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ABSTRACT

A Dynamic Finite Element (DFE) for vibrational analysis of rotating assemblages composed of

beams is presented in which the complexity of the acceleration, due to the presence of gyroscopic,

or Coriolis forces, is taken into consideration. The dynamic trigonometric shape functions of un-

coupled bending and axial vibrations of an axially loaded uniform beam element are derived in an

exact sense. Then, exploiting the Principle of Virtual Work together with the nodal approximations

of variables, based on these dynamic shape functions, leads to a single frequency dependent sti�ness

matrix which is Hermitian and represents both mass and sti�ness properties. A Wittrick-Williams

algorithm, based on a Sturm sequence root counting technique, is then used as the solution method.

The application of the theory is demonstrated by two illustrative examples of vertical and radial

beams where the in
uence of Coriolis forces on natural frequencies of the clamped-free rotating

beams is demonstrated by numerical results.

�Presently Assistant Professor in Aerospace Engineering, ryerson University, toronto, Ontario, CANADA
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NOMENCLATURE

Da denominator in the expressions of N1a and N2a

(extensional shape functions),

Dfz denominator of N1fz,N2fz,N3fz and N4fz,

(in-plane (lead-lag) 
exural shape functions),

Dfy denominator of N1f ,N2f ,N3f and N4f

(out-of-plane (
apping) 
exural shape functions),

Dt denominator in the expressions of N1t and N2t

(torsional shape functions),

Ha = EA Extensional Rigidity,

Hfz = EIzz Flexural Rigidity,

Hfy = EIyy Flexural Rigidity,

Ht = GJ Torsional Rigidity,

[KDS] overall dynamic sti�ness matrix,

[K�
DS

] upper triangular matrix obtained from KDS,

[KDS]
k elementary DFE sti�ness matrix,

W total virtual work,

WINT internal virtual work,

WEXT external virtual work,

Wk discretized elementary virtual work,

Wk

a
the part of W k corresponding to the extension,

Wk

fz
the bending (in-plane) part of W k,

Wk

fy
the bending (out-of plane) part of W k,

Wk

t
the part of W k corresponding to the torsion,

lk the length of element \k",

m = �A ; mass per unit length,

u extensional displacement,

U amplitude of the extensional displacement,

�U test function due to extensional displacement,

v lead-lag 
exural displacement,

V amplitude of the lead-lag 
exural displacement,

�V test function due to lead-lag 
exural displacement,

w 
apping 
exural displacement,

W amplitude of the 
apping 
exural displacement,

�W test function due to 
apping 
exural displacement,

 torsional rotation,

	 amplitude of the torsional rotation,

�	 test function due to torsional displacement,

� = s

lk
; elementary local coordinate; 0 � � � 1,


 rotating speed,

! rotary frequency.
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INTRODUCTION

There has in recent years been an upsurge of interest in the vibrational analysis of elastic rotating

structures. Numerous structural con�gurations such as helicopter, turbine and compressor blades,

spinning spacecraft, satellites, and also rotating shafts and linkages, fall into this category. The

essential feature that distinguishes such systems from non-rotating ones is, in general, the complexity

of the accelerations which act throughout the system. In addition to the accelerations resulting from

elastic structural deformations, the equations of motion may involve signi�cant gyroscopic, Coriolis,

and centripetal accelerations. Also, the sti�ness characteristics of the structure may be modi�ed

by the steady state internal loads induced by the centrifugal forces. The \classic" sti�ening e�ect

experienced by a rotating beam is discussed in many texts [1-7] and most of the work reported on

spinning structures [2-4]

has been concerned with discrete models in which the deformation of the system from its state of

steady rotation is described by a time-dependent displacement vector, containing a �nite number

of N components. The �nite element method, lumped mass, and Rayleigh-Ritz method provide

examples of such methods. In �nite element formulations, because of their completeness and ease of

manipulation, polynomials are often used. In this case, approximate member equations in the form

of mass and static sti�ness matrices, are used. The Dynamic Sti�ness Matrix (DSM) method has

certain advantages over the conventional �nite element method, particularly when higher frequencies

and better accuracies of results are required. This is true because the properties obtained from

the method of DSM are based on the closed form analytical solution of the di�erential equation

of the element and hence are justi�ably called "exact". However, the application of the DSM

method is limited to special cases. When the axial and transversal (in-plane and out-of-plane)

vibrations of beams rotating at constant angular velocity has to be studied, the e�ect of the steady

state tension (centrifugal force) is not negligible. In addition, the centrifugal force can not be

assumed to be constant along the length of the member. Hence, as it will be discussed later, the

governing di�erential equations of motion, in this case, contain the variable coe�cients which makes

it impossible to solve them analytically. The only way of deriving the exact DSM of the member,

in that case, is by numerical integration of the governing equations of motion [8].

The Dynamic Finite Element (DFE) approach developed here produces accurate solutions for

vibration of spinning assemblages composed of beam elements, in the presence of the Coriolis forces.
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This method can be considered as a combination of the well-known weighted residual method, as

used in the conventional FEM, and some interesting features of the DSM approach. The e�ect

of the variable centrifugal force is also taken into account by an approach presented before [9].

