CHAPTER 7
7.1. Let V = 2xy%z3 and € = €. Given point P (1, 2, —1), find:
a) V a P: Substituting the coordinatesinto V, find Vp = —8V.

b) Ea P: WeuseE = —VV = —2y%7%a, — 4xyz3a, — 6xy?z2a,, which, when evaluated at P,
becomesEp = 8a, + 8a, — 24a, V/m

) py a P: Thisisp, = V-D = —eqV2V = —4xz(z2 + 3y?) C/m3

d) the equation of the equipotential surface passing through P: At P, we know V = —8V, so the
equation will be xy?z3 = —4.

e) the equation of the streamline passing through P: First,

Ey dy 4xyz3 X
E, B

dx  2y273 y

Thus 1
ydy = 2xdx, and so éyz =x24+C

Evaluating at P, wefind C; = 1. Next,

Thus

3 1
3xdx = zdz, and sO éxz = Ezz + Co
Evaluating at P, wefind Co = 1. The streamlineis now specified by the equations:

y2—2%2=2and 3x2—72=2

f) Does V satisfy Laplace’s equation? No, since the charge density is not zero.

7.2. A potential field V existsin aregion wheree = f(x). Find V2V if p, = 0.
Firt, D=€¢(x)E=—f(x)VV. ThenV-D=p,=0=V .- (—f(x)VV).

So
df 3V 2y a2v a2v
0=V-(—f(x)VV)=—[(d—8—+f(x) )f(x)a_))z+f(x)8_z2]
. 2y,
= [d W + f(x)V ]
Therefore,
vy _ L dfav
f(x)dx x
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7.3. Let V(x, y) = 4¢® + f(x) — 3y2in aregion of free space where p, = 0. It is known that both E,
and V are zero at the origin. Find f(x) and V (x, y): Since p, = 0, we know that V2V = 0, and so

%V 9%V d?f
VWV =0+ — =162+ —5 —-6=0
0x2 + dy? et dx?
Therefore 5
d d
—f:—16e2"+6 = —f:—8e2x+6x+C1
dx? dx
Now v if
E, = — =82 + =~
* 0x et dx
and at the origin, this becomes
d .
E.(0) =8+ —f = O(asgiven)
dx 1x=0

Thusdf/dx |c—0 = —8, and so it follows that C; = 0. Integrating again, we find

flx,y) = —4e® 4+ 3x% + 7
which at the origin becomes f(0,0) = —4 + C2. However, V(0,00 = 0 = 4+ f(0,0). So
£(0,0) = —4andC, = 0. Finally, f(x, y) = —4e® + 3x%,and V (x, y) = 4e% —4¢* 4+-3x2—3y? =
3(x2— yz).

7.4. Given the potential field V = A Intan?(9/2) + B:
a) Show that V2V = 0: Since V isafunction only of 6,

) 1 d (. dv
VeV = - — | sng—
r2sing) do do

where
v d d A 24
— = (AIntan?(9/2) + B) = — (2AIntan(6/2)) = =
a0 d0< ntan’(6/2) + B) o AAINNG/2) = G os@72) — snd
Then

1 d . 2A
VWV=———(sng—)=0
r2sing) do siné

b) Select Aand B sothat V =100V and Eg =500V/mat P(r = 5,6 = 60°, ¢ = 45°):
First,

avi_ 24 24 44624 — 500
r do rsing 5sn60

S0 A = —1082.5V. Then
Vp = —(1082.5) Intan®(30°) + B = 100 = B = —1089.3V
Summarizing, V (0) = —1082.5Intan(6/2) — 1089.3.
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7.5. Given the potential field V = (Ap* + Bp~%) sin4g:
a) Show that V2V = 0: In cylindrical coordinates,

g2y _ L0 ( av>Jr 1 9%V
= - — p— —_—

pop \"dp ) p?0¢?
19 e 1 4

= (p(4Ap _4Bp ))S|n4¢——16(Ap + Bp~%) sin4g
pap

= ;(A,o + Bp~°)sind¢ — F(Ap + Bp % sindg =0

b) Select A and B sothat V = 100V and |E| = 500V/mat P(p = 1, ¢ = 22.5°, 7 = 2): Firgt,

v 19V
E=-VV=——a,— ~—
ap p o¢

=—4 [(A,o3 — Bp~®)sindg a, + (Ap> + Bp~°) cos4sp a¢]

andat P,Ep = —4(A—B)a,. Thus|Ep| = £4(A — B). Also, Vp = A+ B. Our two equations
are:
4(A — B) = +£500

and
A+ B =100

We thus have two pairs of valuesfor A and B:

