liesalong the x axis. Find H in cartesian componentsat P(—1, 3, 2): We
use the Biot-Savart law,
H— / IdL x ag

47 R?
where IdL = 3dxa,, ag = [—(1+ x)a, + 33, + 2&.]/R, and R = +/x2 + 2x + 14. Thus

oo foo 3dxa, x [-(1+x)a, + 3a, + 2a] _ /00 (93, — 6ay) dx
A A (x2 + 2x + 14)3/2 =)o dn(x2 1 2x + 14)32
(92, —6ay)(x+1) (o  2(%, —6ay)

4 (13)V/x2 + 2x + 14 |- 4 (13)

= 0.110a, — 0.073a, A/m
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8.3. Two semi-infinite filaments on the z axisliein theregions —oo < z < —a (note typographical error in
problem statement) and a < z < oco. Each carriesacurrent I in the a, direction.
a) Calculate H as afunction of p and ¢ at z = 0: One way to do thisis to use the field from an
infinite line and subtract from it that portion of the field that would arise from the current segment
at —a < z < a, found from the Biot-Savart law. Thus,

1 _/“ ldza; x[pa, —za,]

H=
21 p o Am[p?+ 7232

Theintegral part simplifies and is eval uated:

/" Idzpay _Ip z
A2+ 2P ag 02,/ 02 + 72

a

la
—a 27p/p2 + a2 %

Finally,
1

a
:E{l—m}% A/m

b) What value of a will cause the magnitudeof H a p = 1, z = 0, to be one-half the value obtained
for an infinite filament? We require

H

a 1 a 1
1- —— = = —— =2 = a=1/V3
|: \/p2+a2:|p_1 2 Vi+a?2 2

8.4a.) A filament is formed into a circle of radius «, centered at the origin in the plane z = 0. It carries a
current 7 in the ay direction. Find H at the origin: We use the Biot-Savart law, which in this case

becomes: ,
IdL x a T lad —a 1
H=/ fdL x &g R=/ adpdy X (=8) _ o507 5 A/m
loop 4 R? 0 47 a2 a

b.) A filament of the same length is shaped into a square in the z = 0 plane. The sides are parallel to the
coordinate axes and a current / flows in the general a, direction. Again, find H at the origin: Since
the loop is the same length, its perimeter is 2ra, and so each of the four sides is of length wa/2.
Using symmetry, we can find the magnetic field at the origin associated with each of the 8 half-sides
(extending from 0 to +ma /4 along each coordinate direction) and multiply the result by 8: Taking one
of the segmentsin the y direction, the Biot-Savart law becomes

H _/ ldL x ag 8/”0/4 Idyay, x [—(ra/4a, — ya,]
loop 4 R? 0 47 [yz + (7'[(1/4)2]3/2
_al ma/4 dya, al ya,

2 Jo 2t a2 P 2 (na/m2/37 + (najdy

wa/4

1
=057—-a,A/m
0 a
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8.5. Theparall€ filamentary conductorsshowninFig. 8.21lieinfreespace. Plot |H| versusy, —4 < y < 4,
alongthelinex = 0, z = 2: Weneed an expression for H in cartesian coordinates. We can start with the
known H in cylindrical for an infinite filament along the z axis. H = 1/(2mp) ag, which we transform

to cartesian to obtain:
-1y Ix

H=——~>———>a+-—5——2a
2r(x2+y2) " * 2m(x2+y2)
If we now rotate the filament so that it liesalong the x axis, with current flowing in positive x, weobtain
the field from the above expression by replacing x with y and y with z:
-1z Iy
H=—————a+ -———-a
2n(y?+2%) 7 2n(y?+2%)
Now, with two filaments, displaced from the x axisto lieat y = 41, and with the current directions as
shown in the figure, we use the previous expression to write

_[ Iz 3 Iz i| |: I(y—1) B I(y+1) }
Cl2n[+D2+22 2n[(y—D2+22 ] L 2n[(y - D2+ 2n[(y+ D2+

We now evaluate thisat z = 2, and find the magnitude (vH - H), resulting in

|H|—L 2 B 2 n oG-  O+D
27 | \y2+2y+5 y2-2y+5 y2—2y+5 y2+2y+5

Thisfunction is plotted below

[H(y)| (Problem 8.5)
T T T
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[H(y)|
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8.6a. A current filament 7 isformed into circle, p = a, inthez = 7/ plane. Find H; at P(0, 0, z) if I flows
inthe ay direction: Use the Biot-Savart law,

H— / IdL x ag
47 R?
whereinthiscase IdL = Id¢ay, ag = [—aa, + (z — 2)&;]/R, and R = /a?+ (z — /). The

setup becomes

H— /2” ladp ay x [—aa, + (z — 2)a] B /‘2” lalaa; + (z — Z))a,] d¢
—Jo Ar[a? + (z — 2)?]3/2 ~Jo An[a?+ (z—2)?%2
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Atthispoint weneedto beespecially careful. Notethat weareintegrating avector withan a,, component
around acomplete circle, where the vector has no ¢ dependence. Thissum of all a, componentswill be
zero — even though this doesn’t happen when we go ahead with the integration without this knowledge.
The problem isthat the integral “interprets’ a, asaconstant direction, when in fact —as we know —a,
continually changes direction as ¢ varies. We drop the a, component in the integral to give

H_ /2” Ia?a, d¢ na®la, m A/m
0

dnfa + (z—2)232 ~ 2n[a? + (z — 2)232 ~ 2n[a? + (z — 7)2)3/2

wherem = a1 a, isthe magnetic moment of the loop.

b) Find H, at P caused by a uniform surface current density K = Koay, flowing on the cylindrical
surface, p = a,0 < z < h. Theresultsof part a should help: Using part a, we can write down the
differential field at P arising from acircular current ribbon of differential height, dz’, at location
z'. Theribbon is of radius a and carries current Kodz'ag A:

wa?Kodz7'a,

dH =
zﬂ[az +(z — Z/)Z]S/Z

A/m

The total magnetic field at P is now the sum of the contributions of all differential rings that
comprise the cylinder:

o /h na?Kodz' _ a’Ko /h dz’
o 2n[a?+ z—-2)¥2 T 2 Jo [a?+ 72— 277 + (/)32
_ a%Ko 2(22' — 22) )h _ Ko(@ -2 ‘h
2 4a?\Ja? + 72— 227 + ()20 2y/a? + (' —2)210

- 29 h—2) + < A/m
2 | a2+ (h—22 a?2+72

8.7. Given points C(5, —2, 3) and P(4, —1, 2); acurrent element IdL = 10—4(4, -3, D)A -matC pro-
ducesafielddH at P.
a) Specify the direction of dH by aunit vector ag: Using the Biot-Savart law, we find