The exact solution of the equations governing the uncoupled bending and extensional vibrations of

an axially loaded beam are �rst obtained. The employment of these solutions as basis functions

then leads to the frequency dependent (dynamic) trigonometric shape functions. The Principle of

Virtual Work (PVW) together with the nodal approximations of variables, based on the dynamic

shape functions, are then utilized to derive the elementary (dynamic) sti�ness matrix. The sti�ness

matrix represents both mass and sti�ness properties and, in this case, is Hermitian. Then, the

elementary sti�ness matrices are assembled directly, to make the global complex Hermitian sti�ness

matrix. The theorem presented by Wittrick andWilliams [8], based on Sturm sequence properties of

Dynamic Sti�ness Matrix of structures, can then be used for the systematic calculation of the natural

frequencies of the system. The same theorem is also applicable for either a discrete system which

is assembled from sub-structures, or an assembly of distributed mass members and is identical to

a corresponding one for non-spinning structures [10-13] Numerical checks are performed to con�rm

the predictability and the accuracy of the theory. The e�ect of the centrifugal, centripetal and the

gyroscopic, or Coriolis forces on the eigenfrequencies of beams is demonstrated for two examples by

comparing the di�erent cases as non-rotating beam, rotating beam neglecting the gyroscopic forces

and rotating beam when the Coriolis forces are taken into consideration. The advantage of this

approach, when compared to the exact DSM method, is that it can be extended to more complex

cases such as rotating beams with variable geometry and mechanical properties.

The DFE approach has been applied, in di�erent occasions, to the vibrational analysis of non-

uniform beams [14], the rotating uniform and tapered beams [7, 9, 15] and coupled 
exural-torsional

beam vibrations [16, 17] for which, the Dynamic Sti�ness Matrices were real.
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MATHEMATICAL MODEL

The Governing Equations of Motion

Here, the application of the DFE method to the natural frequency calculation of a rotating beam-

made frame is discussed. Consider a rigidly jointed two-dimensional frame attached to a rigid hub

which is spinning with constant velocity 
 about an axis in the plane of the frame. The mem-

bers of the frame are supposed to be uniform and to have distributed mass. A simple example

of such a frame is shown in Figure (1). For simplicity it is also assumed that the shear centre

and the centrid of the cross section of each member coincide (i.e., no bending-torsion coupling),

and that the principal axes of the cross section lie within and prependicular to the plane of the frame.

B

C

F E

D

A

Ω

FIGURE 1: AN EXAMPLE OF A SPINNING TWO-DIMENSIONAL FRAME.

Consider then a single, straight, uniform, Euler-Bernoulli beam, representing a typical member

of the frame, as shown in Figure (2). Introducing a set of cartesian coordinate system (x,y,z), in the

undeformed state the member lies in x-z plane, inclined at an constant angle � to the x direction.

We assume here that 
 is well below the critical speed at which an instability of the structure, in

the form of a divergence may occur [8]. Including the rotating inertia at the base (i.e., the rigid

hub) and a payload at the tip of a rotating beam has been addressed by Bellezza et al. [18], but in

this study these e�ects are not taken into account and we only consider small vibrations about the

steady deformed state. In this case, the governing di�erential equations of motion for an element is

(see Appendix A):
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FIGURE 2: AN INDIVIDUAL MEMBER OF A FRAME.
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In these equations m is the mass per unit length, EA the extensional rigidity, Ht the torsional

rigidity, Hfz and Hfy the 
exural rigidities for bending in v and w directions, respectively, R the

polar radius of gyration of the cross section, and T is the steady state tension in the member. Also,

u, v, and w denote the displacements from the deformed steady state.

If the displacements are varying harmonically with time, at a frequency !, one can write

fu; v; w;  g = fU(s); V (s);W (s);	(s)gei!t (5)
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and obtain the following set of ordinary di�erential equations:

f�(
EA

m
)
d2U

ds2
� (
2 cos2 � + !2)Ug �

(2i!
cos �)V +

(
2 cos�: sin�)W = 0: (6)

(2i!
cos�)U +

f(
Hfz

m
)
d4V

ds4
� (

1

m
)
d

ds
(T
dV

ds
)� (
2 + !2)V g �

(2i!
sin�)W = 0: (7)

(
2 cos�: sin�)U + (2i!
sin �)V +

f(
Hfy

m
)
d4W

ds4
� (

1

m
)
d

ds
(T
dW

ds
)� (
2 sin2 �+ !2)Wg = 0: (8)

(
Ht

mR2
)
d2	

ds2
+ !2	 = 0: (9)

Equation (9) governs the torsional vibration, which is uncoupled from the longitudinal (U) and

two bending (V and W ) vibrations. Moreover it does not involve the velocity of spin, 
, and the

dynamic torsional sti�ness coe�cients are the same as for a non-spinning beam.

Unfortunately it is not such a simple matter to solve equations (6 -8) for the longitudinal and

bending vibrations. Not only are these equations coupled, but the steady state tension T will in

general be a function of s, because if � is di�erent than 90o there will be a component of the

steady state radial acceleration, x0

2, along the member. This means that the terms involving T

in equations (7) and (8), which arise from the e�ect of the tension on the bending moments, will

introduce variable coe�cients into the di�erential equations and make it impossible to obtain an

analytical solution. The only way of deriving the \exact" Dynamic Sti�ness Matrix of the member

in that case is by numerical integration of equations (6-8) by using for example the Runge-Kutta

method [8]. Another more expedient way of dealing with a member with varying T , as proposed

by Wittrick and Williams [8] would be to break it down into several members, joined end to end, of

such length that they can all reasonably be assumed to have constant T . Under these circumstances

it is possible to write down a general solution for U , V and W , involving 10 arbitrary constants
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of integration. The calculation of the tenth order dynamic sti�ness matrix will of course involve

complex arithmetics and the application of the method will be limited to special cases (i.e., the

governing di�erential equations with constant coe�cients).