A=1125 B=-125 0o A=-125 B =1125

7.6. If V. =20sin6/r3V in free space, find:
a) pya P(r = 2,0 = 30°, ¢ = 0): We use Poisson’s equation in free space, V2V = —pv/€0,
where, with no ¢ variation:

s 18 [ ,0V 1 a8 (. v
VWV =S — (= |+ 5——(sno—
r2ar ' ar )" r2sin6 96 36

Substituting:
V2V — 1090 ,60sin6 n 1 9 Sin020cos€
= —— | —r —_—
r2 or r4 r2sing 90 r3
19 (-60sin6 N 1 9 [10sin26
r2 or r2 r2sind 90 r3
120sn6 | 20c0s29 _ 20(4sin’6+1)  py
o ro r5sng rosing T e
So 2
20(4sin“6 + 1
PvP = —€0 [%} = —25¢p=—-221 pC/m3
rasng r=2,0=30 -
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7.6b. the total charge within the spherical shell 1 < r < 2 m: We integrate the charge density found in part
a over the specified volume:

2 20(4sin?6 + 1
—60/ ff ( +)25|n0drd6d¢

rosing
4sn?6 + 1 237 12
/ %dr df = —40m¢qg —dr = 6072 €©0—= > = —457'[260
1 r 1

= —27'[(20)60/
0
=-39nC

7.7. Let V = (cos2¢)/p in free space.
a) Find the volume charge density at point A (0.5, 60°, 1): Use Poisson’s equation:

I <1 3 (pav>+ 1 82V)
= —¢€0 = —€0 L YY)
pdp \" dp p? 992

(1 d <—c052¢> 4 c032¢>) 3ep COS2¢
= —EO —_—— =
p op P P p3

02

So at A wefind:
3¢ €c0s(120°)

53 = —12¢ = —106pC/m?

PvA =

b) Find the surface charge density on a conductor surface passing through B(2, 30°, 1): First, we

find E:

A% 10V
E=-VV=——a,— ——

ap " p g
_ C0S2¢ 2sin2¢

a, +
p2 7 p?

At point B the field becomes

cos60° 2sin60°
Ep = 2 a, + 7 ay = 0.125a, + 0.433 a4

The surface charge density will now be
psg = £|Dp| = +eo|Ep| = £0.451¢¢ = +£0.399 pC/m?

The chargeis positive or negative depending on which side of the surface we are considering. The
problem did not provide information necessary to determine this.

7.8. Let Vi(r, 6, ¢) = 20/r and Vo(r, 0, ) = (4/r) + 4.
a) State whether V; and V» satisfy Laplace's equation:

1d dv: 1d -20
V2V1= —_— r2—1 = |2 == =0
r2dr dr r2dr r2

1d dVvy
2 2
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7.8b. Evaluate V1 and V> on the closed surface r = 4:

20 4
Vir =4 =7 =5 Vor=4 =, +4=5

c) Conciliate your results with the uniqueness theorem: Uniqueness specifies that there is only one
potential that will satisfy al the given boundary conditions. While both potentials have the same
value at r = 4, they do not asr — oo. So they apply to different situations.

7.9. The functions V1(p, ¢, z) and Va(p, ¢, z) both satisfy Laplace’s equation in theregiona < p < b,
0<¢ <2n,—L <z < L;eachiszeroonthesurfacesp = b for —-L < z < L; z = —L for
a<p<b,andz=Lfora < p < b;andeachis100V onthesurfacep =afor—L <z < L.

a) In the region specified above, is Laplace's equation satisfied by the functions Vy + Vo, Vi — Vo,
V1 + 3, and V1 V»? Yesfor thefirst three, since Laplace’'s equation islinear. No for V1 V.

b) Ontheboundary surfacesspecified, arethe potential val uesgiven above obtained from thefunctions
Vi+ Vo, V1 — Vo, V1+3,and V1 Vo? Atthe 100V surface (p = a), No for al. AttheOV surfaces,
yes, except for V1 + 3.