- IdL xacp _ 107%[4a, —3a, +a;] x [-a, +a, — a] _ [2a: +3a, +a] x 104

4nRZ, 47 33/2 65.3
from which 2, + 33, + a
ay = T = 0.53a, + 0.80a, + 0.27a,
b) Find |dH].
|dH| = % =573x10°A/m =573 A/m

¢) What direction a; should IdL have at C so that dH = 0? IdL should be collinear with acp,
thus rendering the cross product in the Biot-Savart law equal to zero. Thus the answer isa =
:l:(_ax + a-y - a—z)/\/:_3
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8.8. For the finite-length current element on the z axis, as shown in Fig. 8.5, use the Biot-Savart law to
derive Eq. (9) of Sec. 8.1: The Biot-Savart law reads:

o fzz IdL xag /Pta”"‘z ldza, x (pa, —za;) /"‘a”” Ipag dz
Z P

. 4nR? tnay  47(0%+ 2232 ptanay 47 (0% + 2232

Theintegral is evaluated (using tables) and gives the desired result:

H =

Iza¢ ‘Ptaﬂaz tanao tano
47r,0

I . .
— ay = —(Sina2 — Sina1)ay
4 py/p? + 72 \/1+tan2a2 \/1+tan2a1:| 4rp

ptanog

8.9. A current sheet K = 8a, A/m flowsin theregion —2 < y < 2intheplanez = 0. Calculate H at
P (0, 0, 3): Using the Biot-Savart law, we write

K x agdxdy _ 2 > 8a, x (—xa, — ya, +3a;)
Hp = B 2. 2 32 dxdy
47 R o) Ar(xc+y“+9)

Taking the cross product gives:

H / foo 8(—ya;, — 3ay)dx dy
P= 47 (x2 + y2 + 9)3/2

We note that the z component is anti-symmetric in y about the origin (odd parity). Sincethe limits are
symmetric, the integral of the z component over y is zero. We are |eft with

/ f —24a, dx dy 6a /2 x ‘oo
A+ y24+9%2 T 1) 5 (249 /a2 f 2+ 9l
2 12 1 Y\ |2 4
. _° gy=—"%a,tan? ) — (2059 a, = —1.50a, A
ﬂay/_2y2+9 Y nay3an ( )-2 7'[()( )2y M
8.10. Let afilamentary current of 5 mA be directed from infinity to the origin on the positive z axis and then

back out to infinity on the positive x axis. Find H at P (0, 1, 0): The Biot-Savart law is applied to the
two wire segments using the following setup:

Ho = / IdL x ag /00 —ldza; x (—za; + ay) /OO Idxa, x (—xa, + a,)
P=) Tarrz Ty 4t (22 + 1)372 0 4t (x2 + 1)372

o ldzay 0 ldxa, 1 za, | NS
= I I Ar (2 + 132 — 4r + ‘
o 4m(z2+ 1% o 4r(x2+1)% 4 [ /72410 Jx241lo
1
= E(a’“ +a;) = 0.40(a, + a;) mMA/m
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8.11.

8.12.

Aninfinite filament on the z axis carries 20r mA inthe a, direction. Three uniform cylindrical current
sheets are also present: 400 mA/mat p = 1cm, —250mA/mat p = 2cm, and —300 mA/mat p = 3
cm. Caculate Hy a p = 0.5, 1.5, 2.5, and 3.5 cm: We find H, at each of the required radii by
applying Ampere's circuital law to circular paths of those radii; the paths are centered on the z axis.
So,at pp =0.5cm:

f H-dL = 27p1Hp1r = Ienet = 207 x 1073 A

Thus 3 3
10 x 10~ 10 x 10~
Hyq = = =20A/m
¢l o1 05x 102~ 20A/m
At p = p2 = 1.5 cm, we enclose thefirst of the current cylindersat p = 1 cm. Ampere’slaw becomes:
10+ 4.00
21 p2Hgz = 207 + 271 (1072)(400) mA Hyp= ————5 = 933mA
702 Hpo  + 27(107°)(400) MA = Hyo 15 % 102 mA/m
Following this method, at 2.5 cm:
10 + 4.00 — (2 x 1072)(250)
= = 360 mA
93 2.5 x 102 300 mA/m

and at 3.5 cm,
10 + 4.00 — 5.00 — (3 x 10~2)(300)

3.5x 102

InFig. 8.22, lettheregions0 < z < 0.3mand 0.7 < z < 1.0 m be conducting slabs carrying uniform
current densitiesof 10 A /m? in opposite directions as shown. The problem asksyouto find H at various
positions. Before continuing, we need to know how to find H for thistype of current configuration. The
sketch below shows one of the slabs (of thickness D) oriented with the current coming out of the page.
The problem statement implies that both slabs are of infinite length and width. To find the magnetic
field inside a slab, we apply Ampere's circuital law to the rectangular path of height 4 and width w, as
shown, since by symmetry, H should be oriented horizontally. For example, if the sketch below shows
the upper slab in Fig. 8.22, current will be in the positive y direction. ThusH will be in the positive x
direction above the slab midpoint, and will bein the negative x direction below the midpoint.

Hout
[0 00000 Jd|o
T e
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8.12 (continued) Intaking the lineintegral in Ampere’s law, the two vertical path segmentswill cancel each
other. Ampere'scircuital law for the interior loop becomes

Jd
%H-dL:ZHinxwzlmclzjxwxd = Hm=7

The field outside the dlab is found similarly, but with the enclosed current now bounded by the slab
thickness, rather than the integration path height:

JD
2HOMZX'LU=JXU)XD = Hout:?

where H,,,; isdirected from right to left below the slab and from left to right above the slab (right hand
rule). Reversethe current, and thefields, of course, reverse direction. We are now in a position to solve

the problem.
Find H at:
a) z = —0.2m: Herethefieldsfrom the top and bottom slabs (carrying opposite currents) will cancel,
andsoH = 0.

b) z = 0.2m. This point lieswithin the lower slab aboveits midpoint. Thusthefield will be oriented
in the negative x direction. Referring to Fig. 8.22 and to the sketch on the previous page, we find
that d = 0.1. Thetotal field will be thisfield plus the contribution from the upper slab current:

_ —1001)  1003)
2 2
lower slab upper slab

H

a, = —2a, A/m

C) z = 0.4m: Herethefields from both slabs will add constructively in the negative x direction:

10(0.3)

H=-2
2

a, = —3a, A/m

d) z = 0.75m: Thisisin theinterior of the upper slab, whose midpoint liesat z = 0.85. Therefore
d = 0.2. Since 0.75 lies below the midpoint, magnetic field from the upper dab will liein the
negative x direction. Thefield from the lower slab will be negative x-directed as well, leading to:

210002)  10(0.3)
H = -
2 &5

upper slab lower slab

a, = —25a, A/m

€) z = 1.2m: Thispoint lies above both sabs, where again fields cancel completely: ThusH = 0.
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8.13. A hollow cylindrical shell of radius a is centered on the z axis and carries a uniform surface current
density of K,a,.

a)

b)

d)

€)

Show that H isnot afunction of ¢ or z: Consider this situation asillustrated in Fig. 8.11. There
(sec. 8.2) it was stated that the field will be entirely z-directed. We can see this by applying
Ampere's circuital law to a closed loop path whose orientation we choose such that current is
enclosed by the path. The only way to enclose current isto set up the loop (which we choose to be
rectangular) such that it is oriented with two parallel opposing segments lying in the z direction;
one of these liesinside the cylinder, the other outside. The other two parallel segmentsliein the p
direction. Theloop isnow cut by the current sheet, and if we assume alength of theloopin z of d,
then the enclosed current will be given by Kd A. There will be no ¢ variation in the field because
where we position the loop around the circumference of the cylinder does not affect the result of
Ampere'slaw. If weassume an infinite cylinder length, there will be no z dependencein thefield,
since as we lengthen the loop in the z direction, the path length (over which the integral is taken)
increases, but then so does the enclosed current — by the same factor. Thus H would not change
with z. There would aso be no change if the loop was simply moved along the z direction.

Show that Hy and H,, are everywhere zero. First, if Hy were to exist, then we should be able to
find a closed loop path that encloses current, in which all or or portion of the path liesin the ¢
direction. This we cannot do, and so Hy must be zero. Another argument is that when applying
the Biot-Savart law, there is no current element that would produce a¢ component. Again, using
the Biot-Savart law, we note that radial field components will be produced by individual current
elements, but such components will cancel from two elementsthat lie at symmetric distancesin z
on either side of the observation point.

Show that H, = 0 for p > a: Suppose the rectangular loop was drawn such that the outside
z-directed segment is moved further and further away from the cylinder. We would expect H,
outside to decrease (as the Biot-Savart law would imply) but the same amount of current is always
enclosed no matter how far away the outer segment is. We therefore must conclude that the field
outsideis zero.

Show that H, = K, for p < a: With our rectangular path set up as in part a, we have no path
integral contributionsfrom thetwo radial segments, and no contribution from the outside z-directed
segment. Therefore, Ampere’s circuital law would state that

fH.szszz el = Kod = H, =K,

where d isthe length of the loop in the z direction.

A second shell, p = b, carries acurrent K,a4. Find H everywhere: For p < a we would have
both cylinders contributing, or H,(p < a) = K, + K. Between the cylinders, we are outside the
inner one, so itsfield will not contribute. Thus H,(a < p < b) = Kj. Outside (o > b) thefield
will be zero.
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8.14. A toroid having across section of rectangular shape is defined by the following surfaces. the cylinders
p =2and p = 3cm, andtheplanesz = 1and z = 2.5 cm. Thetoroid carries asurface current density
of —50a, A/m on the surface p = 3 cm. Find H at the point P(p, ¢, z): The construction is similar
to that of the toroid of round cross section as done on p.239. Again, magnetic field exists only inside
the toroid cross section, and is given by

Iencl
2mp

H=

a (2<p<3com (I<z<25cm

where I,,,.; is found from the given current density: On the outer radius, the current is
Loyter = —50(2m x 3 x 10_2) =-37 A

This current is directed along negative z, which means that the current on the inner radius (p = 2) is
directed along positive z. Inner and outer currents have the same magnitude. It istheinner current that
is enclosed by the circular integration path in as within the toroid that is used in Ampere’s law. So
Loyt = +3m A. We can now proceed with what is requested:

a) P4(1.5cm, 0, 2cm): Theradius, p = 1.5 cm, lies outside the cross section, and soH4 = 0.

b) Pg(2.1cm, 0, 2cm): This point does lie inside the cross section, and the ¢ and z values do not
matter. We find
Iencl _ 3a¢

Hrp = =
B= 200 ™= 221102

=7l4ay A/m
C) Pc(2.7cm, /2, 2cm): again, ¢ and z values make no difference, so

3ay
He=— % _ _556a,A
€= 227x 102 ~ >0%A/M

d) Pp(3.5cm, /2, 2cm). This point lies outside the cross section, and soHp = 0.

8.15. Assume that there is a region with cylindrical symmetry in which the conductivity is given by o =
1.5¢ 1507 kS/m. An electric field of 30a, V/m is present.
a) FindJ: Use
J=0E = 45¢"1% 3, kA/m?

b) Find thetotal current crossing the surface p < pg, z = 0, dl ¢:
2n 277 (45)
[ = J-dS= 4507100 p dp dgp = e 1500 [—150p — 1
/ / / / ¢ TIPApdd = gt T 1)
- 12.6[ 14+ 150,00)6_150'00] A

C) Make use of Ampere'scircuital law to find H: Symmetry suggeststhat H will be ¢-directed only,
and so we consider a circular path of integration, centered on and perpendicular to the z axis.
Ampere’slaw becomes: 2rpHy = Ienc1, Where 1o, isthe current found in part b, except with pg
replaced by the variable, p. We obtain

2.00 [1

Hy=""[1-@a+ 150p)e_150p] A/m
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8.16. The cylindrical shell, 2mm < p < 3mm, carries a uniformly-distributed total current of 8A in the
—a, direction, and afilament on the z axis carries 8A in the a, direction. Find H everywhere: We use
Ampere'scircuital law, noting that from symmetry, H will be a, directed. Insidethe shell (0 < 2mm),
A circular integration path centered on the z axis encloses only the filament current along z: Therefore

4 .
H(p<2mm)=%a¢=n—pa¢A/m (o Inm)

With the circular integration path within (2 < p < 3mm), the enclosed current will consist of the
filament plusthat portion of the shell current that liesinside p. Ampere’scircuital law applied to aloop

of radius p is:
fH'dL=1filament+f/ J-dS
shell area

where the current density is

8 8 x 108

J=— a=——a A m2
7(3x 10732 — 7(2 x 10-3)2 ° 57 © /
So
2 si [ [ —8 106 'dp'de = 8— 1.6 x 10° (0)2|”
H = e . = — 1.
TP 11g +/0 /2><10_3 (57_[ X >az a:p dpde X (") 93 10-3

Solve for Hy to find:

HQ2 < p < 3mm) = % [1— (2 % 10%) (02 — 4 x 10*6)] as A/m (pinm)

