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Abstract

In this thesis we study Coalitional Congestion Games (CCG), a family of non-cooperative
games which is a natural extension of the well studied family of Congestion Games.
Coalitional Congestion Games are similar to congestion games, replacing individual agents
with coalitions of agents as the players of the game. Thus, a Congestion game and a
coalition structure over the agents induce a Coalitional Congestion Game. A strategy
for a coalition is the any combination of the strategies available to all of its members in
the underlying Congestion Game. The utility of a coalition is the sum of its members’

utilities.

CCG model similar situations as do Congestion Games, namely communication networks,
transportation, flows, load balancing, routing and more. However, the new model better
suits situations where the decision making is granted to a set of agents. For example, a
transportation game played among a few fleet managers instead of among the drivers or

routing games played among internet domains instead of individual computers.

The main research questions we address are derived from the literature on congestion

games and can be roughly partitioned into two sets:

e Congestion games often have compelling properties, such as the existence of pure

NE. We investigate under which circumstances do these properties carry over to

CCG.

e What are the social welfare implications of working with coalitions, as opposed to
endowing individual agents on the one hand, or the grand coalition on the other
hand. In a way, this extends the literature on the Price of Anarchy the Price of

Collusion.
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Chapter 1

Introduction

In this thesis we study a family of noncooperative games called Coalitional Congestion
Games, which are a natural derivative of a well studied family of games - Congestion
Games. A Congestion Game models a situation where agents must choose among (subsets
of) resources. Each resource is characterized by some cost function that is dependant on
the accumulated usage of that resource, and is independent of the identity of the users.

An agent’s utility in such games is the total cost of the resources it has chosen.

In this paper we extend the model of Congestion Games into Coalitional Congestion
Games (CCG), where the player in the congestion game is no longer the single agent but
rather some subset of these agents (which we refer to as a coalition). Therefore, a CCG is
given by congestion game coupled up with a set of a coalitions, which is an exogenously
given partition over the set of agents. The utility of each player/coalition is the sum of

the utility of its agents.

Congestion games have been used to model situations related to transportation, communi-
cation networks, assignment problems, economics and other fields, as we will show below.
In all of these situations the decision maker (namely, the player) is the same as the agent
itself. However, there are often cases where the decision and the utility is not related
to the agent itself, but to some player who controls more than a single agent. Consider
for example a standard traffic problem, modelled as a set of arcs in the network, where
a driver chooses a path between two nodes. The collection of driver’s choices induces
congestion over the network can be viewed as a congestion game. In contrast, consider
the same network and set of drivers, where each driver is an employee of one of a few

shipping firms, and the decision which path to choose is handled by the shipping firm.



This is no longer a Congestion Game but rather a Coalitional Congestion Game.

Another motivating example to study coalitional congestion games is the model of com-
puter networks, like the internet. Consider the situation where domain on web need to
send a number of packets over internet. Each packet needs to be sent in one of the possible
routes, but once again, it is the domain, not the packet that decides which link will be
chosen. We can also look on the case when a router that receives a packet can alter the
packet’s route. In many cases there is also a coalition setting on the routers, e.g. routers
from the same country or same building can coordinate their actions. The CCG model

can be used for both of the described situations.

coalitional Congestion Games model is also used in problems of load balance, for example
scheduling jobs on a computer with a number of processors. Each process needs a certain
amount of time on one of the processors, when the delay depends on the processor quality
and the load on in. If each process has a single job we are in the setting of a Congestion
Game. However, often processes have a number of threads that run in parallel. When

each process needs to choose a processor for its threads we are in the CCG setting.

In this work we focus on CCG where the underlying game is a Simple Congestion Game
(SCG). A Simple Congestion Game is a Congestion Game where each agent selects exactly
one resource from the resource set. We will also assume that resource use has a non

negative cost, which is strictly increasing in congestion.

One preliminary question is whether, formally, a CCG is actually a congestion game. In

the thesis we will demonstrate that the example below is not a congestion game.