¢) Arethefunctions Vi + Vo, Vi — V>, V1 4+ 3, and V1 V> identical with V1? Only V2 is, sinceit is
given assatisfying all the boundary conditionsthat V1 does. Therefore, by the uniquenesstheorem,
Vo = V1. The others, not satisfying the boundary conditions, are not the same as V.

7.10. Conducting planes at z = 2cm and z = 8cm are held at potentials of —3V and 9V, respectively. The
region between the platesis filled with a perfect dielectric with e = 5¢¢. Find and sketch:

a) V(z): We begin with the general solution of the one-dimensional Laplace equation in rectangular

coordinates: V(z) = Az + B. Applying the boundary conditions, we write —3 = A(2) + B and

9 = A(8) + B. Subtracting the former equation from the latter, wefind 12 = 6A or A = 2V/cm.

Usingthiswefind B = —7V.Findly, V(z) =2z — 7V (zincm) or V(z) = 200z — 7V (z inm).

b) E.(z): WeuseE = —VV = —(dV/dz)a, = -2V /cm = —200V/m.
©) D.(z): Working in meters, have D, = € E, = —200e¢ = —1000¢9 C/m?
7.11. The conducting planes 2x + 3y = 12 and 2x + 3y = 18 are at potentials of 100V and O, respectively.
Let e = ¢g and find:

a) Va P(5,2,6): The planes are paralel, and so we expect variation in potentia in the direction
normal to them. Using the two boundary condtions, our general potential function can be written:

V(x,y) =A(2x +3y—12)+ 100 = A(2x + 3y — 18) + 0

and so A = —100/6. We then write
100 100
Vix,y) = —?(Zx +3y—18) = — 3 - S0y + 300

and Vp = —1%°(5) — 100 + 300 = 33.33 V.

b) FiIndE at P: Use
100
E=-VV= ?ax +9504a, V/m
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7.12. Conducting cylindersat p = 2 cmand p = 8 cm in free space are held at potentials of 60mV and
-30mV, respectively.
a) Find V(p): Working in volts and meters, we write the general one-dimensional solution to the
Laplace equation in cylindrical coordinates, assuming radial variation: V(p) = AlIn(p) + B.
Applying the given boundary conditions, this becomes V (2cm) = .060 = AIn(.02) + B and
V(8cm) = —.030 = AIn(.08) + B. Subtracting the former equation from the latter, we find
—.090 = AIn(.08/.02) = AIn4 = A = —.0649. B isthen found through either equation;
e.g., B = .060 + .0649In(.02) = —.1940. Finally, V(p) = —.06491n p — .1940.

b) Find E,(p): E = —VV = —(dV /dp)a, = (.0649/p)a, V/m.

¢) Find the surface on which V. =30mV:
Use.03 = —.0649Inp —.1940 = p =.0317m = 3.17cm.

7.13. Coaxia conducting cylinders are located at p = 0.5 cmand p = 1.2 cm. The region between the

cylindersisfilled with ahomogeneous perfect dielectric. If the inner cylinder isat 100V and the outer
at oV, find:

a) thelocation of the 20V equipotential surface: From Eqg. (16) we have

In(.012/p)

Vip) = 10075127 005)

We seek p at which V = 20V, and thus we need to solve:

In(.012/p) 012

In(2.4) P = 2402

=1.01cm

b) E,max: Wehave

ov.dv 100

p  dp  plIn2.4d)
whose maximum value will occur at the inner cylinder, or at p = .5 cm:

E,=

100

—228x10*V/m=228kV/m
005In(2.4) x /m=228kV/m

Epmax =

C) eg if the charge per meter length on the inner cylinder is 20 nC/m: The capacitance per meter
lengthis
B 2T e€nER B 2
T In24) W

We solvefor eg:

(20 x 1079 In(2.4)
= = 3.15
“R 277€0(100) 22
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7.14. Two semi-infinite planesarelocated at ¢ = —« and ¢ = o, wherea < /2. A narrow insulating strip
separates them along the z axis. The potential at ¢ = —« is Vo, whileV =0at ¢ = «.
a) Find V(¢) intermsof « and Vp: We use the one-dimensional solution form for Laplace’s equation
assuming variation along ¢: V(¢) = A¢ + B. The boundary conditions are then substituted:
Vo = —Aa + B and 0 = Aa + B. Subtract the latter equation from the former to obtain:
Vo= —-24Aa = A=-Vy/(2a). Then0=—-Vy/QRa)a + B = B = Vp/2. Finally

V(p) = (1 - f) v
o

b) Find Eg at ¢ = 20°, p = 2cm, if Vo =100V and oo = 30°:

14V Vo 100
Ey=———=—-V/m Then E(2cm, 20°) = =4.8kV/m
T T odp  2ap / ( ) = 2@0x 27/360)(.02) 48KkV/m

7.15. Thetwo conducting planesillustrated in Fig. 7.8 aredefined by 0.001 < p < 0.120m,0 < z < 0.1 m,
¢ = 0.179 and 0.188 rad. The medium surrounding the planesisair. For region 1, 0.179 < ¢ < 0.188,
neglect fringing and find:

a) V(¢): The general solution to Laplace's equation will be V. = C1¢ + Co, and so

20 = (C1(.188) + C2 and 200 = C1(.179) + C>
Subtracting one equation from the other, we find
—180 = C1(.188 — .179) = C1 = —2.00 x 10*

Then
20 = —2.00 x 10*(.188) + C, = C» =3.78 x 10°

Finaly, V (¢) = (—2.00 x 10%¢ + 3.78 x 103 V.
b) E(p): Use

E( )__VV__Ed_V_Z.OOX].O‘l v/m
P= T Tpde . p ¥

) D(p) = €0E(p) = (2.00 x 10%q/p) ay C/m?.

d) ps onthe upper surface of the lower plane: We use

2.00 x 1 2.00 x 10*
pe=D-n _ 00 x 04a¢,-a¢: 00 x 10 C/m?
surface P 14

€) Q on the upper surface of the lower plane: Thiswill be

120 2.00 x 10*
Q: = / / S0 dpdz = 2.00 x 10%0(.1) In(120) = 8.47 x 10~8 C = 84.7nC
f) Repeat a) to ¢) for region 2 by letting the location of the upper plane be ¢ = .188 — 27, and then
find p; and Q on the lower surface of the lower plane. Back to the beginning, we use

20 = C}(.188 — 27) + C5 and 200 = C1(.179) + C5
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7.15f (continued) Subtracting one from the other, we find
—180 = C1(.009 — 27) = C;=287
Then 200 = 28.7(.179) + C;, = C, = 194.9. Thus V(¢) = 28.7¢ + 194.9 inregion 2. Then

28.7 28.7¢0

E:—T%V/m and D = — ag C/m?

0s on the lower surface of the lower plane will now be

28.7 28.7
— 60{;14).(—51(15): ,060 C/m?

Ps =

The charge on that surface will then be Q, = 28.7¢0(.1) In(120) = 122 pC.

g) Findthetota charge onthe lower plane and the capacitance between the planes: Total charge will
be Qner = O + Qp = 84.7NnC + 0.122 nC = 84.8 nC. The capacitance will be

_ Qne 848 0.471 nF = 471 pF
AV~ 200— 20 ==

7.16. a) Solve Laplace's equation for the potential field in the homogeneous region between two concentric
conducting spheres with radii e and b, b > a,if V=0ar =bandV = Vg a r = a. With radia
variation only, we have

r2dr dr
Multiply by r2:
d dv
A (24VN _ o 2V _ 4
dr dr dr
Divide by r2:
W_4 S v==p
dr  r2 or

Note that in the last integration step, | dropped the minus sign that would have otherwise occurred in
front of A, since we can choose A aswe wish. Next, apply the boundary conditions:

0=445 = 5=t

vo=A_ A L 4 W

a b (-5
Finaly, Vo Vo (% - %)
V(r)=r(%_%)_b(%—%):Vo(%_%)
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7.16b. Find the capacitance between them: Assume permittivity €. First, the electric field will be