Integral Formulation

The use of the Bubnov-Galerkin weigted residual method leads to the integral form associated

to equations (6) { (8). Then, applying an appropriate number of integrations by parts allows us to

diminish the derivatives order and the weak integral form is then obtained as:

Wa =
Z

L

0

n
(EA)�U

0

U
0

�m (
2 cos2 �+ !2)�UU
o
ds �

h
(EA)�U U

0
i
L

0
�

Z
L

0
�U(2 m i!
cos�)V ds +

Z
L

0
�U(m 
2 cos�: sin�)Wds (10)

Wfz =
Z

L

0
�V (2 m i ! 
 cos�) U ds +

Z
L

0

n
(Hfz)�V

00

V
00

� �V
0

(T )V
0

�m (
2 + !2)�V V
o
ds +

h
Hfz(�V V

000

� �V
0

V
00

)� (T )�V V
0
iL
0
�

Z
L

0
�V (2 m i!
sin�)Wds (11)

Wfy =
Z

L

0
�W (m 
2 cos�: sin �) U ds +

Z
L

0
�W (2 mi!
sin�)V ds +

Z
L

0

n
(Hfy)�W

00

W
00

�

�W
0

(T )W
0

�m (
2 sin2 �+ !2)�WW
o
ds +h

Hfy(�WW
000

� �W
0

W
00

)� (T )�WW
0
i
L

0
(12)

Here, U; V and W are solution functions and �U; �V and �W are test functions. Both quantities

are de�ned in the same approximation space. The test functions must satisfy the following boundary

condition:

test functions = 0, on Su

where Su represents the part of boundary (S) where solution functions (U; V and W ) are speci�ed.
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For Clamped boundary condition, for example, �U = �V = �V
0

= �W = �W
0

= 0, and force terms

are zero at a free end. Expressions (10) { (12) also satisfy the Principle of Virtual Work (PVW)

W = WINT �WEXT = 0

where

WINT = Wa +Wfz +Wfy (13)

and WEXT = 0, for free vibrations.

If the domain is discretized by a number of 2-node elements [19, 20], we have (see Figure 3):

W =WINT =
NEX
k=1

Wk = 0 (14)

where

Wk =Wk

a +W
k

fz +W
k

fy (15)

and

Wk
a =

Z
xj+1

xj

n
(EA)�U

0

U
0

�m(
2 cos2 �+ !2)�UU
o
ds

�

Z
xj+1

xj

�U (2 m i! 
 cos�) V ds

+
Z

xj+1

xj

�U (m 
2 cos� : sin�) W ds (16)

Wk
fz =

Z
xj+1

xj

�V (2 m i !
 cos�) U ds +

Z
xj+1

xj

n
�V

00

(Hfz)V
00

+ �V
0

(T )V
0

�m(
2 + !2)�V V
o
ds

�

Z
xj+1

xj

�V (2 m i!
sin�)Wds (17)

Wfy =
Z

xj+1

xj

�W (m 
2 cos�: sin �) U ds +

Z
xj+1

xj

�W (2 mi!
sin�)V ds +
Z

xj+1

xj

n
�W

00

(Hfy)W
00

+

�W
0

(T )W
0

�m (
2 sin2 �+ !2)�W W
o
ds (18)
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N1 2 j j+1

FIGURE 3: The domain, discretized by a number of 2-node elements.

Each element is de�ned by nodes j; j + 1 with corresponding coordinates.

After an appropriate number of integration by parts on the elementary equations, the relation

Wk may also be written in the following form

Wk

a =
Z

xj+1

xj

�U
n
(EA)�U

00

+m(
2 cos2 � + !2)�U
o
ds+

h
(EA) �U

0

U
ixj+1
xj

�

Z
xj+1

xj

�U (2 m i ! 
 cos�) V ds �

Z
xj+1

xj

�U (m 
2 cos�: sin �)Wds (19)

Wk

fz =
Z

xj+1

xj

�V (2 m i ! 
 cos�) U ds +

Z
xj+1

xj

V
n
(Hfz) �V

0000

� (T ) �V
00

�m (
2 + !2)�V
o
ds +

h
(Hfz)

n
�V

00

V
0

� �V
000

V
o
+ (T ) �V

0

V
i
xj+1

xj

�

Z
xj+1

xj

�V (2 m i!
sin�)Wds (20)

Wfy =
Z

xj+1

xj

�W (m 
2 cos�: sin �) U ds +

Z
xj+1

xj

�W (2 mi!
sin�)V ds +
Z

xj+1

xj

W
n
(Hfz)�V

0000

�

(T ) �V
00

� m (
2 sin2 � + !2) �W
o
ds +

h
(Hfy)

n
�W

00

W
0

� �W
000

W
o
+ (T ) �W

0

W
ixj+1
xj

(21)

The admissibility condition for �nite element approximation is controlled by equations (10 -12).

The approximation for V; �V , W and �W is of C1-type, assuring continuity of V; V;x, W and W;x

at each node, and the approximation for 	; �	 is of C0-type. Equations (19 -21) present simply a

way of evaluating equations (16 -18) at the element level.
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Dynamic Finite Element (DFE) Method

When coe�cients Hfz, Hfy, Ht, T (x), m(x), etc. are not constant, it becomes di�cult and

cumbersome to obtain the exact model. In this study, we propose an intermediate approach, where

the interpolation functions are obtained, with averaged value parameters over each element, which

are the solutions of the uncoupled form of the governing di�erential equations of motion. The

method is brie
y explained here for the case of a \uniform rotating beam", but it can be extended

to more complex cases as nonuniform beams [9, 14, 15].

The in
uence of variable parameters (here T (x)), can be taken into account by rewriting the

equations (15-18) as:

Wk =Wk

a +W
k

fz +W
k

fy (22)

where

Wk
a =

Z
xj+1

xj

n
�U

0

(EA)U
0

�m(
2 cos2 �+ !2)�UU
o
ds�

Z
xj+1

xj

�U(2 m i!
cos�)V ds

+
Z

xj+1

xj

�U(m 
2 cos�: sin �)Wds (23)

Wk
fz =

Z
xj+1

xj

�V (2 m i ! 
 cos�) U ds +

Z
xj+1

xj

n
�V

00

(Hfz)V
00

+ �V
0

( �T )V
0

�m(
2 + !2)�V V
o
ds�

Z
xj+1

xj

�V
0

(TDEV )V
0

ds �

Z
xj+1

xj

�V (2 m i!
sin �)Wds (24)

