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A Dynamic Finite Element (DFE) method for free
vibrations of bending-torsion coupled beams
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Abstract In this paper, a Dynamic Finite Element (DFE) formulation for the free vibration analysis of bending-torsion
coupled beams is presented. First, the exact solutions of the differential equations governing the uncoupled
vibrations of a uniform beam are found. The employment of these solutions as basis functions leads to the
appropriate frequency dependent shape functions which can then be utilized to find the nodal approximations
of variables. By exploiting the Principle of Virtual Work (PVW), the elementary Dynamic Stiffness Matrix
(DSM) is then obtained which has both mass and stiffness properties. The implementation of the derived
DFE matrices in a program is discussed with a particular reference to the Wittrick–Williams algorithm. The
application of the theory is demonstrated by illustrative examples wherein a substantial amount of coupling
between bending and torsion is highlighted. The correctness of the theory is confirmed, to a high degree of
accuracy, by published results and numerical checks. 2000 Éditions scientifiques et médicales Elsevier SAS
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Nomenclature

Df denominator in the expressions of flexural
shape functions (Nif ; i = 1,2,3,4)

Dt denominator in the expressions ofN1t andN2t
(torsional shape functions)

∆=Df ∗Dt denominator in[KDS]k
Hf =EI Flexural Rigidity
Ht =GJ Torsional Rigidity
[KDS] overall dynamic stiffness matrix
[K∆DS] upper triangular matrix obtained fromKDS

[KDS]k element stiffness matrix
[KDS]kUncoupl first part of [KDS]k corresponding to the uni-

form beam element “k”
[KDS]kCoupl the coupling part of[KDS]k
(KC)

k
ij components of[KDS]kCoupl; i = 1,2; j =

1,2,3,4
L total length of the beam

* Correspondence and reprints

NE total number of elements
W total virtual work
WINT internal virtual work
WEXT external virtual work
Wk discretized virtual work due to “k”th element
Wk
f

the bending part ofWk

Wk
t the torsion part ofWk

lk the length of element “k”
m= ρA mass per unit length
w flexural displacement
W amplitude of the flexural displacement
δW test function due to the bending
ψ torsional rotation
Ψ amplitude of the torsional rotation;(Ψ ≡ Psi)
δΨ test function due to the torsion
xα distance between the mass and the elastic axes
ξ = s/lk elementary local coordinate, 06 ξ 6 1
ω rotary frequency;(ω≡ omega)
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1. Introduction

The vibration of a straight uniform beam for which
the elastic or flexural axis is not coincident with the in-
ertial axis is characterized by a combination of bend-
ing translation and torsional rotation. Many engineering
structures exhibit this type of motion. Aircraft wings and
control surfaces and also turbine, helicopter and propeller
blades of high aspect ratio, all qualify (at least for their
first few vibration modes) as beams which usually have
non-coincident elastic and inertial axes [14]. Naturally,
it is very important to take into account the coupling
effects in vibration and response calculations of struc-
tures made up of these beams. This is particularly so
for aeroelastic problems; for example, coupled bending-
torsional modes are often required for flutter analysis of
an aircraft wing [2]. Moreover, some complete aircraft
structures can be represented with reasonable accuracy
as assemblages of such beams connected together [14].

Because of the practical importance of coupled bend-
ing-torsion beam vibrations, many approaches for the
calculation of vibration modes have been exploited. For
approximate solutions one may discretize by either the
lumped-mass method [2,20] or one of the methods based
on the assumed deformation shapes. The latter category
includes the Rayleigh–Ritz method [20,9], the Galerkin
method [12], and the Finite Element Method (FEM) [21]
where beam element matrices are evaluated from as-
sumed fixed shape functions (like polynomials). A gen-
eralized linear eigenvalue problem then results. The Dy-
namic Stiffness Matrix (DSM) method probably offers
a better alternative, particularly when higher frequencies
and better accuracies of results are required. It relies on
only one frequency dependent matrix which has both
mass and stiffness properties of the element combined,
embedded into it. The use of a DSM in vibration analysis
is well established [23,24,1]. Obviously the method gives
more accurate results because it exploits the exact mem-
ber theory. The matrix is obtained by directly solving
the governing differential equation and hence all assump-
tions, being within the limits of the differential equations
only, are less severe. Hence, the results obtained by us-
ing a DSM are often justifiably called “exact” [3] (when
the differential equation can be solved exactly). A gener-
alized nonlinear eigenvalue problem then results. But it
implies, sometimes, mathematical procedures which are
difficult to deal with, and/or are often limited to special
cases.

The Dynamic Finite Element (DFE) approach devel-
oped here produces the accurate solutions for coupled
flexural-torsional vibration of beams, and of structures
composed of such beam elements. This method can be
considered as a combination of two methods. First the
well known “weighted residual method” procedure, as in
the FEM, is adopted to provide a general tool, and sec-
ondly the advantages of the DSM method are retained
by choosing the weighting functions, shape functions,

etc, referring to the appropriate exact uncoupled mem-
ber equations. The eigenvalue problem resulting from this
method, is also a nonlinear one. The DFE approach can
be extended to more complex cases which distinguishes
this method from the DSM method. The dynamic fi-
nite element for coupled bending-torsional vibration of a
beam is developed from the basic differential equations of
motion. The method of incorporating the derived stiffness
expressions in a computer program for vibration analysis
of beams, and of structures composed of beams, having a
non-coincident shear centre and mass centre is discussed.
The application of the theory is demonstrated by results
obtained for illustrative examples of an open-box cross-
section and the wings of different configurations wherein
a substantial amount of coupling between bending and
torsion is highlighted. Numerical checks are performed
to confirm the predictable accuracy and to ensure confi-
dence for practical applicability of the theory.