Outside (p > 3mm), the total enclosed current is zero, and so H(p > 3mm) = 0.
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8.17. A current filament on the z axiscarriesacurrent of 7 mA inthea, direction, and current sheetsof 0.5a,
A/mand —0.2a, A/marelocated at p = 1 cmand p = 0.5 cm, respectively. Calculate H at:
a) p = 0.5cm: Here, we are either just inside or just outside the first current sheet, so both we will
calculate H for both cases. Just inside, applying Ampere’s circuital law to acircular path centered
on the z axis produces:

7 x 1073

—1

2npHy =7x 1073 = H(justinside) =

Just outside the current sheet at .5 cm, Ampere's law becomes

2npHy =7 x 1073 — 27(0.5 x 107%)(0.2)
7.2 x 1074

_C T a,=23x102%a, A/m
27(05 x 10-2) x 10 75y A/

= H(just outside) =

b) o = 1.5 cm: Here, al three currents are enclosed, so Ampere’s law becomes

2m(1.5 x 1072)Hy = 7 x 1072 — 6.28 x 1073 + 27(1072)(0.5)
= H(p =15 =34x101a, A/m

C) p =4cm: Ampere'slaw asused in part b applies here, except wereplace p = 1.5cmwithp =4
cmontheleft hand side. TheresultisH(p = 4) = 1.3 x 10—1a¢ A/m.

d) What current sheet should belocatedat p = 4cmsothatH = Ofor al p > 4cm? Werequirethat
the total enclosed current be zero, and so the net current in the proposed cylinder at 4 cm must be
negative the right hand side of the first equation in part 5. Thiswill be —3.2 x 10~2, so that the
surface current density at 4 cm must be

—32x 102

=T _a =-13x101a A/m
27(4 x 10-2) x : A/

8.18. Current density is distributed as follows. J = O for |y| > 2m, J = 8ya, A/m? for |y| < 1m,
J=82—-y)a, A/m?forl <y <2m,J =—82+y)a. A/m?for—2 < y < —1 m. Use symmetry
and Ampere's law to find H everywhere.

Symmetry does help significantly in this problem. The current densitiesin theregions0 < y < 1 and
—1 < y < 0 are mirror images of each other across the plane y = 0 — thisin addition to being of
oppositesign. Thisisalso true of the current densitiesintheregionsl <y <2and -2 <y < —1. As
a consequence of this, we find that the net current in region 1, I; (seethe diagram on the next page), is
equal and opposite to the net current in region 4, 14. Also, I isequal and oppositeto 3. This means
that when applying Ampere's law to the patha — b — ¢ — d — a, as shown in the figure, zero current
isenclosed, sothat § H - dL = 0 over the path. In addition, the symmetry of the current configuration
impliesthat H = 0 outside the slabs along the vertical pathsa — b and ¢ — d. H from all sources should
completely cancel along the two vertical paths, as well as along the two horizontal paths.
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8.18. (continued) To find the magnetic field in region 1, we apply Ampere’s circuital law to the path ¢ —
d — e — f — ¢, again noting that H will be zero along the two horizontal segments and along the right
vertical segment. This leaves only the left vertical segment, e — f, pointing in the +x direction, and
along which is field, H,1. The counter-clockwise direction of the path integral is chosen using the
right-hand convention, where we take the normal to the path in the +z direction, which is the same as
the current direction. Assuming the height of the path is Ax, we find

2 2
HAx = Ax/ 8(2— y)dy = Ax [16y — 4y2]
Yy

Y1

= Ax [16(2 —y) — 44— yf)]

1
Replacing y1 with y, wefind

Ha=48-4y—4+)" = Hil<y<2=4(-2%a A/m

H1 liesin the positive x direction, since the result of the integration is net positive.

H inregion 2 isnow found through the line integral over thepathd — g — h — ¢, enclosing al of region
1 within Ax and part of region 2 from y = y, to 1:

2 1
82— y)dy + Ax/ 8ydy = Ax [4(1 — 224 41— yg)] — 42— y2)Ax

HooAx = Ax/
1 y2

sothat intermsof y,
Ho(0 <y < 1) = 42— y%)a, A/m

4 3 2 1
R e LT EE T S N S S
]
: N -
1 1 1 1
I R D R A N 4' ______ .
HR i 0 Jy2 [t hyr 2T y
|
: o ,
I
b{ ——————————————————— ——i———--——'-———-———i»c
h f
® ® Q) O)
l4 I3 E 2 l1
x4
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8.18. (continued) The procedure isrepeated for the remaining two regions, —2 <y < —land -1 < y < 0,
by taking the integration path with its right vertical segment within each of these two regions, while
the left vertical path isa — b. Again the integral is taken counter-clockwise, which means that the
right vertical path will be directed along —x. But the current is now in the opposite direction of that
for y > 0, making the enclosed current net negative. Therefore, H will be in the opposite direction
from that of the right vertical path, which isthe positive x direction. The magnetic field will therefore
be symmetric about the y = 0 plane. We can use the results for regions 1 and 2 to construct the field
everywhere:

H=0(y>2 and(y < -2

H=4@2-|yPa A/m O <yl <1

H =4(ly| - 2%a, A/m (1< |y| <2

8.19. Calculate V x [V(V - G)] if G = 2x2yza, — 20y &, + (x? — z?) &,: Proceding, wefirstfind v -G =
4xyz — 20— 2z. Then V(V - G) = 4yza, +4xza, + (4xy — 2) a;. Then

VX[V(V-G)] =4 —4)a, — 4y —4y)a, + (4z—42)a, =0

8.20. The magnetic field intensity is given in the squareregionx = 0,05 <y < 1,1 < z < 1.5by
H = z%a, + x%a, + y*a, A/m.
a) evaluate § H - dL about the perimeter of the square region: Using dL = dxa, + dya, + dza;,
and using the given field, wefind, in the x = 0 plane:

1 15 5 1
fH .dL =/ 0dy +/ (L)*dz +f 0dy +/ (.5)*dz = 0.46875
5 1 1 1.5

b) Find V x H:

0H, 0H 0H 0H. oH, 0H
VxH= o —at|— - )+ - )a
ay 0z 0z ax ox ay

= 4y3ax —+ Zzay + 3x2az

c) Caculate (V x H), at the center of the region: Here, y = 0.75 and so (V x H), = 4(.75)% =
1.68750.

d) Does(VxH), =[§ H-dL]/AreaEnclosed? Usingtheparta result, [ H-dL]/Area Enclosed =
0.46875/0.25 = 1.8750, which is off the value found in part c. Answer: No. Reason: the limit
of the area shrinking to zero must be taken before the results will be equal.

8.21. PointsA, B, C, D, E, and F are each 2 mm from the origin on the coordinate axes indicated in Fig.
8.23. The value of H at each point is given. Calculate an approximate value for V x H at the origin:

We use the approximation:

H.dL
curIHﬁgg

a

where no limit as Aa — 0 is taken (hence the approximation), and where Aa = 4mm?. Each curl
component is found by integrating H over a square path that is normal to the component in question.