Wfy =
Z

xj+1

xj

�W (m 
2 cos�: sin�) U ds +

Z
xj+1

xj

�W (2 m i ! 
 sin �) V ds +
Z

xj+1

xj

n
�W

00

(Hfy)W
00

+

�W
0

( �T )W
0

�m (
2 sin2 � + !2)�W W
o
ds �Z

xj+1

xj

�W
0

(TDEV )W
0

ds (25)
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and

TDEV = ( �T � T (x)); �T =
Z

xj+1

xj

T (s)ds=(xj+1 � xj):

The relation Wk may also be written as:

Wk
a =

Z 1

0
�U [(

EA

lk
)�U

00

+mlk(

2 cos2 �+ !2)�U ]| {z }

�

d� +

�
(
EA

lk
)�U

0

U

�1
0

�

Z 1

0
�U(2 mlk i!
cos�)V d� �

Z 1

0
�U(mlk 


2 cos�: sin �)Wd� (26)

Wk

fz =
Z 1

0
�V (2 mlk i!
cos�)Ud� +

Z 1

0
V

 
(
Hfz

l3
k

) �V
0000

� (
�T

lk
) �V

00

�mlk (

2 + !2)�V

!
| {z }

��

d� +

"
(
Hfz

l3
k

)
n
�V

00

V
0

� �V
000

V
o
+ (

�T

lk
) �V

0

V

#1
0

�

(
1

lk
)
Z 1

0
�V

0

(TDEV )V
0

d� �

Z
lk

0
�V (2 mlk i!
sin �)Wd� (27)

Wfy =
Z

lk

0
�W (mlk 


2 cos�: sin �)Ud� +

Z 1

0
W

 
(
Hfz

l3
k

)�V
0000

� (
�T

lk
)�V

00

�mlk(

2 sin2 �+ !2)�W

!
| {z }

���

d��

Z 1

0
�W (2 mlki!
sin �)V d� + (

1

lk
)
Z 1

0
�W

0

(TDEV )W
0

d� +

"
(
Hfy

l3
k

)
n
�W

00

W
0

� �W
000

W
o

+ (
�T

lk
) �W

0

W

#1
0

(28)

where � = s

lk
, and s and lk represent the k

th element's local coordinate and its length, respectively

(0 � s � lk). The equations (26-28) are simply a di�erent way of evaluating equations (15-18) at

the element level.
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Then, to obtain the Dynamic Finite Element model �U , U , �V , V ,�W and W , are approximated

so that (*), (**) and (***) vanish:

�U =< P (�) >a �f�ag ; U =< P (�) >a �fag (29)

�V =< P (�) >fz �f�bg ; V =< P (�) >fz �fbg (30)

�W =< P (�) >fy �f�cg ; W =< P (�) >fy �fcg (31)

One can note that the torsion (Eq. (9)) can be easily introduced in the development to include

the torsional degrees of freedom (DOF) in the element. In this case, the torsion is also considered

to be included. Hence we can write

�	 =< P (�) >t �f�dg ; 	 =< P (�) >t �fdg (32)

where< P (�) >a, < P (�) >fz, < P (�) >fy and < P (�) >t are found to be

< P (�) >a = < cos(��) ;
sin(��)

�
> (33)

< P (�) >fz = < cos(�z�) ;
sin(�z�)

�z
;

cosh(�z�) � cos(�z�)

�z2 + �z
2 ;

sinh(�z�) � sin(�z�)

�z3 + �z
3 > (34)

< P (�) >fy = < cos(�y�) ;
sin(�y�)

�y
;

cosh(�y�) � cos(�y�)

�y2 + �y
2 ;

sinh(�y�)� sin(�y�)

�y3 + �y
3 > (35)

< P (�) >t = < cos(��) ;
sin(��)

�
> (36)

where;

�z ; �z =
1

[2 �Az]
1

2

f �Bz � jB2
z
� 4Az � Czj

1

2 g
1

2 ;

�y ; �y =
1

[2 �Ay]
1

2

f �By � jB2
y
� 4Ay � Cyj

1

2 g
1

2 ;
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� = lk

s
m (
2 cos2 � + !2)

Ha

; � = !lkR(m=Ht)
1=2: (37)

and;

Az =
Hfz

l3
k

; Bz = �(
�T

lk
) ; Cz = �mlk(


2 + !2);

Ay =
Hfy

l3
k

; By = �(
�T

lk
) ; Cy = �mlk(


2 sin2 � + !2):

Considering < a > , < b > , < c > and < d > as nodal variables < U1;U2 >;

< V1;V1
0

;V2;V2
0

>; < W1;W1

0

;W2;W2

0

>; < 	1; 	2 >; respectively, we obtain

fUng = [Pn]a � fag (38)

fVng = [Pn]fz � fbg (39)

fWng = [Pn]fy � fcg (40)

f	ng = [Pn]t � fdg (41)

and hence, the approximation (29)-(32) in nodal variables is written as:

U(�) = < P (�) >a [Pn]
�1
a
fUng = < N(�) >a fUng (42)

V (�) = < P (�) >fz [Pn]
�1
fz
fVng = < N(�) >fz fVng (43)

W (�) = < P (�) >fy [Pn]
�1
fy
fWng = < N(�) >fy fWng (44)

	(�) = < P (�) >t [Pn]
�1
t
f	ng = < N(�) >t f	ng (45)

and can be rearranged as:

8>>><
>>>:
U(�)

V (�)
W (�)

	(�)

9>>>=
>>>;