2. Mathematical model

A uniform beam of lengthL is shown infigure 1with
the mass axis and the elastic axis (which are respectively
the loci of the mass centre and the shear centre of
the cross-sections) being separated by a distancexα . In
the right handed coordinate system shown infigure 1,
the elastic axis, which is assumed, as is customary in
aerospace structures studies, to be coincident with the
y-axis, is permitted flexural translationw(y, t) in the z-
direction and torsional rotationψ(y, t) about they-axis
wherey and t denote distance from the origin and time
respectively.

Using the Bernoulli–St-Venant beam theory (i.e., ne-
glecting the shear deformation, rotary inertia and warp-
ing of the cross-section), the governing partial differen-
tial equations of motion of the beam, shown infigure 1,
are given by [12]

Hfw
′′′′ +mẅ−mxαψ̈ = 0, (1)

Htψ
′′ − Iαψ̈ +mxαẅ = 0, (2)

with appropriate boundary conditions imposed aty =
0,L. Hf andHt are respectively the bending and tor-
sional rigidity of the beam;m is the mass per unit length,
Iα is the polar mass moment of inertia per unit length
about they-axis (i.e., an axis through the shear centre),
t represents time and the primes and dots denote differ-
entiation with respect to positiony andt , respectively.

For the free vibration analysis, a sinusoidal variation
of w andψ , with circular frequencyω, is assumed

w(y, t)=W(y)sin(ωt),

ψ(y, t)= Ψ (y)sin(ωt), (3)

whereW(y) andΨ (y) are the amplitudes of the sinu-
soidally varying vertical displacement and torsional rota-
tion, respectively.
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Figure 1. Coordinate system and notations for coupled bending-torsional vibration of a uniform beam element:Es shear centre;Gs
mass centre.

Substituting equations (3) into (1) and (2) gives

HfW
′′′′ −mω2W +mxαω2Ψ = 0, (4)

HtΨ
′′ + Iαω2Ψ −mxαω2W = 0. (5)

The integral form associated to equations (1) and (2) is
then written as:

Wf =
L∫

0

δW
{
(Hf )W

′′′′ − (mω2)W
+ (mxαω2)Ψ }dy, (6)

Wt =
L∫

0

δΨ
{−(Ht)Ψ ′′ + (Iαω2)Ψ

− (mxαω2)W}dy. (7)

Here,W andΨ are solution functions andδW andδΨ are
test functions. Then, applying an appropriate number of
integrations by parts allows us to diminish the derivatives
order and the Galerkin type weak form associated to
equations (1) and (2) is obtained as:

Wf =
L∫

0

{
(Hf )δW

′′W ′′ − (mω2)δWW
+ (mxαω2)δWΨ }dy

+ [(Hf )(δWW ′′′ − δW ′W ′′)]L0 , (8)

Wt =
L∫

0

{−(Ht)δΨ ′Ψ ′ + (Iαω2)δΨΨ
− (mxαω2) ∗ δΨW}dy + [δΨHtΨ ′]L0 , (9)

Figure 2. The domain, discretized by a number of 2-node
elements.

where both solution and test functions are defined in the
same approximation space. For Clamped-Free boundary
conditions, for example, it is assumed that

δW = δW ′ = δΨ = 0 aty = 0,

and force terms are zero aty = L. Consequently, the
boundary terms in the above expressions will disappear.
However, it can be verified that also for any other bound-
ary conditions, similar results can be obtained when the
proper constraints are applied regarding test functions.
Expressions (8) and (9) also satisfy the Principle of Vir-
tual Work (PVW)

W =WINT −WEXT= 0,

where

WINT =Wf +Wt , (10)

andWEXT= 0, for free vibrations.
If the domain is discretized by a number of 2-node

elements [10], we have (seefigure 2):

W =WINT =
NE∑
k=1

Wk, (11)

where

Wk =Wk
f +Wk

t ; (12)
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and

Wk
f =

yj+1∫
yj

{
(Hf )δW

′′W ′′ − (mω2)δWW}dy

+
yj+1∫
yj

(
mxαω

2)δWΨ dy, (13)

Wk
t =

yj+1∫
yj

{−(Ht)δΨ ′Ψ ′ + (Iαω2)δΨΨ }dy

−
yj+1∫
yj

(
mxαω

2)δΨW dy. (14)

Each element is defined by nodesj, j + 1 with corre-
sponding coordinates.

The components ofWk may also be written in an
equivalent form obtained after integration by parts on
each element:

Wk
f =

yj+1∫
yj

W
{
(Hf )δW

′′′′ − (mω2)δW}dy

+ [(Hf ){δW ′′W ′ − δW ′′′W}]yj+1
yj

+
yj+1∫
yj

(
mxαω

2)δWΨ dy, (15)

Wk
t =

yj+1∫
yj

−Ψ {(Ht)δΨ ′′ + (Iαω2)δΨ }dy

+ [(Ht)δΨ ′Ψ ]yj+1
yj

+
yj+1∫
yj

(
mxαω

2)δΨW dy. (16)

The admissibility condition for the finite element ap-
proximation is controlled by equations (8) and (9). The
approximation forW,δW is of C1-type, assuring conti-
nuity ofW andW,x at each node, and the approximation
for Ψ,δΨ is of C0-type. Equations (15) and (16) present
simply another way of evaluating equations (8) and (9) at
the element level.