Consider an example of two truck companies (1 and 2), with different sizes of truck fleets.
Each truck needs to be sent to one of the two availible warehouses (A and B). The cost
for a truck depends on the warehouse it goes to and how many trucks go to the same
warehouse as it did. Note that in our setting the players who allocate the trucks are the

shipping firms and not the individual drivers. Therefore, we need to use the CCG model.

Example 1 Assume the costs over each resource, per truck, are given by the following
table:

Resource | 1
A 1
B 11214




In addition, there are 3 trucks, two in the first firm and one in the second, which induces
the partition C' = [1,2;3]. Therefore, the noncooperative game we should analyze is the

following:

G¢ costs A B
AA 54+5,5 | 343,1
AB 3+1,3 | 14+2,2
B,B 242,1 | 4+4,4

In the profile where the first company chooses to send one truck to A and one to B, and
the second company sends the truck to A, the second company has the cost of 3 and the
first company has a cost of 4 composed of the cost of 3 for the truck in A and 1 for the
truck in B.

The most notable property of congestion games is that they have a pure NE. This has
been shown by Rosenthal in [18]. In fact, Monderer and Shapley [13] showed that Conges-
tion Games hold a stronger property - Exact Potential (they actually show an equivalence
between Congestion Games and Potential Games). An intermediate property between
existence of pure NE and existence of a Potential is the property known as ’Finite Im-
provement Path’ (FIP) Property, where any profitable deviation sequence is of finite
length.

As we will show, in general all these properties above do not carry over to CCG. However,
we will provide some necessary and sufficient conditions for them, extending the results
of Fotakis et al. [6] and Hayrapetyan et al. [7]. For example, if the coalitions are small
then the CCG posses a pure NE. Also, Fotakis et al. [6] showed that if the resource cost
functions are linear the game posses an Exact Potential and we show that under minimal

conditions on the partition those are the only cases.

The other set of questions considers the implications of the coalitions on the social welfare,
modelled as the sum of all agents’ utilities. We pursue the line of thought initiated by
Koutsoupias and Papadimitriou [10], who introduce the notion of the 'Price of Anarchy’,
and study the ratio between the total welfare in situations where the players are the
coalitions compared with the situation where the players are the single agents. We bound
social welfare ratio of Pure NE strategy profiles in the various settings. For example, we
show that when we compare a CCG and its underlying SCG this ratio cannot exceed
the number of agents in both directions. We will also provide tight bounds for Price of
Anarchy for SCG, extending the results of Awerbuch et al. [2] and Chruistodolow and
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Koutsiapis [3] to the most general setting.

1.1 Extensions and Future Research

We consider some extensions to the basic model as follows:

Throughout this paper we define the cost for the coalition as the sum of coalition members.
However, in literature there are also other definitions for coalition cost. For example,
Fotakis et al. [6] defined the coalition cost as the maximal cost of a coalition member.
They show that in this model a Pure NE always exists, and we analyze the necessary and
sufficient conditions for Pure NE in this model. An important future research question is

to analyze the impact of various coalition cost definitions on the CCG.

Another assumption is that resource usage has a negative utility rather than positive. We
check and analyze the social welfare ratios in the positive utility case and show that in
this model those ratios are trivially bounded in the general case. An interesting question

is to provide conditions for less trivial bounds.
Some additional future research which we point at is as follows:

This work leads to many other interesting questions. One of the basic ones is about
dynamic coalition formation. In our model we assume that the coalitions are static and
formed and unrelated to the played game. An important question is to check what coali-
tions can be formed in the game and how coalition members will distribute the cost and

utility among them, as done in cooperative games.

Another question is identifying the cases when Pure NE strategy exist in CCG, and
identifying their congestion vectors. We provide sufficient conditions to existence of Pure
NE, but we do not show a necessary condition. Similarly we show sets of vectors that

contain all Pure NE congestion vectors, but we do not identify their set.

In this paper we assume coalition members play a SCG, and provide only a preliminary
result regarding other games. An interesting extension would be to look on different
games played by the coalition members. This can be general congestion games, extended

congestion games or a different set of games.