= [N ] � fwng (46)

where,

fwng = < U1 V1 V
0

1 W1 W
0

1 	1 U2 V2 V
0

2 W2 W
0

2 	2 >T ; (47)
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and

[ N ] =

2
6664
< N a >

< N fz >

< N fy >

< N t >

3
7775 =

2
6664
N1(!)a

0

0

0

0

N1(!)fz
0

0

0

N2(!)fz
0

0

0

0

N1(!)fy
0

0

0

N2(!)fy
0

0

0

0

N1(!)t

N2(!)a
0
0

0

0

N3(!)fz
0

0

0

N4(!)fz
0

0

0

0
N3(!)fy

0

0

0
N4(!)fy

0

0

0
0

N2(!)t

3
7775

(48)

are the frequency dependent dynamic shape functions, mentioned earlier. Their analytical expres-

sions and graphical illustrations, together with the plot of the static and dynamic basis functions

(i.e., Pi(!)fz;i=1;2;3;4), for a uniform beam rotating in the hoerizontal plane, are given in Appendix B

(see Figures 8,9 and 10). Similar approximations are also written for U; V;W and 	. Using equation

(16-18) the DFE sti�ness matrix is then obtained as:

Wk =< �wn > [KDS]
kfwng; (49)

where

[KDS ]
k = [KDS]

k

AV
+ [KDS]

k

DEV
+ [KDS]

k

COR
+ [KDS]

k

CENT
;

and

[KDS]
k = DFE sti�ness matrix of the element k,

[KDS]
k

AV
= [KDS]

k, from constant axial force/element,

[KDS]
k

DEV
= [KDS]

k, due to T variation,

[KDS]
k

COR
= Hermitian Coriolis (gyroscopic) matrix,

[KDS]
k

CENT
= Centrifugal sti�ness matrix.

These matrices are given in detail in Appendix C.

It can be readily veri�ed from equations (26-28 and 49) that if the Coriolis forces are neglected,

the resultant sti�ness matrix, reduces to the sti�ness matrix representing the uncoupled 
exural and
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axial vibrations of a spinning uniform Euler-Bernoulli beam element [7]. Furthermore, if a rotating

speed 
 is assumed to be equal to zero, the degenerated sti�ness matrix of equation (14) becomes

the sti�ness matrix representing the uncoupled 
exural and axial vibrations of a Euler-Bernoulli

beam element [8, 11].

It can be also veri�ed that when ! !0, the functions of equations (34) and (35) become;

1;x;x2;x3: Also, the functions of equations (33) and (36), in this case, change to 1;x. The former,

represent the expansion terms in the formulation of the \Hermite" beam element, in conventional

�nite element method, when 
exural degrees of freedom are considered. The latter, correspond to

the expansion terms, in a linear element formulation in conventional FEM, when the torsion (or ax-

ial displacement) of a beam element is studied. In this case, the dynamic shape functions presented

in this paper become the corresponding shape functions actually used in static conventional FEM.

Therefore, the dynamic sti�ness matrix of equation (49) changes to the static sti�ness matrix of

a \Hermite" type beam element, wherein the torsion is included by using a linear approximation

[19, 20]. The convergence of the DFE formulation, applied to the bending vibration of rotating

beams, has been demonstrated and discussed in another paper published by the authors (see [15]).

APPLICATION OF THE THEORY

The expressions for the DFE sti�ness matrix, [KDS]
k, derived in the previous section, can be

directly used to compute the natural frequencies and mode shapes of spinning blade-like struc-

tures (such as helicopter, propeller or turbine blades), plane or space rotating frames, or grillages

consisting of beams in which the elastic axis and the inertial axis are coincident.

Elementary matrices then will have to be assembled in the usual way to form the overall dynamic

sti�ness matrix [KDS ] of the �nal structure. The eigenvalue problem, for free vibrations, is found

then to be as:

[KDS] � fWng = f0g (50)

where [KDS ] is Hermitian. The natural frequencies are calculated from the equation (50) and the

well-known Wittrick-Williams algorithm based on the Sturm sequence property of [KDS] (e.g. see

[8]).
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Suppose that ! denotes the circular frequency of the beam. Then it is known that j, the number

of eigenvalues passed as ! is increased from zero to !�, is given by

j = j0 + sfKDSg (51)

where [KDS ] is the overall DSM (which is ! dependent) of the structure, evaluated at ! = !�; the

sign count of [KDS], sfKDSg, in this case, is de�ned as the number of reversals of sign between

consecutive members of the sequence H0H1H2:::Hm, where H0 = +1 and Hr(!
�) is the leading

principal minor of order r of the complete dynamic sti�ness matrix [KDS(!
�)]: i.e., the determinant

of the matrix of the elements in the �rst r rows and columns of [KDS(!
�)]. The sign count is

easily computed by transforming [KDS ] into upper triangular form K�
DS

by the usual form of Gauss

elimination, in which rows are taken as pivotal in order and appropriate multiples of the pivotal

row are added to (unscaled) succeeding rows to make all elements below the pivot zero. Note that

the diagonal elements of K�
DS

are real, and it follows that sfKDSg is simply equal to the number of

negative diagonal elements in K�
DS

[8]. j0 (i.e., the number of natural frequencies of the beam still

lying between ! = 0 and ! = !� when the displacement components to which KDS corresponds

are all zero), is equal to the sum of jm while the summation extends over all elements. Within the

limits of the theory developed in this paper, the constrained frequencies of an individual element, jm,

occur when one or more of the components of the matrices of equations (49) become in�nite . This

will occur when Da = 0, Dfz = 0, Dfy = 0 or Dt = 0, which are respectively the denominators in

axial, 
exural and torsional dynamic shape functions, given in Appendix B. They lead, respectively,

to the ja, jfz, jfy and jt values which can be evaluated from the existing procedures explained in

di�erent occasions [7, 9, 14, 15, 21, 22].

Da = sin(�) = 0 and Dt = sin(� ) = 0 are satis�ed when � = i� and � = i�, respectively, and

hence

ja is the highest integer � �

�
;

and

jt is the highest integer � �

�
:

Clearly is not so simple to �nd the j components arising from Dfz = 0 and Dfy = 0. However

they can be obtained as follows [15, 21].