2.1. Finite Element (FE) formulation

The classical Finite Element (FE) model is found by
using Hermite type polynomial approximation such as

W(x)=N1(x)W1+N2(x)W
′
1+N3(x)W2

+N4(x)W
′
2, (17)

whereW1 andW2 are nodal values at nodej, j + 1, cor-
responding to out-of-plane (flapping) flexural displace-
ments. For torsional displacementΨ (x), in this case, one
uses the linear approximation. Identical approximation is
chosen forδW andδΨ , respectively. The discretized rep-
resentation of equations (10) is then obtained as:

W =
NE∑
k=1

Wk = ([K] − λ[M]){wn} = 0. (18)

This is a classical linear eigenvalue problem which is
solved using an inverse iteration procedure, subspace or
Lanczos method [6].

2.2. Exact Dynamic Rigidity method

Let us consider the case of a uniform coupled beam for
which all parameters (Hf , Ht , m(x), etc.) are constant
over the element. Under these circumstances it is possible
to write down a general solution forW andΨ which
leads to an Exact Dynamic Stiffness Matrix (DSM) [2].
However, when coefficientsHf , Ht, m(x), etc. are not
constant, it will not be possible to calculate the DSM in
this way and the application of this method will be limited
to special cases.

2.3. Dynamic Finite Element (DFE) method

In this study, we propose an intermediate approach in
which, the classical Finite Elements Method (FEM) is
combined to the Dynamic Stiffness Matrix (DSM) ap-
proach, to obtain a better finite element model. The ap-
proximation space is defined by frequency dependent hy-
perbolic functions and the appropriate interpolation func-
tions are obtained with averaged value parameters over
each element. The solutions of the uncoupled form of the
governing differential equations of motion are utilized, as
expansion terms, to find the shape functions. Then, these
shape functions, all being frequency dependent, can be
used to obtain the corresponding stiffness matrix. In this
paper, the DFE method is developed and demonstrated
for the case of a “uniform coupled beam” where the co-
efficientsHf ,Ht ,m(x), etc. are constant. But the advan-
tage of the DFE methodology, comparing to the DSM ap-
proach, is that it can be extended to more complex cases
as coupled beams with variable geometry and properties.
To this end, the interesting features of the DFE method-
ology presented in the earlier works of the authors, can
be exploited (see for example [16,17,19]).

To obtain the DFE method formulation, equations (15)
and (16) are rearranged in the following form which
present simply another method to evaluate equations (8)
and (9) at the element level (seefigure 3):
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Figure 3. The 2-node reference element.

Wk
f =

1∫
0

W

{
Hf

l3k

δW ′′′′ − (mlkω2)δW}︸ ︷︷ ︸
∗

dξ

+
[(
Hf

l3k

){
δW ′′W ′ − δW ′′′W}]1

0

+
1∫

0

(
mlkxαω

2)δWΨ dξ, (19)

Wk
t =

1∫
0

−Ψ
{
Ht

lk
δΨ ′′ + (Iαlkω2)δΨ}︸ ︷︷ ︸

∗∗

dξ

+
[(
Ht

lk

)
δΨ ′Ψ

]1

0

+
1∫

0

(
mlkxαω

2)δΨW dξ, (20)

whereξ = y/lk.
Then, the approximations are made forδW , W , δΨ

andΨ so that(∗) and(∗∗) vanish:

δW = 〈P(ξ)〉f ∗ {δa}; W = 〈P(ξ)〉f ∗ {a}, (21)

δΨ = 〈P(ξ)〉t ∗ {δb}; Ψ = 〈P(ξ)〉t ∗ {b}, (22)

where

〈P(ξ)〉f =
〈

cos(αξ); sin(αξ)

α
; cosh(αξ)− cos(αξ)

α2 ;
sinh(αξ)− sin(αξ)

α3

〉
, (23)

〈P(ξ)〉t =
〈

cos(τξ); sin(τξ)

τ

〉
(24)

and

α = lk
√
ω

√
m

Hf
; τ =

√
Iα ω2

Ht
. (25)

Considering〈δa〉 and 〈δb〉 as nodal variables〈W1;
W1
′;W2;W2

′〉, 〈Ψ1;Ψ2〉, respectively, we obtain

{δWn} = [Pn]f ∗ {δa}, (26)

{δΨ n} = [Pn]t ∗ {δb} (27)

and hence the approximations (21) and (22) in nodal
variables are written as:

W(ξ)= 〈P(ξ)〉f [Pn]−1
f {Wn} = 〈N(ξ)〉f {Wn}, (28)

Ψ (ξ)= 〈P(ξ)〉t [Pn]−1
t {Ψn} = 〈N(ξ)〉t {Ψn} (29)

and can be rearranged as:{
W(ξ)
Ψ (ξ)

}
= [N] ∗ {wn}, (30)

where

{wn} =
〈
W1W

′
1Ψ1W2W

′
2Ψ2

〉T (31)

and

[N] =
{ 〈Nf 〉
〈Nt 〉

}
(32)

=
[
N1(ω)f N2(ω)f 0 N3(ω)f N4(ω)f 0

0 0 N1(ω)t 0 0 N2(ω)f

]
are the frequency dependent dynamic shape functions,
mentioned earlier. Equations (A)–(H) of the Appendix
represent, respectively, the bending dynamic shape func-
tions (i.e.,Ni(ω)f ; i = 1,2,3,4), and those due to the
uncoupled torsional vibrations (i.e.,Ni(ω)t ; i = 1,2).