The capacitance is now
0 47 a? pq _ Arme

C== =
oW (-

7.17. Concentric conducting spheres are located at » = 5 mm and r = 20 mm. The region between the
spheresisfilled with a perfect dielectric. If theinner sphereisat 100V and the outer sphereat 0V:
a) Find the location of the 20V equipotential surface: Solving Laplace’'s equation gives us

1_1
r b
1_1
a b

V(r)=Wo

where Vo = 100, ¢ = 5and b = 20. Setting V (r) = 20, and solving for r producesr = 12.5mm.

b) Find E; jax: Use

_ _dav__ Voa
T T e ey

a

Then

Vo _ 100
a(l—(a/b))  5(1— (5/20))

Er,max =E(r=a)= = 26.7 V/mm = 26.7 kV/m

) Find ey if the surface charge density on the inner sphere is 100 xC/m?: p, will be equal in
magnitude to the electric flux density at r = a. S0 p; = (2.67 x 10* V/m)egep = 10~4 C/m?.
Thusegr = 423! (obviously abad choice of numbershere—possibly amisprint. A morereasonable
charge on the inner sphere would have been 1 uC/m?, leading to ez = 4.23).

7.18. Concentric conducting spheres have radii of 1 and 5 cm. Thereisaperfect dielectric for whicheg = 3
between them. The potential of theinner sphereis 2V and that of the outer is-2V. Find:
a) V(r): We use the genera expression derived in Problem 7.16: V(r) = (A/r) + B. Attheinner
sphere, 2 = (A/.01) + B, and at the outer sphere, —2 = (A/.05) + B. Subtracting the latter
equation from the former gives

11
4=A(—= - =) =804
(.01 .05)

so A = .05. Substitute A into either of the two potential equations at the boundaries to find
B = —3. Findly, V(r) = (.05/r) — 3.
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7.18b. E(r) = —(dV /dr)a, = (.05/r%)a, V/m.
c) Var=3cm: V(03) = (.05.03) —3=—-1.33V.

d) thelocation of the 0-V equipotentia surface: Use

0=(.05/rp) —3 = ro=(.05/3) =.0167m = 1.67cm

€) the capacitance between the spheres:

A e 4 (3)eo 127 €g
G-% (a-w 80 ——

7.19. Two coaxial conducting cones have their vertices at the origin and the z axis astheir axis. Cone A has
the point A(1, 0, 2) on its surface, while cone B has the point B(0, 3, 2) onits surface. Let V4 = 100
V and Vg = 20V. Find:

a) « for each cone: Have oy = tan=1(1/2) = 26.57° and ap = tan—1(3/2) = 56.31°.

b) Va P(1,1,1): Thepotential function between cones can be written as
V() = C1Intan(9/2) + Co

Then
20 = C1Intan(56.31/2) + C2> and 100 = C;1Intan(26.57/2) + C»

Solving these two equations, wefind C; = —97.7and C> = —41.1. Nowat P, 0 = tan~1(v/2) =
54.7°. Thus
Vp = —97.7Intan(54.7/2) — 41.1 = 23.3V

7.20. A potentia field in free spaceisgivenas V = 100Intan(6/2) + 50 V.
a) Find the maximum value of |Eg| on the surface & = 40° for 0.1 < r < 0.8 m, 60° < ¢ < 90°.
First

14V 100 100 100
E=—-——— S — y=——a
2r Sin(B/2) cos(6/2) rsing

F a0 T T 2rtan0/2) c00/2)
Thiswill maximize at the smallest value of r, or 0.1:

100

Emax = °)=E(r = A, =40°) = ————
(6 =400 =Er=0L0=40) =4 7gna0n®

= 1568y kV/m

b) Describethesurface V = 80V: Set 100Intan6/2+ 50 = 80 and solvefor 6: ObtainIntan6/2 =
0.3 = tanf/2=e3=135 = 60 = 107° (theconesurfaceat # = 107 degrees).
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7.21. Infree space, let p, = 200eq/r%4.

a) Use Poisson’s equation to find V (r) if it is assumed that 7°E, — 0 when r — 0, and also that
V — Qasr — oo: With r variation only, we have

1d [ ,dV
vzv_—z—(z )— Pv 200724
d €

dr
o d av
— (r?==) = —200-~*
dr dr
I ntegrate once:
dv 200
) =— 6401 =-333°%+ 0,
dr .6
o dV C
~333.3 14 4+ =1 — vV (inthiscase) = —
dr r2
Our first boundary condition states that r2E, — 0 when r — 0 Therefore C1 = 0. Integrate
again to find:
333 _,
V(r)= 7 )

From our second boundary condition, V — Qasr — oo, we seethat C» = 0. Finally,

V(r) = 833.3r—*V

b) Now find V (r) by using Gauss Law and alineintegral: Gauss' law applied to a spherical surface
of radiusr gives.