Consider the in-plane bending vibration of a simply supported axially loaded beam, treated as a
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complete structure, for which the sti�ness matrix is Bz. A natural frequency of this beam occurs

when jBzj is zero. It may be shown [21] that this equation is satis�ed only when

sin(�z) = 0 (52)

which requires that

�z = i�; (i = 1; 2; 3; :::):

Hence, the number of natural frequencies of the simply supported beam exceeded by !� is jcz where

jcz is the highest integer � �z

�
:

Then,

jfz = jcz � sBz;

where jfz is the component of jm corresponding to the in-plane 
exural modes. Similarly, jfy can

be calculated from

sin(�y) = 0 (53)

which requires that

�y = i�; (i = 1; 2; 3; :::):

Hence,

jcy is the highest integer � �y

�
:

where, By is the sti�ness matrix for the simply supported beam, when its out-of-plane 
exural

vibration is considered.

Then,

j0 =
NEX
k=1

jm; (54)

where

jm = ja + jfz + jfy + jt:

Thus, exploiting this methodology, it is possible to converge on any required natural frequency.

The mode corresponding to a complex eigenvector xj can be taken as the real part of Xj = xje
i!jt.

(Based on the paper published by Wittrick and Williams [8], alternatively one could choose to take

the imaginary part but the mode so calculated will be exactly the same as that obtaining from the

real part but the origin of time shifted by a quarter period). To �nd the modes, one can then solve
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the equation K�
DS

(!
0

)x = pr, where !
0

represents either the upper or lower bound on !j at the stage

when convergence, with the bisection process, is stopped and pr is a random complex vector [8].

RESULTS AND NUMERICAL CHECKS

Numerical checks were performed to con�rm the accuracy of the theory. First, the natural frequen-

cies of (in and out-of-plane) transverse vibrations for non-rotating beams were studied. For simple

uniform beams, the DFE leads to the `exact' results, even when a single element mesh is considered

(see for example, [6, 22, 23]).

Natural Frequencies of A Vertical Uniform Spinning Beam

ψ

End 1X

X0

Z spin

Ω

z

α = 90ο
z

y

x
w

u

  v L

End 2

x

FIGURE 4: Rotating uniform beam geometry.

As an illustration of the possible application of the DFE developed here, a vertical cantilever

rotating uniform beam (� = 90o) was studied. This example was originally given by Argyris and

Mlejnek [4, 24]. The beam was considered to be attached to a rigid hub which is spinning about

the z axis (see Figure 4 for details).
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The following cross-sectional properties were used in the calculation:

(i) moments of inertia (Iyy) = 1.66493 m4 and (Izz) = 2.49739 m4, respectively,

(ii) Young's modulus (E) = 1.03422E+11 N/m2,

(iii) cross-section area (A) = 1.032256 m2,

(iv) density (�) = 230.6593 kg/m3.

The length of the beam was assumed to be 1.016 m and X0 = 2L = 2:032 m.

For simplicity it was assumed, that the shear centre and centroid of the cross section of the beam

coincide. Furthermore, in this case, there is no coupling between the axial displacements and those

due to the out-of-plane (
apping) or in-plane (lead-lag) vibrations (cos� = 0:). Hence, the axial

displacement, in this case, can be treated separately.

From Eqs. (26-28 and 49) we conclude that the preload has no in
uence on the beam modal

frequencies for this particular con�guration and the centripetal acceleration term tends to soften

the system in both directions. These conclusions are supported by the results illustrated in Figures

5 and 6. It can be seen that the lead-lag frequency (in the x�y plane) increases and that in the x�z

plane (
apping frequency) decreases with increasing rotational speed. As presented by Laurenson [4]

the spreading of this system frequencies is a normal characteristic when the Coriolis acceleration

terms are included. For the particular beam orientation shown in Figure 4 we see that the �rst-

mode frequency in the x� z plane goes to zero as the spin rate approaches the non-spin frequency

!z0. This zero structural frequency condition corresponds to the situation of an unstable system [4].
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FIGURE 6: Comparison of spin-induced e�ects for � = 90o ; the FREQUENCY RATIO- (�rst 
apping mode (!z)=!z0 vs SPIN

RATIO- 
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|+|, only the Coriolis Acceleration included ; |2|, only the preload included.
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Dynamic Characteristics of A Uniform Rotating Radial Beam

s
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FIGURE 7: A cantilever uniform radial beam.

A cantilever uniform radial beam (� = 0:) was studied. The beam was considered to be attached

to a rigid hub which is spinning about the z axis with constant velocity 
 (Figure 7). For simplicity

it was again assumed, that the shear centre and the centroid of the cross section of the beam

coincide. Furthermore, because of the geometry of the radial beam, the out-of-plane (
apping)


exural vibration is uncoupled from axial and in-plane (lead-lag) 
exural vibrations (sin� = 0:).

Hence, the torsional and (
apping) 
exural vibrations can be studied separately and they were not

considered in the following example.

The following cross-sectional properties were used in the calculation:

(i) bending rigidity (Hfz = EIzz) = 2:E + 6 N.m2,

(ii) mass per unit length (m) = 12. kg/m,

(iii) tensional rigidity (EA) = 2.4E+9 N.

(iv) spinning velocity (
) �4900 rad/sec.