Then, using the approximation functions mentioned
above, the Dynamic Finite Element model becomes:

Wk
f =

[(
Hf

l3k

){
δW ′′W ′ − δW ′′′W}]1

0

+
1∫

0

(
mlkxαω

2)δWΨ dξ, (33)

Wk
t =

[(
Ht

lk

)
δΨ ′Ψ

]1

0
+

1∫
0

(
mlkxαω

2)δΨW dξ (34)

which leads to the following matrix form;

Wk = 〈δwn〉[KDS]k{wn}. (35)

Here, the DFE stiffness matrix can be represented as:

[KDS]k = [KDS]kUncoupl+ [KDS]kCoupl (36)

in which

[KDS]kUncoupl=
[
cf
{
N ′′′f

}; cf {−N ′′f }; ct{−N ′t }︸ ︷︷ ︸
ξ=0

;

cf
{−N ′′′f }; cf {N ′′f }; ct{N ′t }︸ ︷︷ ︸

ξ=1

]
, (37)
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[KDS]kCoupl=
(
mxαlkω

2) (38)

×



0 0 (Kc)11 0 0 (Kc)21

0 (Kc)12 0 0 (Kc)22

0 (Kc)13 (Kc)14 0

0 0 (Kc)23

Sym. 0 (Kc)24

0


,

where

(Kc)ij =
1∫

0

Nit ·Njf · dξ
{
i = 1,2,
j = 1,2,3,4, (39)

andcf =Hf /l3k ; ct =Ht/lk.
It can be readily verified from equations (35) through

(39) that the second term in equation (35), represent-
ing the coupling between flexural and torsional vibra-
tions of the beam element, reduces to zero whenxα = 0
(xα = 0 can be substituted in the derived expressions
without causing any overflow or underflow). Thus, the
degenerated stiffness matrix of equation (35) becomes
the ‘exact’ stiffness matrix representing the uncoupled
flexural and torsional vibrations of an Euler–Bernoulli
beam element [24,25]. It can be also verified that when
ω→0, the functions of equations (23) and (24) become;
1;x;x2;x3; and 1;x, respectively. The former, represent
the expansion terms (or basis functions) in the conven-
tional finite beam element formulation, when the nodal
approximation of the flexural degrees of freedom are ex-
pressed by using the cubic “Hermite” type polynomial
interpolation functions. The latter, are usually used as the
basis functions leading to the well-known linear polyno-
mial shape functions (for example, to study the torsion
in the standard finite beam element formulation). In this
case, the shape functions of equations (A)–(H) of the Ap-
pendix become the corresponding shape functions actu-
ally used in the static conventional FEM. Therefore, the
dynamic stiffness matrix of equation (35) changes to a
static stiffness matrix of a “Hermite” type beam element,
when the torsion is also included by using a linear ap-
proximation approach [10].

One notes that the derivation of the stiffness expres-
sions given by equations (35) through (38) relate to flex-
ure in they–z plane (seefigure 1). However, thex–y
plane could have been chosen instead, in which case,
care must be taken to substitute appropriate values of
the bending rigidity(Hf ) and the distance between the
shear centre and the mass centre(xα). Using this ap-
proach to find the stiffness expressions corresponding to
both planes, a 12× 12 dynamic stiffness matrix of the
beam element in three dimensions can be constructed to
enable vibration analysis of space frames which incorpo-
rate such members.

3. Application of the theory

The expressions for the DFE stiffness matrix,[KDS]k ,
derived in the previous section can be directly used
to compute the natural frequencies of coupled bend-
ing-torsion vibrations of beams and the assemblage of
bending- torsion coupled beams. Elementary matrices
then will have to be assembled in the usual way to form
the overall dynamic stiffness matrix[KDS] of the final
structure. The eigenvalue problem resulting from this
method, for free vibrations, is found then to be:

[KDS] ∗ {Wn} = {0} (40)

which is a nonlinear one. The determination of the natural
frequency then follows from equation (40) and the well-
known Wittrick–Williams algorithm described on several
occasions in the literature (e.g., see [23,24,1,22]).

According to the Wittrick–Williams algorithm [22],
the following features of the solution are important:

(a) |KDS| = 0, {Wn} 6= 0 is one set of solutions,
(b) |KDS| = ∞, {Wn} = 0 is not necessarily a trivial

set of solutions, but corresponds to the case where
the displacements{Wn} happen to correspond to
nodes of some of the natural modes of vibration of
the system. It can be seen from equation (40) that
the natural frequencies of the constrained system
in general correspond to|KDS

−1| = 0, which in
turn implies that|KDS| = ∞. The procedure is
briefly summarized as follows.