128



8.21. (continued) Each of the four segments of the contour passes through one of the given points. Along
each segment, the field is assumed constant, and so the integral is evaluated by summing the products
of the field and segment Iength (4 mm) over the four segments. The x component of the curl isthus:

. (Hyc—Hyp— H;p+ Hy p)(4x 1073
v H = ) B ) )
(Vo Hx (4 x 10-3)2

= (15.69 + 13.88 — 14.35 — 13.10)(250) = 530 A/m?

The other components are;

. (H,p+H,p—H, o — Hep)(4x 1079
(V X H)y = (4 = 10_3)2

— (15.82 4+ 11.11 — 14.21 — 10.88)(250) = 460 A/m?

and 3
. (HyA_HxC_HyBHxD)(4X1O_)
V xH), = : : : :
(V> H): (4 x 10-3)2

= (—13.78 — 10.49 + 12.19 + 11.49)(250) = —148 A/m?
Finally we assemble the results and write:

V x H =530a, +460a, — 1484,

8.22. Inthe cylindrical region p < 0.6 mm, Hy = (2/p) + (p/2) AIm, while Hy = (3/p) Almfor p > 0.6
mm.
a) Determine J for p < 0.6mm: We have only a ¢ component that varies with p. Therefore

2

[2+ p—] a =J=1la A/m

_ld(pHy _14d
T p dp ° pdp 2

V xH , =
p dp pdp

b) DetermineJ for p > 0.6 mm: In this case

1d7[ 3
SN ) P
pdp | p

c) Isthere afilamentary current at p = 0? If so, what isitsvalue? As p — 0, Hy — oo, which
impliesthe existence of acurrent filament alongthez axis: So, YES. Thevalueisfound by through
Ampere'scircuital law, by integrating Hy around acircular path of vanishingly-small radius. The
current enclosed istherefore I = 2p(2/p) = 4 A.

d) WhatisJ at p = 0? Sinceafilament current liesalong z a p = 0, thisformsasingularity, and so
the current density thereisinfinite.

8.23. GiventhefieldH = 20p?ay A/m:
a) Determinethe current density J: Thisisfound through the curl of H, which simplifiesto asingle
term, since H varies only with p and has only a ¢ component:
_ Ld(pHy)
p dp

1d
a =-2 (20,03> a, = 60pa, A/m?

J=V xH =
pdp
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8.23. (continued)

b) Integrate J over the circular surface p = 1, 0 < ¢ < 2w, z = 0, to determine the total current
passing through that surface in the a, direction: Theintegral is:

2r p1
I:/fJ-dS:/ / 60pa, - pdp dopa, = 40 A
0 0

¢) Find the total current once more, this time by a line integral around the circular path p = 1,
O<¢p<2m,z=0:

2w o
I=%H.dL:/ zopzacb\pzl'(l)d‘p%:/ 20d¢p = 407 A
0 0

8.24. Evaluateboth sidesof Stokes' theoremfor thefield G = 10sin6 a, andthesurfacer = 3,0 < 6 < 90°,
0 < ¢ < 90°. Let the surface have the a, direction: Stokes' theorem reads.

$oa=[[vx6 nd
C N

Considering the given surface, the contour, C, that forms its perimeter consists of three joined arcs of
radius 3 that sweep out 90° inthe xy, xz, and zy planes. Their centersare at the origin. Of these three,
only thearcinthexy plane (which liesalong a) isin the direction of G; the other two (in the —ay and
ay directions respectively) are perpendicular to it, and so will not contribute to the path integral. The
left-hand side therefore consists of only the xy plane portion of the closed path, and evaluates as

/2
7§G -dL :/ 105in9\n/2a¢-a¢3s1n0\,,/2d¢ = 157
0

To evaluate the right-hand side, wefirst find

1 d . . 20cos6
\% - = _
x G Snd .40 [(sn6)10sind] a, a,
The surface over which weintegrate thisis the one-eighth spherical shell of radius 3 in the first octant,
bounded by the three arcs described earlier. The right-hand side becomes

7/2 r7/2 20 cos 5 .
//(VxG)-nda=/ / a2 (978N d0 dg = 15
S 0 0

It would appear that the theorem works.
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8.25. (This problem was discovered to be flawed — I will proceed with it and show how). Given thefield
¢ ¢

H= %cosiap —sinEa(,)A/m
evaluate both sides of Stokes' theorem for the path formed by the intersection of the cylinder p = 3
and the plane z = 2, and for the surface defined by p = 3,0 < ¢ < 27r,andz =0,0 < p < 3: This
surface resemblesthat of an open tin can whose bottom liesin the z = 0 plane, and whose open circular
edge, at z = 2, definesthe line integral contour. We first evaluate § H - dL over the circular contour,
where we take the integration direction as clockwise, looking down on the can. We do this because the
outward normal from the bottom of the can will be in the —a, direction.

2 2 ¢
fH.szf H-3d¢(—a¢)=/ 3sn2dg =1
0 0 2

With our choice of contour direction, thisindicates that the current will flow in the negative z direction.
Notefor futurereferencethat only the ¢ component of the given field contributed here. Next, we evalute
[ [V x H -dS, over the surface of thetin can. Wefind

1 /0(pH 0H 1 . 1. 3 .
VxH=J== (pHy) _0H, a, =— —smer—sm9 az=——sm?aZA/m
P ap ¢ P 2 4 2 4p 2

Note that both field components contribute here. The integral over the tin can is now only over the
bottom surface, since V x H has only az component. We use the outward normal, —a,, and find

3 2 31 9 2
//VxH-dS:——/ / —sin?az-(—az)pdpdqﬁ:—/ sin?dqbzg_
4Jo Jo p 2 4 Jo 2

Note that if the radial component of H were not included in the computation of V x H, then the factor
of 3/4 in front of the above integral would changeto afactor of 1, and the result would have been 12 A.
What would appear to be aviolation of Stokes' theorem is likely the result of a missing term in the ¢
component of H, having zero curl, which would have enabled the original lineintegral to have avalue
of 9A. Thereader isinvited to explore this further.

‘N
>

8.26. Let G = 15ray.
a) DeterminefG -dL forthecircular pathr = 5,60 = 25°,0 < ¢ < 27

2
%G -dL = / 15(5)ay - a4(5) Sin(25°) d¢ = 27(375) Sin(25°) = 995.8
0

b) EvaIuatefS(VxG)-dSoverthesphericaI capr =5,0=<6 <25°,0 < ¢ < 27: Whenevaluating
the curl of G using the formulain spherical coordinates, only one of the six terms survives:

1 o sinéd
rsing 20 rsing

15r cos6 a, = 15cot 6 a;

Then
2 25°
/(VxG)-dS:/ / 15cot6 a, - a, (5)2sin6 do d¢
S 0 0

25°
= an 15¢c0s6(25) d6 = 27 (15)(25) sin(25°) = 995.8
0
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8.27. The magnetic field intensity is given in a certain region of space as

a)

b)

<)

d)

X+ 2y 2
H="%—a,+-aA/m
z z
Find V x H: For thisfield, the general curl expression in rectangular coordinates simplifiesto
oH oH 2 2 1
V x H :——yax+—yazzuax+—azA/m
3z dx 23 z2

Find J: Thiswill be the answer of part a, sihceV x H = J.