The length of the beam was assumed to be 1.0 m. The results corresponding to this study are pre-

sented in Table 1. An eigenvalue analysis at zero rotational speed (which could certainly be carried

out by hand), serves as a basis for comparison. These results were obtained exploiting the DFE

method which, in this case, gives exact results when even only one element is used. Subsequently,

the rotational velocity is increased to (
) �4900 rad/sec and, on the assumption that only centrifu-

gal forces are acting upon the structure, a further eigenvalue analysis is carried out. Hence, we have

a summary view of the qualitative and quantitative e�ects of the centrifugal forces on the eigenvalue

spectrum. As a typical e�ect, we note a spreading of the frequency spectrum: the �rst, the second

and the fourth (
exural) frequencies rise distinctly and the second (which is an extensional one)

falls. The eigenmodes found in these cases are real and they represent the uncoupled extensional
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and bending displacements. If the Coriolis forces are now introduced, as is more realistic, we note

their in
uence on the frequency spectrum: on the �rst bending mode, the Coriolis forces have an

important e�ect, since the eigenfrequency falls about 9%. The second and fourth eigenfrequencies

fall, but the di�erence is not as important as for the �rst one (about 1:5% and 0:5%, respectively).

The third eigenfrequency of the rotating structure involves axial displacement, now combined with

in-plane bending (lead-lag). The increase in frequency amounts to about 10%. We can thus con-

clude that the Coriolis forces possess a considerable in
uence on this type of structures and should

be taken into consideration for similar systems like complete turbine and compressor blades and

spin-stabilized space structures. Other types of Coriolis forces, like those arising from combined

in-plane bending and out-of-plane bending, have also a considerable e�ect on similar structures and

should be certainly taken into account [4]. Another type of Coriolis force encountered in the case of

spinning turbine rotor and rotating shafts arises from bending-bending-torsion displacements and

has even larger impacts on the eigenfrequencies of these types of structures as reported by Argyris

and Mlejnek [24]. The DFE method can be also extended to cover more complex cases.

CONCLUSION

A DFE method to calculate the natural frequencies and mode shapes of vibration of uniform spin-

ning beams and rotating structures made of beams is presented. The expressions for the frequency

dependent trigonometric shape functions of uncoupled, bending and axial, vibrations are used to

�nd the DFE sti�ness matrix, which, in this case, is Hermitian. This enables the Wittrick-Williams

algorithm [8, 10] to be used to �nd the natural frequencies of rotating beam-made structures.

Numerical results, on natural frequencies, are in agreement with published results and showed that

the Coriolis forces have a considerable in
uence on rotating structures and should be taken into

consideration.
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TABLE 1: Natural frequencies of rotating bending-tension coupled radial beam (� = 0) with cantilever end conditions.

Frequency (�i
y)

i �
z = 0 � = 12 � = 12 � = 12

No Centrifugal Centrifugal + Centrifugal +

Forces Forces Centripetal Centripetal +

Included Only Forces Coriolis Forces

1 3.52 13.17 5.43 4.96

2 22.03 37.60 35.64 35.12

3 54.41 54.41 53.07 58.37

4 61.70 79.62 78.71 78.31

y Non-dimensionalized form of 
 ; � =
�
m
2L4

Hfz

�1=2
.

z Non-dimensionalized form of !i ; �i =
�
m!2L4

Hfz

�1=2
.
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Appendix A: Derivation of the governing equations
In the undeformed state the member lies in the x� z plane, inclined at an arbitrary angle � with

respect to the x direction and the coordinates (x0; y0; z0) of the centroid of a general cross section
are then given by (see Figure 2)

x0 = X0 + s cos�; y0 = y0; z0 = s sin�: (55)

where s is the distance measured along the member and X0 is the radius at s = 0. Let the small
deformation of the member be de�ned by the centroidal displacements u(s; t); v(s; t) and w(s; t),
together with a torsional rotation  (s; t), as shown in in Figure (2). Then the coordinates of the
centroid of the deformed member are

x = x0 + u cos�� w sin�; y = y0 + v;

z = z0 + u sin� + w cos�: (56)

The position vector to the centroid of a general di�erential segment of the deformed member is
given by

~r = x ~i+ y ~j + z ~k (57)

The absolute angular velocity of the rotating system is assumed to be constant and is given by

! = 
~k. Di�erentiating equation (57) twice with respect to time gives the acceleration vector as

�~r =
n
�u cos� � �w sin� � 2 _v 
� x0


2 �

u 
2 cos� + w 
2 sin�
o
~i +n

�v + 2 _u 
 cos�� 2 _w 
 sin� � v 
2
o
~j +

f�u sin�+ �w cos�g~k (58)

Then, the components of acceleration in the local (elementary) coordinates are found as:

au = (�u� u 
2 cos2 �) � 2 _v 
 cos� + (w sin �� x0) 

2 cos� (59)

av = 2 _u 
 cos� + (�v � v 
2)� 2 _w 
 sin � (60)

aw = (u+ x0) 

2 cos� sin� + 2 _v 
 sin�+ ( �w �w 
2 sin2 �) (61)

The �nal term in each of the equations for au and aw is independent of time and represents the
component of the steady state radial acceleration x0


2. These terms give rise to a steady state
deformation of the spinning structure. However, we consider small vibrations about the steady
deformed state so that the last term in each of the equations for au and aw can be ignored [8].
Since the components of acceleration of the centroid of a cross section are known, it is now a simple
matter to write the equations of motion for an element of the beam.
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Appendix B: Dynamic (Frequency Dependent) Extensional, Flexural and Torsional Shape Functions

The dynamic in-plane (lead-lag) 
exural shape functions, mentioned earlier, are found to be as
follows [22] (to �nd the expressions corresponding to the out-of-plane (
apping) displacements we
have just to replace the subscript \z" by \y" in the following expressions):

N1(!)fz = (�z�z)

Dfz
� f� cos(�z�) +

cos(�z(1� �)) � cosh(�z) + cos(�z) � cosh(�z(1� �)) �

cosh(�z�) �
�z

�z
� sin(�z(1 � �)) � sinh(�z) +

�z

�z
� sin(�z) � sinh(�z(1 � �))g (B1� a)

N2(!)fz = 1
Dfz

� f�z � [cosh(�z(1� �)) � sin(�z) �

cosh(�z) � sin(�z(1� �)) � sin(�z�)] +

�z � [cos(�z(1 � �)) � sinh(�z) �

cos(�z) � sinh(�z(1� �)) � sinh(�z�)]g (B1� b)