Suppose thatω denotes the circular frequency of the
beam. Then it is known thatj , the number of eigenvalues
passed asω is increased from zero toω∗, is given by

j = j0+ s{KDS}, (41)

where[KDS] is the overall DSM (which isω dependent)
of the structure, evaluated atω = ω∗; s{KDS} is the
number of negative elements on the leading diagonal
of K∆

DS, K∆
DS is the upper triangular matrix obtained by

applying the usual form of Gauss elimination toKDS and
j0 is the number of natural frequencies of the beam still
lying betweenω = 0 andω = ω∗ when the displacement
components to whichKDS corresponds are all zero (the
beam can still have natural frequencies when all its nodes
are clamped, because the formulation presented allows
each individual element to have an infinite number of
degrees of freedom between nodes). Thus

j0=
EN∑
m=1

jm, (42)

wherejm is the number of natural frequencies between
ω = 0 andω = ω∗ for an element with its ends clamped,
while the summation extends over all the elements.

For the element stiffness matrix developed in this pa-
per, the constrained frequencies of an individual element
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occur when one or more of the components of the ma-
trices of equations (37) and (38) become infinite (i.e.,
∆ = Df ∗ Dt = 0). This will occur whenDf = 0 or
Dt = 0, whereDf andDt are, respectively, the denomi-
nators in flexural and torsional dynamic shape functions,
given in expressions in the Appendix. Numerous standard
texts show that when

Df = 0 (43)

this gives the natural frequencies of flexural vibrations
of a uniform clamped-clamped beam, and it is easily
verified that the number of these natural frequencies lying
between zero and any trialω is given [24] by

jf = i − 1

2

[
1− (−1)isgn{Df }

];
i = largest integer<

α

π
(44)

in which sgn{Df } = 1 whenDf is positive, and is−1
whenDf is negative. The equation

Dt = 0 (45)

represents the natural frequencies of torsional vibrations
of a uniform clamped-clamped beam [25], and the num-
ber of these natural frequencies exceeded by any trialω
is given by

jt = the highest integer<
τ

π
. (46)

α andτ are calculated from expressions (25). Hence

jm = jf + jt (47)

Then,j0 follows from equation (42).
Thus, exploiting the relations in equations (41) through

(47), it is possible to converge on any required natural fre-
quency, given the fact that the expressions for the DFE
stiffness matrix and the clamped-clamped natural fre-
quencies are known. Then, the mode shapes are calcu-
lated by using equation (40).

The j0’s value was also calculated based on the
method presented in reference [5] (see also [15]). The
procedure explained here is implemented in the so-called
RE-FLEX [7] conventional FEM computer program to
obtain the results given in the next section, when the
integral terms of equation (39) are evaluated by using
12 integration points.

4. Numerical tests

Numerical checks are performed to confirm a good ac-
curacy and to ensure confidence for practical applicabil-
ity and the performance of the theory. In what follows,

based on the theory of this paper, some examples of dif-
ferent configurations of beam assemblies are presented.

First, the numerical results were obtained for a thin-
walled open section beam given by Banerjee [2]. The aim
of the authors to present this example is to demonstrate
the validity of the proposed method for evaluatingjm
(i.e., the number of natural frequencies betweenω = 0
and ω = ω∗ for an element with its ends clamped).
Moreover, the application of the DFE approach to the free
vibrational analysis of the open section coupled beams
with different boundary conditions, is also investigated.
Then, numerical tests were carried out for a group of
cantilever closed section beam-like wings and very good
agreement was found between the results obtained by the
DFE approach and those existing in the literature.

Furthermore, it was also confirmed that substituting
xα = 0 in the DFE expressions, leads to the exact
solutions of uncoupled flexural and torsional natural
frequencies of Euler–Bernoulli and the St-Venant beams,
respectively [24,25].

4.1. Thin-walled open box section

A cantilever beam of aluminum material and of length
5 m with the cross section of a thin-walled open box sec-
tion shown infigure 4 is considered [2]. Note that the
small cut in the section reduces the torsional rigidity quite
drastically whereas the bending rigidity is virtually un-
altered. The distance of the shear centre from the cen-
troid (xα) and the Saint Venant torsional constant(J ) of
the section were experimentally established [2] at 0.08 m
and 2.69×10−9 m4, respectively. Thus these experimen-
tal values and the values given for the Bending rigidity
(Hf ), torsional rigidity(Ht), mass per unit length (m),
polar mass moment of inertia per unit length about an axis

Figure 4. Sectional details of an open box beam:Es shear
centre:Gs mass centre.
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Table I. Coupled bending-torsional C-C natural frequencies of
an open box.

Frequencyfi (Hz)

i Exact DFEa DFE Approx. FEMb FEMc

1 6.07 6.07 6.07 6.06 6.07 6.07

2 12.32 12.32 12.32 12.26 12.37 12.36

3 18.45 18.48 18.48 18.28 18.63 18.62

4 24.81 24.82 24.82 24.40 25.23 25.22

5 31.07 31.12 31.12 30.27 31.89 31.86
a The number of C-C natural frequencies, layed between a

trial frequency and zero, in this case, are found by an exact
method, see reference [5].

b To find these results, a total of 20 classical beam ele-
ments [8] are used.

c To find these results, a total of 20 classical beam ele-
ments [14] are used.

through the shear centre from the centroid(Iα) and the
distance of the shear centre from the centroid (xα) were,
respectively, 5.8 × 104 N·m2, 78.3 N·m2, 2.45 kg/m,
0.02 kg·m and 0.08 m. The natural frequencies(ωi) are
calculated from the DFE method for the cantilever beam.
A direct comparison was made between the results ob-
tained by the DFE and the exact results and also the ap-
proximated results found by using lumped masses and in-
ertias. In this case, the results presented by Banerjee [2]
were used.