42D, = 4 (2??263( "Vdr = 8007160%
Thus D 8007 eor©
E, = 6—0’ - W — 33334 v/m
Now

Vi(r) = —/ 333.3(+") " 14dr’ = 833.3r—4V
o

7.22. Letthevolumechargedensity inFig. 7.3abegivenby p, = pyo(x/a)e™*/% (noteerror in the exponent
in the formula stated in the book).
a) Determine p, yax and p, min andtheir locations: Let x’ = x/a. Then p, = x’e~¥'I. Differentiate
with respect to x’ to obtain:
dpy
dx’

This derivative is zero at x” = £1, or the minimum and maximum occur at x = ta respectively.

The values of p, at these points will be py max = pvoe~t = 0.368p,0, Occurring a x = a.

Pv,min = _,Ovoe_l = —0.368p,0, occurring ax =—

= puoe (L~ )
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7.22b. Find Ex and V(x) if V(0) =0and E, — O0asx — oco: We use Poisson’s equation:

2
vy = P o 4V o ()t
€ dx? € \a

For x > 0, this becomes

I ntegrate once over x:

dv
—(x>0):—@ <)—C>e_x/adx+C1:ap—voe_x/“ (£+1)+C1
dx € a € a

Noting that E, = —dV /dx, we use thefirst boundary condition, E, — 0asx — oo, to establish that
C1 = 0. Over therange x < 0, we have

dv -
e N T R
dx € a € a

where C; = 0, since, by symmetry, £, — Oasx — —oo. Thesetwo equations can be unified to cover
the entire range of x; the final expression for the electric field becomes:

E. - dV._ apwo <|x|

—— = = +1> e ey /m
dx € a

The potential function is now found by a second integration. For x > O, thisis

2
Vix) = 2P0 / [(f) ey e—x/a] dx + Cp = P10 [—_Xe_x/a _ ze—x/a:| LG,
€

a € a

We use the second boundary condition, V (0) = 0, fromwhich C2 = 242p,0/€. Substituting thisyields
azpvo X —x/a —x/a
VX)) (x>0 =——| —e +2(1—e )
€ a

We repeat the procedure for x < O to obtain

2
V) = 2P0 / [(i) el 4 ex/“] dx +C5H = 4 o |:__xex/“ - 2ex/“i| + G,
€

€ a a

Again, with the V (0) = 0boundary condition, wefind C;, = —2a?pyo/€, which when substituted |eads
to

2 _
Vx)(x <0) = a fvo |:7xex/a —2(1— ex/a)]

Combining the results for both ranges of x, we write

Vix) = _azpvo |:()_C> e~ Xl/a _ E (1_ elxl/a)j|

a |x|
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7.22c.

7.23.

Use a development similar to that of Sec. 7.4 to show that C = dQ/dVy = €S/8a ( note error in
problem statement): First, the overall potential differenceis

202,0110 . 4612/01;0

Vo=Visoo = Visoo =2 %
€ €

Fromthiswefind a = /(e Vo)/(4py0). Then thetotal charge on one side will be

o0 X —Xx 00 1
0= S/o 0v0 (Z> e~/ dx = Spyoae™/“ [— - 1] ‘o = Spyoa = ES\/EVOpUO

a

dQ d 1 S Pv0 €

dVo  dVo <2 A Op”o) & Vo
But a = /(eVo)/(@pyo), from which (py0/ Vo) = €/(4a?). Substituting this into the capacitance
expression gives