Use J tofind the total current passing through thesurfacez = 4,1 < x < 2,3 <y < 5,inthea,
direction: Thiswill be

5 p2 1
I=/fJ|Z:4-azdxdy=/3 /; zdxdy:l/SA

Show that the same result is obtained using the other side of Stokes' theorem: Wetake ¢ H - dL
over the square path at z = 4 asdefined in part ¢. Thisinvolvestwo integrals of the y component
of H over therange 3 < y < 5. Integrals over x, to complete the loop, do not exist since thereis
no x component of H. We have

5242y 3142y 1 1
I=¢H|_, dL= d dy ==-(2) — —(2) =1/8A
f|,7,:4 /3 y+/5 y=5@ -~ @ =1/8A

16 16

8.28. GivenH = (3r2/sin#)ay + 54r cosfa, A/min free space:

a)

b)

find the total current in the ay direction through the conical surface & = 20°, 0 < ¢ < 27,
0 < r < 5, by whatever side of Stokes' theorem you like best. | chosethelineintegral side, where
the integration path is the circular path in ¢ around the top edge of the cone, at r = 5. The path
direction is chosen to be clockwise looking down on the xy plane. This, by convention, leads to
the normal from the cone surface that pointsin the positive ay direction (right hand rule). Wefind

2
?gH -dL :/ [(Brz/sine)ag + 54r cos@a¢] 0 5sin(20°) d¢ (—ay)
0
— —27(54)(25) cos(20°) in(20°) = —2.73 x 10° A

r=5,0=

This result means that there is a component of current that enters the cone surface in the —ay
direction, to which is associated a component of H in the positive a, direction.

Check the result by using the other side of Stokes' theorem: We first find the current density
through the curl of the magnetic field, where three of the six terms in the spherical coordinate
formula survive:

1 0

VxH=—
rsing 06

19 19 (33
54r cosd sind)) a, — — — (542 cosd i i =]
(54r cos6 §in6)) a, rar( rcos>a9+rar(sin0>a¢

Thus 9
J =54cotf a, — 108cosh ay + .—ra¢
sing
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8.28b. (continued)

The calculation of the other side of Stokes' theorem now involves integrating J over the surface of the
cone, where the outward normal is positive ay, as defined in part a:

2 5 9
/(VxH)-dS:/ / [5400t9a,—1080059a9+_—ra¢} -8y rsin(20°) dr d¢
S 0 0 sné 6=20°

21 5
= — / / 108 cos(20°) sin(20°)rdrd¢ = —2m (54)(25) cos(20°) sin(20°)
o Jo

— _273x 10°A

8.29. A long straight non-magnetic conductor of 0.2 mm radius carries a uniformly-distributed current of 2
A dc.
a) Find J within the conductor: Assuming the current is +z directed,

2

J=—— " __a =159x10"a A/m?
7(0.2 x 10-3)2% x 1073 A/

b) Use Ampere'scircuital law to find H and B within the conductor: Inside, at radius p, we have

J
2npHy = np2) = H= %a¢ = 7.96 x 10°0a, A/m

Then B = uoH = (47 x 1077)(7.96 x 10%)pa, = 10p a; Wh/m?.

¢) Show that V x H = J within the conductor: Using the result of part b, wefind,

ld

VxH=2%0m)a <
X = —— o J—
pdp T pdp

1.59 x 107p2

5 )aZ:1.59x107aZ A/m? =

d) Find H and B outside the conductor (note typo in book): Outside, the entire current is enclosed
by aclosed path at radius p, and so

1 1
H=—a,=—a,A/m
2o npa¢ /

Now B = uoH = po/(p) 8 Wh/m?.

e) Show that V x H = J outside the conductor: Here we use H outside the conductor and write:

1d 1d 1
VxH=>—(pHp)a, =~— (p—) a; = 0 (asexpected)
pdp pdp \' 7p
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8.30. A solid nonmagnetic conductor of circular cross-section has a radius of 2mm. The conductor is inho-
mogeneous, with o = 10°(1 + 10%p2) S/m. If the conductor is 1m in length and has a voltage of 1mV
between its ends, find:

a) H inside: With current along the cylinder length (along a;, and with ¢ symmetry, H will be ¢-
directed only. Wefind E = (Vp/d)a, = 10~3a, V/m. ThenJ = o E = 10%(1+ 10%p%)a, A/m?.
Next we apply Ampere's circuital law to a circular path of radius p, centered on the z axis and
normal to the axis:

2t pp
7{H -dL = 2wpH, ://J-dS:/ / 103(1 + 10%(p")?)a, - a,p'dp’d¢
S 0 0

Thus

103 [° 103 [p2 108
_ 1% il ,04
2 4

Hy="— [ p +10%"3dp = —
p Jo P

Finaly, H = 500p(1+ 5 x 10°p%)a, A/m (0 < p < 2mm).

b) thetotal magnetic flux inside the conductor: With field in the ¢ direction, a plane normal to B will
bethat intheregion0 < p < 2mm, 0 < z < 1 m. Theflux will be

1 2x10°3
® = / / B-dS = uo f / <500p +25x 108p3> dpdz = 87 x 10" Wb = 2.5nWh
S 0 0

8.31. The cylindrical shell defined by 1 cm < p < 1.4 cm consists of a non-magnetic conducting material
and carries atotal current of 50 A in the a, direction. Find the total magnetic flux crossing the plane
¢=00<z<1l

a) 0 < p < 1.2cm: Wefirst need to find J, H, and B: The current density will be:

50

J= =1.66 x 10°a, A/m?
7[(14 x 1022 — (1.0 x 10-97] = x 10%a; A/m

Next we find Hy at radius p between 1.0 and 1.4 cm, by applying Ampere’s circuital law, and
noting that the current density is zero at radii lessthan 1 cm:

2 pp
2npHy = loper = / / 1.66 x 10%0' dp’ d¢
0 102

_4)

4(p* =10 2 2
= H¢=8.30X10fA/m 107“m<p<1l4x10“m)

Then B = ugH, or

(%2 —107%

B =0.104 ay Wb/m?