The first five natural frequencies in Hertz (fi, i =
1,2, . . . ,5) for clamped-clamped (C-C) end conditions
obtained from this approximate analysis, as well as exact
results, are given intable I together with the results
obtained from the conventional Finite Elements (FEM)
and the DFE method.

The “exact” results, presented intable I were obtained
by the explicit expressions for the coupled dynamic
stiffness matrix of a uniform beam element, derived in an
exact sense by solving the governing differential equation
of the beam.

The approximate results have been obtained forN =
20 (the number of lumped parameters). The results
obtained by this approach, for the first three C-C natural
frequencies, were converging betweenN = 20 andN =
25 with less than one percent error [2].

The conventional FEM’s results were obtained using
a total of 20 classical beam elements and two types of
elements were used. First, the beam element presented
in reference [8] was exploited in which the mass matrix
was obtained by using the linear approximations for all
variables. Secondly, the tests were repeated with the
beam element presented in reference [14]. The mass
matrix, in this case, was obtained by using the cubic
“Hermite” type and linear approximations for bending
and torsion, respectively. The static stiffness matrix, in
both cases, was also found by using the cubic “Hermite”

Figure 5.Convergency test for the first three natural frequencies
of the clamped-free (C-F) beam.

Figure 6. The coupled bending-torsional natural frequencies
and modes of an open box beam. ——, flexural displacement
(W ); —∗—, torsional displacement (Ψ ∗ xα ).
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type and linear approximations for flexural and torsional
displacements, respectively. Comparing these results to
those obtained from the lumped parameters analysis one
observes approximately the same size errors, but the
latter element leads to slightly better rates of convergence
compared to the former one.

The results obtained by the DFE method, were calcu-
lated by two methods. First,jm (the number of C-C nat-
ural frequencies, of bending-torsion coupled beam ele-
ment, lying between zero and any trialω), was calculated
by the method of reference [5]. Then,jm was calculated
by the method presented in this paper(∆=Df ∗Dt = 0
see equations (42) through (47)). The same results (dif-
ference6 0.001), for the C-C natural frequencies, are
obtained by both methods, whenNE= (i + 1) elements
were used to find theith C-C natural frequency. To find
the first five C-C natural frequencies, only six elements

Figure 7.Convergency test for the first three natural frequencies
of the Simply Supported (S-S) beam. Rigid body modes in this
case are discounted.

are used(NE= 6), and the errors were found to be less
than 0.2%.

As it can be seen fromtable I, the DFE methodology,
compared to the FEM, provides excellent results with
much better convergency rates.

The convergency tests, for the first six clamped-free
natural frequencies, obtained by the DFE method are pre-
sented infigure 5. As it can be seen for the first natural
frequency the error is found to be approximately zero
(ε 6 0.1%), even when only five elements are used. For
the second natural frequency, the results are converging
betweenNE= 6 andNE= 8 with less than 1 percent
error, and the significant results for the fourth, fifth and
sixth natural frequencies, respectively, are obtained when
the beam is discretized by 8, 10, and 12 elements. For the
third natural frequency, an error less than 1 percent was
found forNE less than 20. The coupled clamped-free nat-
ural frequencies and modes of this example are shown in
figure 6. Figure 7 shows the convergency tests, for sim-
ply supported natural frequencies. The natural frequen-
cies are well separated, but the generated modes show a
substantial coupling between flexural and torsional rota-
tions.

4.2. Application to a typical uniform aircraft wing

As the second example, the natural frequencies and
mode shapes of a typical cantilever uniform aircraft
wing [13,11] are investigated. The flexural and torsional
motion, in this case, are coupled and the wing is defined
by the following data:

(i) bending rigidity(EI)= 9.75 MN·m2;
(ii) torsional rigidity (GJ)= 0.988 MN·m2;
(iii) mass per unit length(m)= 35.75 kg/m;
(iv) mass moment of inertia per unit length(Iα) =

8.65 kg·m;

Table II. Coupled bending-torsional natural frequencies of a typical cantilever wing.

Frequencyfi [rad/sec]

i Exacta DFEb |Err.(c)| FEMc |Err.(c)| FEMd |Err.(d)|
1 49.62 49.62 0.00(%) 49.56 0.12(%) 49.62 0.00(%)

2 97.04 97.05 0.01(%) 97.00 0.04(%) 97.04 0.00(%)

3 248.87 249.00 0.05(%) 248.61 0.11(%) 248.88 0.04(%)

4 355.59 357.54 0.55(%) 352.97 0.74(%) 355.59 0.00(%)

5 451.46 452.57 0.25(%) 450.89 0.13(%) 451.48 0.004(%)

6 610.32 610.63 0.05(%) 610.18 0.02(%) 610.39 0.01(%)
a The “exact” results obtained from the DSM method presented in reference [2] .
b The natural frequencies calculated by DFE, when only six elements are used.
c The results obtained from the classical FEM when the wing is broken into 200 static

beam elements of reference [8].
d The results obtained from the classical FEM when the wing is broken into 200 static

beam elements of reference [14].
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Figure 8. Convergency test for the first five natural frequencies
of the cantilever uniform wing.

Figure 9. Convergency rates comparison for the first three
natural frequencies of the cantilever uniform wing by DFE and
FE methods.