On the bounds of Social Welfare there is a gap between the tight bound on Price of

Collusion provided in Hayrapetyan [7] and the non-tight bound we provide. Moreover,
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we provide the most general bound and if we provide some limitation on the SCG maybe

these bounds can be improved.

1.2 Literature

In our paper we discuss formation of static Coalitions in Congestion Games. This previ-
ously was done in Fotakis et al. [6] and Hayrapetyan et al. [7]. The coalitions are formed
by a exogenously given partition and each coalition member plays a Simple Congestion
Game. Members of the same coalition can cooperate and the cost is per coalition. In
coalition formation there are two basic approaches that define the coalitions cost we call
Cost Approach, when a coalition pays the sum of coalition members costs, and Time
Approach, when coalition pays the maximal cost among it’s members. There is a great
difference among the two approaches, as proven by Fotakis et al. in [6]: a time approach
CCG has the FIP property (Theorem 1) whereas cost approach CCG may not (lemma 3).
In the cost approach CCG model Hayrapetyan et al. [7] (Theorem 3.9) showed that if the
cost functions are weakly convex the cost approach CCG has a Pure NE. Fotakis et al.
showed in [6] (Theorem 6), that if a game has linear costs it has an Exact Potential. We
provide further analysis for the cost approach CCG model further and provide additional

results.

Coalition formation in games is also a question that have been researched deeply in Co-
operative Games Theory. However, in Cooperative Game the utility of a coalition is not
affected by outsiders, as noted by Montero [15]. Unfortunately, this is not the case if
agents coordinate in a Non-Cooperative Game. There is no generally accepted model
in Games Theory which describes the process of coalition formation and many solution
concepts where agents act together, such as Strong NE, as described in Aumann [1], or
Coalition Proof NE, as described in Moreno and Wooders [16]. Similarly to Hayrapetyan
et al. [7] and Fotakis et al. [6], we analyze the game formed when the coalition structure
is provided, focusing on the question "what is the game if the following coalitions are

formed?” rather than "which coalitions will be formed?”.

We would like to point out some previous research done in Congestion Games in literature.
To our knowledge, the first time the model of congestion games was used in Wardrop [21],
to model traffic routing. In this model each agent walks on a graph. The roads are
represented by the resources and the strategies for an agent are the simple paths in the

network between two nodes on the graph. Selecting road has a cost, which is the delay



experienced by travellers on this road. This delay is a function of the road and the
number of agents selecting this specific road and is independent on the identity of agents.
Rosenthal in [18] showed that such game posses a Pure NE, implicitly using the existence
of Exact Potential, formally defined by Monderer and Shapley in [13] who introduced
the notation of congestion games. In Literature there are also references to a subset of
Congestion Games - Simple Congestion Games (SCG) where each agent selects a single

resource. Among other papers this model is dealt in [8], [9] and [20].

Congestion Games have many interesting properties. For example, those games have
FEzact Potential, as shown in Monderer and Shapley [13]. Moreover, any game that posses
an Exact Potential is isomorphic to Congestion Games. A different proof to this is given
in Voorneveld et al. [20]. In those two papers it is shown that existence of an Exact
Potential leads to the existence of a Pure NE. In Voorneveld et al. [20] the equivalence
between Strong NE, NE and Exact Potential Maximizer strategies is proven. Monderer
and Shapley [13] define the Finite Improvement Path (FIP) Property. They show that
Exact Potential leads to the FIP property which leads to existence of a Pure NE.

We are not the first to propose an extensions to the classical Congestion Games model.
Among the many articles doing so are [11], [12] and [14]. An important extension which
we would like to point out is the splittable flow model as described, for example, by Yang
et al. [22]. In this model an agent may choose, as a pure strategy, to split his congestion
between different resource subsets, as follows: assume that an agent needs to flow a unit
of liquid on a given network. The agent can split this unit to fragments of various sizes,
and as a pure strategy, he can use different routes for each fragment. In the classical
(un-splittable) Congestion Game model, as presented for example, by Wardrop [21], pure
strategies must use a single route for the entire unit. Our CCG model falls between the
splittable and un-splittable model, in the following way: a coalition of k£ agents may split
its flow, but only to fractions of size 1/k. This can be done by giving each coalition
member a single, but possibly a different, route. Therefore, CCG model can describe also

a "limited” splittable flow, when a limited number of fragment sizes is allowed.