Now,

1 p1.2x10°2 104
cpa://B.dSZ/ f 0.104[;)——] dp dz
0 J102 P

(1.2 x 02) 0 —10_4'”(5)] =3.92 x 107" Wb = 0.392 Wb

= 0.104[
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8.31b) 1.0cm < p < 1.4cm (notetypo in book): Thisis part a over again, except we change the upper limit
of theradia integration:

1.4x1072 10—4
Dy, = //B dS = / f 0.104[,0——:| dpdz
10- o

(14 x 10722104
2

1.4
= 0.104[ —10"%In (ﬁ)] = 1.49 x 107°Wb = 1.49 Wb

c) 1.4cm < p < 20cm: Thisis entirely outside the current distribution, so we need B there: We
modify the Ampere's circuital law result of part a to find:

14 x 10722 - 104 10-°
Bour = 0.104[( X ) ] ay = ——2ay Wb/m
P
We now find
20x 102 —5 20
P, _f / —dpdz—lO 5In( ):2.7x10_5Wb=27qu
1.4x10-2 14 —

8.32. The free space region defined by 1 < z < 4cmand 2 < p < 3 cm is atoroid of rectangular
cross-section. Let the surface at p = 3 cm carry a surface current K = 2a, KA/m.

a) Specify the current densities on the surfacesat p = 2 cm, z = 1cm, and z = 4cm. All surfaces
must carry equal currents. With this requirement, we find: K(p = 2) = —3a; kA/m. Next, the
current densities on the z = 1 and z = 4 surfaces must transistion between the current density
vauesat p = 2 and p = 3. Knowing the the radial current density will vary as 1/, we find
K(z =1) = (60/p)a, A/mwith p in meters. Similarly, K (z = 4) = —(60/p)a, A/m.

b) Find H everywhere: Outside the toroid, H = 0. Inside, we apply Ampere's circuital law in the
manner of Problem 8.14:

2
jﬁH -dL =27pH, :/ K(p=2)-a, (2x1072)d¢
0

H— _m% = —60/p ay A/m (inside)

c) Calculatethetotal flux within the toriod: We have B = —(60u0/p)ay Wb/m2. Then

04 (.03 _
B /.01 f.oz
8.33. Use an expansion in cartesian coordinates to show that the curl of the gradient of any scalar field G is
identically equal to zero. We begin with

(g) —0.92 Wb
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8.34. A filamentary conductor on the z axis carries a current of 16A in the a, direction, a conducting shell
a p = 6 carriesatotal current of 12A inthe —a, direction, and another shell at p = 10 carries atota
current of 4A in the —a, direction.

a) FindH for0 < p < 12: Ampere'scircuital law statesthat f H - dL = I.,;, wherethelineintegral
and current direction are related in the usual way through the right hand rule. Therefore, if I isin
the positive z direction, H isin the a, direction. We proceed as follows:

O<p<6: 21pHy =16 = H =16/(2np)ay

6<p<10: 2npHy =16—-12 = H =4/(2np)ay
p>10: 2npHy =16—-12-4=0 = H=0

b) Plot Hy vs. p:

Problem 8.34

15 T T T T T
1.25 —
l — ja—
T 075+ -~
05 F —
025 1

0 1 | I —

0 2 4 6 8 10 12
rho

¢) Findthetotal flux ® crossing thesurfacel < p < 7,0 < z < 1: Thiswill be

//—d dz //—d dz _2M0[4In6+ln(7/6)]:5.9;LWb
2rp b4 —_—

8.35. A current sheet, K = 20a, A/m, islocated at p = 2, and a second sheet, K = —10a, A/mislocated
ap=4.

a)LetV, =0a P(p =3,¢ =0,z =05) and placeabarrier at ¢ = n. Find V,,(p, ¢, z) for

—m < ¢ < m: Since the current is cylindrically-symmetric, we know that H = 1/(27p) a4,

where I isthe current enclosed, equal in thiscaseto 27 (2) K = 80x A. Thus, using the result of

Section 8.6, we find

I 80
Vi = ——p = — " = —40p A
o on P72 R

which isvalid over theregion2 < p < 4, -1 < ¢ < m,and —o0 < 7z < o0. For p > 4, the
outer current contributes, leading to atotal enclosed current of

Lner = 21(2)(20) — 27(4)(10) =

With zero enclosed current, H, = 0, and the magnetic potential is zero as well.
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8.35h.

8.36.

8.37.

LetA=0at PandfindA(p, ¢, z) for 2 < p < 4: Again, weknow that H = Hy(p), since the current
is cylindrically symmetric. With the current only in the z direction, and again using symmmetry, we
expect only az component of A which varies only with p. We can then write:

A 1
VA= g gt
dp 2P
Thus JA / /
z Mo Mo
=—— A, =———1In C
dp 27 p = 2 (o) +
Werequirethat A, = 0at p = 3. Therefore C = [(uol)/(2m)] In(3), Then, with I = 80x, wefinally
obtain
_ 10(80m)

A= [In(p) —In(3)] a, = 40uoln <§> a, Wb/m

2m

Let A = (3y — z)a, + 2xza, Wh/min acertain region of free space.
a) Showthatv-A =0:

d ]
V-A=—Q@y—-2+ —2xz=0
ox ay

b) At P(2,-1,3),findA, B, H, and J: First Ap = —6a, + 12a,. Then, using the curl formulain
cartesian coordinates,

B=VxA=-2xa —a,+ (2z—3a, = Bp=—4a, —a, +3a Wh/m?

Now
Hp = (1/10)Bp = —3.2 x 10%, — 8.0 x 10°a, + 2.4 x 10%, A/m

ThenJ =V xH = (1/uo)V x B = 0, asthe curl formulain cartesian coordinates shows.

Let N = 1000, I = 0.8A, pg = 2cm, and a = 0.8 cm for the toroid shown in Fig. 8.12b. Find V,,, in
theinterior of thetoroid if V,,, = 0at p = 25¢cm, ¢ = 0.37. Keep ¢ withintherange 0 < ¢ < 27:
Well-within the toroid, we have

NI 14V,
H= —"a,=-VV, =—=
2rp p do
Thus
NI¢
Vp=———+C
2
Then, 1000(0.8)(0.3
0= _ (0.8)(0.3m) L
2
or C=120. Findly
400
Vin = |:120— —d>i| A O<¢ <21)
T
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8.38. The solenoid shown in Fig. 8.11b contains 400 turns, carriesacurrent I = 5 A, has alength of 8cm,
and aradiusa = 1.2 cm (hope it doesn’'t blow up!).
a) Find H within the solenoid. Assuming the current flows in the a direction, H will then be along
the positive z direction, and will be given by

_ NI (400)(5)

H=—a Tazz2.5x104A/m

b) If V,, = Oattheorigin, specify V,,(p, ¢, z) insidethe solenoid: SinceH isonly inthe z direction,
Vi should vary with z only. Use