(v) distance between mass centre and shear centre
(xα)= 0.18 m;

(vi) length of the wing(L)= 6 m.
The Clamped-Free (C-F) natural frequencies(fi) are

calculated from the DFE method for this wing, and
a direct comparison was made between these results
and the exact natural frequencies and also those found
by using the classical Finite Elements Method (FEM).
The first six natural frequencies (fi, i = 1,2, . . . ,6, in
rad/sec), for cantilevered conditions, are presented in
table II.

The “exact” natural frequencies, presented intable II
are found by employing the Dynamic Stiffness Matrix
(DSM) presented in reference [2], and the results are
verified by those given in reference [11].

The classical FEM’s results, in this example, are first
calculated from the finite beam element presented in
reference [8]. Then, the tests were repeated with the
beam element presented in reference [14]. The static
stiffness matrix, in both cases, was found using the
cubic “Hermite” type and linear approximations for
flexural and torsional displacements, respectively. The

Figure 10. The coupled bending-torsional natural frequencies
and mode shapes of an aircraft wing. ——, flexural displace-
ment (W (m)); —∗—, torsional rotation (Ψ (rad)).

mass matrix, for the former element [8], was calculated
using linear approximations for all variables and for
the latter element [14], it was obtained by using the
cubic “Hermite” type and linear approximations for
bending and torsion, respectively. The presented results
are found when the beam is broken into 200 elements of
equal length. As it can be seen, the natural frequencies,
calculated by the first classical beam element, converge to
values which are slightly different from the exact results.
The error, in this case, is found to be up to 0.74 per
cent (for the fourth natural frequency) whereas similar
tests for the beam element of reference [14] and also the
DFE showed very good convergencies (the corresponding
results of table II are found when only six DFEs are
used).
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Figure 11.3-D presentation of the first five Modes for a Bending-Torsional Coupled Airplane Wing.

When calculating the natural frequencies by the DFE
method,jm (the number of natural frequencies of beam
element, still lying between zero and any trialω, when
all end displacements are assumed to be zero, in the
Wittrick–Williams algorithm) was calculated in two dif-
ferent ways. First,jm was calculated by the proposed
method in this paper where∆=Df ∗Dt = 0 (see equa-

tions (G), (H) in Appendix), and secondly, the calcula-
tions were repeated whenjm was found from “exact” ex-
pressions presented by Banerjee and Williams [5]. For
this example, as for the other examples of this paper,
identical results were found by both methods.

The convergency tests, made for the first five clamped-
free (C-F) natural frequencies, obtained by the DFE
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method are presented infigure 8. As it can be seen
for the first three natural frequencies the error is found
to be approximately zero (ε 6 0.1%), even when only
four elements are used. For the fourth and fifth natural
frequencies, the results are converging betweenNE= 4
andNE= 6 with less than 1 percent error.

Figure 9 shows the comparison between the conver-
gency rates, for the first three clamped-free (C-F) nat-
ural frequencies, obtained from the classical FEM and the
DFE method. Much better results were found by the DFE
method.

The first five natural modes of this wing are shown in
figure 10. Figure 11shows an illustration of these modes
in 3-D. The natural frequencies are well separated, but
the generated modes show substantial coupling between
flexural displacement and torsional rotation.

Figure 12.Coordinate system and notations for a straight three-
beam airplane wing:Es shear centre;Gs mass centre.

4.3. A typical three-beam aircraft wing

To illustrate the application of the DFE method to a
more complex case, with variable geometry and mechan-
ical properties, one can consider the cantilevered three-
beam wing shown infigure 12. Segment lengths are cho-
sen asLAB = LBC = LCD = l = 2 m. The parameters
for segmentAB (taken from references [14,13,11]) are
identical to the parameters of the first example. Each of
segmentBC’s parameters is two-thirds of segmentAB’s
value, and each of segmentCD’s parameters is one-third
of segmentAB’s value. The first five natural frequen-
cies calculated by the DFE method are given intable
III , together with the exact results obtained by the DSM
method [2], and the values with two different types of
classical beam elements [14,8].

According to the results, the rates of convergence for
the DFE were found to be about four times those found
from the beam element presented in reference [8]. In
other words, to find the same results as those obtained by
the DFE method (intable III), the wing would have to be
discretized with 24 static beam elements. The mass ma-
trix, in this case, was obtained by using linear approxima-
tions for all variables. The same tests were repeated with
the beam element presented in reference [14] where the
mass matrix was obtained by using the cubic “Hermite”
type and linear approximations for bending and torsion,
respectively. For the first natural frequency, this element
leads to much better precision compared to finite beam el-
ement of reference [8]. Moreover, both of these elements
lead to approximately the same average error, evaluated
for all of the five natural frequencies. The natural frequen-
cies in table III calculated by the classical FEM follow
the standard pattern of becoming progressively less accu-
rate for higher modes.

Table III. Coupled bending-torsional Clamped-Free natural frequencies of a straight
three-beam airplane wing.

Frequencyfi [rad/sec]

i Exacta DFEb |Err.(b)| FEMc |Err.(c)| FEMd |Err.(d)|
1 74.43 74.45 0.03(%) 74.27 0.22(%) 74.44 0.03(%)

2 128.57 128.61 0.03(%) 128.62 0.04(%) 128.69 0.09(%)

3 253.40 253.50 0.04(%) 254.75 0.53(%) 254.68 0.51(%)

4 376.59 378.35 0.47(%) 378.37 0.47(%) 378.74 0.57(%)

5 431.29 433.46 0.50(%) 435.27 0.92(%) 435.89 1.07(%)
a Each segment is modeled by one element of “exact DSM” type [2,3] (a total of 3

elements are used).
b Each of segments is divided into two equal DFEs (a total of 6 elements).
c The results obtained when each segment is modeled by four static beam ele-

ments [8] (number of total elements is 12).
d The results obtained when each segment is modeled by four static beam ele-

ments [14] (number of total elements is 12).
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Figure 13. Elastic axis of a cantilevered planar three-beam
wing, planform view.