A rectangular trough is formed by four conducting planeslocated at x = 0Oand8cmand y = 0and 5
cminair. Thesurfaceat y = 5cmisat apotential of 100V, the other three are at zero potential, and the
necessary gaps are placed at two corners. Find the potential at x = 3cm, y = 4 cm: Thissituation is
the same asthat of Fig. 7.6, except the non-zero boundary potential appears on the top surface, rather
than the right side. The solution isfound from Eq. (39) by simply interchanging x and y, and b and d,
obtaining:

4Vy 1 sinh(mry/d) . mmx

Vix,y) = — - sin
. ) T lOddmsmh(mnb/d) d

where Vo = 100V, d = 8 cm, and b = 5 cm. We will use the first three terms to eval uate the potential
a (3,4):

. 400 [ sinh(z/2) 1 sinh(3r/2) . 1 sinh(5r/2) .
400

= —[.609 —.040 — .011] = 71.1V
b4

Additional accuracy is found by including more terms in the expansion. Using thirteen terms, and
using six significant figure accuracy, the result becomes V (3, 4) = 71.9173 V. The series converges
rapidly enough so that terms after the sixth one produce no change in the third digit. Thus, quoting
three significant figures, 71.9 V requires six terms, with subsequent terms having no effect.
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7.24.

7.25.

The four sides of a square trough are held at potentials of 0, 20, -30, and 60 V; the highest and lowest
potentials are on opposite sides. Find the potentia at the center of the trough: Here we can make good
use of symmetry. The solution for asingle potential on the right side, for example, with al other sides
at OV isgiven by Eq. (39):

Vix,y) =

o0 .
4Vo lenh(mnx/b) Sin(mﬂy)

™ sinh(mmd/b) b
In the current problem, we can account for the three voltages by superposing three solutions of the
above form, suitably modified to account for the different locations of the boundary potentials. Since
we want V at the center of a square trough, it no longer matters on what boundary each of the given
potentialsis, and we can smply write:

4(0+ 20 — 30 + 60) i 1 sinh(mr /2)

T ™M sinh(m)

V (center) = sin(mm/2) = 12.5V

The series converges to this value in three terms.

InFig. 7.7, change the right side so that the potential varies linearly from 0 at the bottom of that side
to 100V at thetop. Solvefor the potential at the center of the trough: Since the potential reaches zero
periodically in y and also iszero at x = 0, we use the form:

o0
Now, at x = d, V = 100(y/b). Thus
y > mmd My
1005:2:1Vmsinh( ; )sin( ; )

We then multiply by sin(nry/b), where n isafixed integer, and integrate over y from 0 to b:

[} 2005 sn(52) = 32 vsion (25) [7sin (%52 n (%52

=b/2 if m=n, zero if m#n

Theintegral on the right hand side picks the nth term out of the series, enabling the coefficients, V,,, to
be solved for individually aswe vary n. Wefind in general,

nny)

1002 sm( ) dy

A — /
bsmh(mn/d)

Theintegral evaluates as

b nwy —100/mm (m even) 100
100= dy = = (—pmti=
/O bs'”< b ) v { 100/m (m odd) } D
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7.25 (continued) Thus

7.26.

_200(—pm+t
" mnb sinh(mmd/b)

So that finally,

Vicy) = 200 2, (=1L sinh (mmx/b) Sin(mny)
BV T %h & snhnad/b) b

m=

Now, with asquaretrough, setb =d = 1,andso00 < x < 1and 0 < y < 1. The potential becomes

200 o (=)™ + sinh (mrx)

Vi y) = o= m sinh (mm)

sin (mmy)

Now at the center of thetrough, x = y = 0.5, and, using four terms, we have

=125V

V5 5);200 sinh(z/2) 1sinh(3r/2) 1sinh(57/2) 1sinh(77/2)
T x| @nh(r) 3 sinh@3z) | 5 sinh(57) 7 sinh(7x)

where additional terms do not affect the three-significant-figure answer.