N3(!)fz = (�z�z)

Dfz
� f� cos(�z(1� �)) +

cos(�z�) � cosh(�z) � cosh(�z(1 � �)) +

cos(�z) � cosh(�z�) �
�z

�z
� sin(�z�) � sinh(�z) +

�z

�z
� sin(�z) � sinh(�z�)g (B1� c)

N4(!)fz = 1
Dfz

� f�z � [� cosh(�z�) � sin(�z) +

sin(�z(1� �)) + cosh(�z) � sin(�z�)] �

�z � [cos(�z�) � sinh(�z) +

sinh(�z(1� �)) + cos(�z) � sinh(�z�)]g (B1� d)

The extensional dynamic shape functions are found to be as

N1(!)a = cos(��) � cos(�) �
sin(��)

Da

(B1� e=g)

N2(!)a =
sin(��)

Da

(B1� f=h)

and torsional dynamic shape functions are simply found by changing a to t and replacing � by � in
these expressions, and

Dfz = (�z�z) � f�2 � (1� cos(�z) � cosh(�z)) +

(
�2
z
� �2

z

�z�z
) � sin(�z) � sinh(�z)g ; (B1 � i)

Da = sin(�) ; Dt = sin(� ) : (B1� j; k)

28



The following �gures represent the standard (static) cubic Hermite type basis functions, the dynamic

besis functions for a non-rotating beam, the dynamic basis functions and dynamic shape functions

for the 
exural vibrations of a rotating beam.

FIGURE 8: The basis functions (Pi)fz; i = 1; 2; 3; 4) for in-plane (lead-lag) 
exural vibration of a uniform beam rotating in

horizontal plane; E=1 GPa, A=1 m2, L=1 m, � =1 kg/m3, and I=1 m4. (a) standard (static) cubic baisis functions; (b) dynamic

basis function for a non-rotating beam; (c) dynamic basis function for a rotating beam and � = 
:l2:
q
m=E:I =12; | , P1;

{o{, P2; {+{, P3; {?-, P4 .
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FIGURE 9: The variation of the dynamic in-plane (lead-lag) 
exural shape functions Ni vs frequency changes for a uniform beam

rotating in horizontal plane; E=1 GPa, A=1 m2
, L=1 m, � =1 kg/m3

, I=1 m4
, and � = 
:l2:

q
m=E:I =12. (a) N1; (b)

N2; (c) N3; (d) N4; {�; !1, 1st natural frequency; {4; !2, 2nd natural frequency; {?; !3, 3rd natural frequency; {�; !4, 4th

natural frequency.
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FIGURE 10: The change of the fourth dynamic shape function, N4, at the third natural frequency, !3, vs spinning speed for the same

beam as in Figures 9. {�;
=4 rad/s; {4;
=8 rad/s; {?;
=12 rad/s.
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Appendix C: The \DFE" Sti�ness Matrices

[KDS]
k

DEV
=

2
666666666666666666666664

0 0 0 0 0 0 0 0 0 0 0 0

(Kz)11 (Kz)12 0 0 0 0 (Kz)13 (Kz)14 0 0 0

(Kz)22 0 0 0 0 (Kz)23 (Kz)24 0 0 0
(Ky)11 (Ky)12 0 0 0 0 (Ky)13 (Ky)14 0

(Ky)22 0 0 0 0 (Ky)23 (Ky)24 0

0 0 0 0 0 0 0
0 0 0 0 0 0

(Kz)33 (Kz)34 0 0 0

Sym: (Kz)44 0 0 0
(Ky)33 (Ky)34 0

(Ky)44 0
0

3
777777777777777777777775

where; (Kz)ij =
R 1
0 �

1
lk
(TDEV ) �Ni

0

(!)fz �Nj

0

(!)fz:d�;

and (Ky)ij =
R 1
0 �

1
lk
(TDEV ) �Ni

0

(!)fy �Nj

0

(!)fy:d�; (i; j = 1; 2; 3; 4):

[KDS]
k

COR
=

2
666666666666666666666664

�uv11 �uv12 0 �uv13 �uv14 0
uv11 �vw11 �vw12 0 uv21 �vw13 �vw14 0
uv12 �vw21 �vw22 0 uv22 �vw23 �vw24 0

vw11 vw21 0 vw31 vw41 0

vw12 vw22 0 vw32 vw42 0

0 0 0 0 0 0 0 0 0 0 0 0

�uv21 �uv22 0 �uv23 �uv24 0

uv13 �vw31 �vw32 0 uv23 �vw33 �vw34 0
uv14 �vw41 �vw42 0 uv24 �vw43 �vw44 0

vw13 vw23 0 vw33 vw43 0

vw14 vw24 0 vw34 vw43 0

0 0 0 0 0 0 0 0 0 0 0 0

3
777777777777777777777775

where; uvij = (2mlki!
cos�)
R 1
0 Ni(!)a �Nj(!)fz:d�; (i = 1; 2 ; j = 1; 2; 3; 4);

and vwjk = (2mlki!
sin �)
R 1
0 Ni(!)fz �Nj(!)fy:d�; (j; k = 1; 2; 3; 4):
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[KDS]
k

CENT
=

2
666666666666666666666664

0 0 0 (uw)11 (uw)12 0 0 0 0 (uw)13 (uw)14 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 (uw)21 0 0 0 0 0

0 0 (uw)22 0 0 0 0 0
0 0 0 0 0 0 0

0 0 0 (uw)23 (uw)24 0

0 0 0 0 0

0 0 0 0

Sym 0 0 0

0 0
0

3
777777777777777777777775

where; (uw)ij = (mlk 

2 cos�: sin�)

R 1
0 Ni(!)a �Nj(!)fy:d�;

(
i = 1; 2 ;
j = 1; 2; 3; 4 :
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