Figure 14. Elastic axis of beam element, with local (x–y) and
global (X–Y ) axes, and with degrees of freedom in local and
global directions.

4.4. Natural frequencies of a planar wing

Another interesting case is the cantilevered three-beam
assemblage illustrated infigure 13. This model represents
an airplane wing with an elastic axis in coplanar straight-
line segments [14]. Segment lengths and the parameters
for all three segments are assumed to be as the preceding
example. Having the element local matrix, equations (35)
through (39), one next calculates a structure dynamic
stiffness matrix by applying the standard assembling
procedure of the FEM. For the planar assemblage, first,
element local equation (35 through 39) is cast into global
form by the standard geometric transformations [14,8]
(seefigure 14which illustrates the degrees of freedom
of the beam element in two different coordinate system).
Next, the element global matrices of all beams in the
structure are superimposed appropriately to form the
unrestrained structure matrix which, in turn, is changed to
the global stiffness matrix of the structure by accounting
for the boundary conditions. Employing this procedure,

Table IV. Coupled bending-torsional natural frequencies of a
typical planar wing.

Natural frequencies;fi [rad/sec]

i Exacta DFEb |ErrorDFE|(%)

1 65.03 65.05 0.015

2 129.78 129.79 0.008

3 244.11 244.31 0.082

4 396.24 396.60 0.091

5 441.95 446.19 0.959
a Each segment is modeled by one element of “exact DSM”

type [2,3](a total of 3 elements).
b Each of segments is divided into two equal DFEs (a total of

6 elements).

the exact natural frequencies together with the DFE
method’s results of the planar wing (figure 13), are
calculated and are shown intable IV. The exact results
are calculated, as in the previous examples, by the DSM
method [2] when each segment is modeled by only one
beam element. To obtain the natural frequencies due to
the DFE method each segment is broken into two beam
elements and excellent agreements were found between
these results and the exact natural frequencies.

5. Concluding remarks

In summary, a Dynamic Finite Element (DFE) has
been developed and illustrated for the calculation of nat-
ural frequencies and modes of straight uniform beams
with non-coincident elastic and inertia axes, and sim-
ple planar assemblies of such beams. The application
of the methodology was investigated by free vibration
analysis of a variety of examples such as an open-
box section beam of different boundary conditions (i.e.,
clamped-clamped (C-C), clamped-free (C-F) and simply
supported-simply supported (SS-SS)). A group of differ-
ent configurations of closed-section beam-like uniform
and non-uniform straight and planar wings are also stud-
ied. The results of the DFE, for all the cases studied here,
agree very well with those obtained from the “exact”
DSM approach and comparing with the FEM, higher con-
vergency rates were obtained when compared to the DFE
method. The general approach presented earlier by the
authors (see [16,17,19]), can be exploited to extend the
present formulation to more complex cases such as non-
uniform coupled beams. On the other hand, it will be pos-
sible to take into account the effects of shear deformation
and rotary inertia, which are significant for beams having
large cross-sectional dimensions in comparison to their
length and also when higher modes are important [4]. We
note in closing that the DFE method can be used for the
vibrational analysis of beam assemblage with attached
rigid members [1]. Thus, the DFE stiffness matrix derived
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here provides also a basis for analysis of a beam model of
a complete aircraft carrying essentially rigid masses such
as engines and missiles.
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Appendix. Dynamic shape functions

N1(ω)f =
(
α2) ∗ {−cos(αξ)+ cos

(
α(1− ξ)) ∗ coshα

+ cosα ∗ cosh
(
α(1− ξ))

− cosh(αξ)− sin
(
α(1− ξ)) ∗ sinhα

+ sinα ∗ sinh
(
α(1− ξ))}/Df , (A)

N2(ω)f = (α) ∗
{
cosh

(
α(1− ξ)) ∗ sinα

− coshα ∗ sin
(
α(1− ξ))

− sin(αξ)+ cos
(
α(1− ξ)) ∗ sinhα

− cosα ∗ sinh
(
α(1− ξ))

− sinh(αξ)
}
/Df , (B)

N3(ω)f =
(
α2) ∗ {−cos

(
α(1− ξ))+ cos(αξ) ∗ coshα

− cosh
(
α(1− ξ))+ cosα ∗ cosh(αξ)

− sin(αξ) ∗ sinhα

+ sinα ∗ sinh(αξ)
}
/Df , (C)

N4(ω)f = (α) ∗
{−cosh(αξ) ∗ sinα + sin

(
α(1− ξ))

+ coshα ∗ sin(αξ)

− cos(αξ) ∗ sinhα + sinh
(
α(1− ξ))

+ cosα ∗ sinh(αξ)
}
/Df , (D)

N1(ω)t = cos(τξ)− cosτ ∗ sin(τξ)/Dt , (E)

N2(ω)t = sin(τξ)/Dt , (F)

and

Df =
(
α2) ∗ {−2∗ (1− cosα ∗ coshα)

}
, (G)

Dt = sinτ. (H)
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