If X isafunctionof x and X" + (x — 1) X — 2X = 0, assume asolution in the form of an infinite power
series and determine numerical valuesfor ay to ag if ag = 1 and a; = —1: The series solution will be

of theform:
0
X = Z apx™
m=0

Thefirst 8 terms of this are substituted into the given equation to give:

(2ap — a1 — 2ag) + (6az + a1 — 2ap — 2a1)x + (12a4 + 2az — 3ag — 2az)x>
+ (a3 — 4ag — 2a3 + 20as)x> 4 (30ag + dag — Sas — 2az)x* + (42a7 + 5as — 6ag — 2as)x°
+ (56ag + 6ag — Ta7 — 2ag)x® + (Taz — 8ag — 2a7)x” + (8ag — 2ag)x® =0

For this equation to be zero, each coefficient term (in parenthesis) must be zero. Thefirst of theseis
200 —ay —2a0=2a2+1-2=0 = ax=1/2
The second coefficient is
6az+a1—2ap —2a1 =6a3—1—-14+2=0 = az3=0

Third coefficient:

12a4 4 2a — 3a3 — 2ap =124 +1—-0—-1=0 = a4 =0
Fourth coefficient:

3a3 —4dag — 2a3+20a5 =0—0—0+2005 =0 = a5=0
Inasimilar manner, wefindag = a7 =ag =0
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7.27. Itisknown that V = XY isasolution of Laplace’s equation, where X is a function of x alone, and
Y isafunction of y alone. Determine which of the following potential function are also solutions of

Laplace's equation:
a) V = 100X: Weknow that V2XY = 0, or
32 82 X" Vi

_ " " _ 2

Therefore, V2X = 100X” # 0 — No.
b) V =50XY: Would have V2V = 50V2XY =0 — Yes.
C) V=2XY+x—3y: V2V =2V2XY +0-0=0 — Yes.
d) V=xXY: V2V =xV2XY 4+ XYV? =0 — Yes.
€ V=X%Y: V2V = XV?XY + XYV2X =0+ XYV?X — No.

7.28. Assume a product solution of Laplace's equation in cylindrical coordinates, V = P F, where V is not
afunction of z, P isafunction only of p, and F isafunction only of ¢.
a) Obtain the two separated equations if the separation constant is n2. Select the sign of n? so that
the solution of the ¢ equation leads to trigonometric functions: Begin with Laplace’s equation in
cylindrical coordinates, in which thereisno z variation:

) 19 ( a8V 1 9%V
ViV==—|p— |+ 5-—5=0
ap pc 9¢

We substitute the product solution V = P F to obtain:

Fd ( dP\ szF_FdP+Fd2P+ Pd’F _
pdp \"dp ) " p2ag? = pdp dp? = p?d¢?
Next, multiply by p? and divide by F P to obtain

pdP p?d?P 1d°F
s Tt i =
Pdp = P dp? Fd¢

~——

}12 —n2

The equation is now grouped into two parts as shown, each a function of only one of the two
variables; each is set equal to plus or minus n2, asindicated. The ¢ equation now becomes

2
% +n’F=0 = F= C, cos(ng) + D, sin(ng) (n > 1)

Note that  is required to be an integer, since physically, the solution must repeat itself every 2z
radiansin ¢. If n = 0, then

sz—O = F=Copp+D

dp2 =Co 0
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7.28b. Show that P = Ap" + Bp " sdtisfiesthe p eguation: From part a, the radial equation is:

Substituting Ap", we find

pZn(n_l)pn—2+pnpn—l_n2pn :ann _npn +l’lpn—l’l2,0n =0

Substituting Bp ™"

n

pZn(n + 1)pf(n+2) _ pnpf(nJrl) _ anfn — anfn + I’l,Oin _ I’l,Oin _ n2pf -0

So it works.

¢) Construct thesolution V (p, ¢). Functionsof thisform arecalled circular harmonics. To assemble
the complete solution, we need the radial solution for the case in which n = 0. The equation to
solveis

d?Pp N dP

dp? dp

Let S =dP/dp,and sodS/dp = d?P/dp?. The equation becomes

o =0

ds dp dS
Pdp * p S
Integrating, find
Ag Ao dP
—Inp+InAg=InS = InS=Ih{— ) = S§=—=—
P P dp
where Ag isaconstant. So now
dp dP

= — Pnzoonln,O+BO
P Ao

We may now construct the solution in its complete form, encompassing n > 0:

V(p,#) = (AoInp + Bo)(Co¢ + Do) + Z[Anp" + Bup~"][Cy cOS(ng) + Dy Sin(ng)]
n=1

n=0 solution
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