H=—VV,,,=—d—maZ = Vy=—-—Hz+C
z

Atz=0,V,, =0,sC =0. Therefore V,,(z) = —2.5 x 10%z A

c) Let A = Oattheorigin, and specify A(p, ¢, z) inside the solenoid if the medium isfree space. A
should beinthe samedirection asthe current, and so would havea¢ component only. Furthermore,
since V x A = B, the curl will be z-directed only. Therefore

10
VxA=——(pAg)a; = noH;a,
p ap

Then
noH;p

c
5 +

G
ap(;o o) = noHp = Ap
Ay = Oattheorigin,so C = 0. Finaly,

_ (4r x 10~7)(2.5 x 10%)p

A
2

ay = 15.7a5, mWb/m

8.39. Planar current sheets of K = 30a, A/m and —30a, A/m are located in free space at x = 0.2 and
x = —0.2 respectively. For theregion —0.2 < x < 0.2:
a) Find H: Since we have paralel current sheets carrying equal and opposite currents, we use Eq.
(12), H = K x ay, where ay is the unit normal directed into the region between currents, and
where either one of the two currents are used. Choosing the sheet at x = 0.2, we find

H = 30a, x —a, = —30a, A/m

b) Obtain and expression for V,,, if V,, = 0at P(0.1,0.2,0.3): Use

dv,
H=-30a, =-VV, =—-———a,
dy
=0 dv,
—2 =30 = V,=30y+C;
dy
Then

0=3002+C1 = C1=-6 = V,=30y—-6A
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8.39¢) FindB: B = uoH = —30u0a, Wh/m?.

d) Obtainan expressionfor A if A = 0at P: We expect A to be z-directed (with the current), and so
fromV x A = B, where B is y-directed, we set up

dA,

dx

=—-30up = A;=30uox +C2
Then
0=30uo(0.)) + C2 = C2=—-3uo

So finally
A = uo(30x — 3)a, Wb/m

8.40. Let A = (3y? — 27)a, — 2x?za, + (x + 2y)a, Whiminfreespace. FindV x V x A at P(—2, 3, —1):
Firs V x A =

3 2 d(—2x2 3(3y% — 2 3 2 d(—2x2 3(3y% -2

((x-i- y) ( z)>ax+((y z)  dx + y)>ay+<( z) 9@y z))aZ
ay 0z 0z ox ax ay

= (24 2x?a, — 3a, — (4xz + 6y)a,

Then

d(4 6 a(4 6
(e + y)ay— (e + y)ax:—Gax+4zay
ox dy

At P thishecomesV x V x A|p = —6a, — 4a, Wb/m?3.

VxVxA=

8.41. Assumethat A = 50p2a, Wb/m in a certain region of free space.
a) FindH and B: Use

A
B:VxA:—aa ‘ay = —100p a5 Wh/m?
0

ThenH = B/uo = —100p/oay A/m.

b) FindJ: Use

19 19
J=VxH=>=—(pHpa, = ——
p op p ap

—100p2 200
P )azz——aZ A/m?
Mo Mo

¢) UseJtofindthetotal current crossing thesurface0 < p <1,0< ¢ < 2w,z = 0: Thecurrentis
2r 1 _200 —200
I://J'dS:/ / e ca pdpdg = T A = —500 kA
0 0 MO Mo -

d) Usethevalueof H, a p = 1tocaculate f H - dL for p = 1, z = 0: Have

27 _100 —200:
%H-dL:I:/ e - ap (Dde = " A = —500 kA
0 MO0 1 2%0]
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8.42.

8.43.

Show that V2(1/R12) = —Vi(1/R12) = Ra1/R3,. First

1 -1/2
V2 (R_> =V [(xz —x1)% + (2 — y? + (z2 — 21)2]
12

_ 1 [2()62 — x1)ac + 2(y2 — yDay + 2(z2 — Zl)az] _ —Rz _Ra
2 [(2—=x0%+ (2 — y1)? + (z2 — 21)?]3/2 R}, R},

Also note that V1(1/R12) would give the same result, but of opposite sign.

Compute the vector magnetic potential within the outer conductor for the coaxial line whose vector
magnetic potential is shown in Fig. 8.20 if the outer radius of the outer conductor is 7a. Select the
proper zero reference and sketch the results on the figure: We do this by first finding B within the outer
conductor and then “uncurling” the result to find A. With —z-directed current I in the outer conductor,
the current density is

1 1
Tra? —nGa2E T 24mar™

Since current I flowsin both conductors, but in opposite directions, Ampere's circuital law inside the
outer conductor gives:

2npHy = I /2n/p L pdpdg = Hy= - 49" — p?
ThHe = 0 5a2471a2'0 P ¢_27T,0 24a2

Jout =

Now, with B = uoH, we note that V x A will have a ¢ component only, and from the direction and
symmetry of the current, we expect A to be z-directed, and to vary only with p. Therefore

dA,
VxA=-— = poH
X dp ap = 1o

and so

dA. ol [49a® — p?
dp  2np 24a2

Then by direct integration,

— ol (49) / polp pol [ p?
A, = | ——=d d C=—|—= —98In C
¢ 48 p pt 48 a? pt 96 | a2 Pt

As per Fig. 8.20, we establish a zero reference at p = 5a, enabling the evaluation of the integration
constant:

mol
=———1[25—-98In(5a
C 96n[ n(5a)]

ol [ ( p? Sa
A,=—1||l—=—-25 9B8In{ — ) [ Wb/m
= tor | (52 =) oo (51) ] wor
A plot of this continues the plot of Fig. 8.20, in which the curve goes negative at p = 5a, and then
approaches aminimum of —.09uol /7 a p = 7a, a which point the slope becomes zero.

Finally,
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8.44. By expanding Eq.(58), Sec. 8.7 in cartesian coordinates, show that (59) is correct. Eq. (58) can be
rewritten as
VZA=V(V-A) -V xVxA

We begin with
0A,  0A, 0A;

8x+8y+82

V- A=
Then the x component of V(V - A) is

3%A, 924,  9%A,
> + +
ox oxdy  9x0z

0A dA dA 0A d0A 0A
VxA= - a+ (- =)+ - )
ay 0z 0z ax ax ay

and the x component of V x V x Ais

[V(V A =

%A, %A, %A, %A
[VxVxA]= > _ L 4 <
dxdy dy? 072 020y

Then, using the underlined results

32A,  3%A, 0%A,
+ 2 + 8Z2

= V?A
9x2 ay *

[V(V-A)—V xVxA] =

Similar results will be found for the other two components, leading to

V(V-A) -V x VxA=V?A,a, + V?A,a, + V?Aa, = V2A QED
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