Another popular topic which is connected to Congestion Games is Price of Anarchy,
introduced by Koutsoupias and Papadimitriou in [10]. This is a method to quantify the
increase in cost due to selfishness of agents. Among others who deal with this topic are
[4] and [19]. The most general SCG model, with n agents and m resources is analyzed in
Awerbuch et al. [2] and Christodolow and Koutsiapis [3]. They show that in linear costs
model the price of anarchy is between 2.5 and 2.618, whereas in d degree polynomial it

is d’Y. Hayrapetyan et al. [7] define a similar concept, the Price of Collusion, which
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quantifies the increase in cost due to formations of coalitions. They provide bounds to it

in various CCG settings, which we extend here.

1.3 Road Map

The chapters are arranged in the following order: First we define the model. After that
we provide the results regarding Simple Congestion Games. Then, we analyze Pure NE,
Exact Potential and FIP in CCG. It is followed by the chapter dealing with small coalition
CCG. Then we turn to deal with the Total Costs and the Total Cost Ratio. Lastly, we

provide some preliminary results in extended models.
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Chapter 2

Model

2.1 Coalitional Games Model

Let G = {N,S,U} be a non-cooperative game in strategic form. Let C' = {C,...,Cpe}
be a Partition of N into n® nonempty sets. Hence: Up_,Cy = N and C, N C; = 0 Vk #
le[l,...n .

The game G and the partition C' form a Coalitional Non-Cooperative (CNC) Game G =
{N¢ S¢,U°} defined as follows:

e N is the set of agents which are the elements of C.

e The strategy space is S¢ = {55 }rec where S, = X;ec, S

Note that XSy = Xyec Xiec, Sk, 1s isomorphic to S = x['_,5;, since we only changed the

order of the coordinates. Thus, we can look on s¢ as a vector in S.

e The utility function is defined as follows: Vs € S¢ Ug(s®) = > ;. Ui(s®) and
U = {Uk}rec-

Let us define an auxiliary function over the partition: MC(C) = mazgec|Cy| - describes

the size of the maximal element in N°.

For L' C L let [ denote it’s component. For a vector x € X;c;, X; and L' C L we use the

notation xy, to denote the projection of x onto x;cr/ X; and x_p onto x;g1/ X;.
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A Pure Nash Equilibrium (NE) of the game G is a strategy profile s € S¢ such that
Vk € N¢:
Uk(8> > Uk(S,k,tk) Vi, € Sz (21)

We use the term of agent to refer to agents in the game G = {N,S,U} and to refer to
agents in G = {N¢ S¢ U}. Furthermore we use the term sub agent to refer to an
agent of G in the context of G¢. In G agent k will be called a singleton agent if |Cy,| = 1
and compound agent if |Cy| > 1. We will refer to G as the Underlying Game.

For a game G we denote N E(G) the set of Pure NE strategy profiles in G.

2.2 Coalitional Congestion Games

A congestion game is a game G = {N, R, 3, P} where N is the finite set of at least 2
agents, R is the finite set of at least 2 resources, P = {P.},er are the resource costs
functions, where P, : [1,...,n] — R and ¥ = x;,enY;, where 3; C 2% is the strategy

space. Agent i selects s; € X; and pays Y _. P.(c(s),), where ¢(s), is the number of

rESs;
agents who select r in s - >,y Ies;3(s;). In utility terms, the utility of agent i is

UZ(S) = - Z'r‘ési PT<C<S)7‘)’
G ={N,R,%, P} is a Simple Congestion Game (SCG) if 3, = R Vi € N.

We will assume that the P, functions are non-negative and strictly increasing (P, (1) can
be zero). We also define A,(j) as the increment in cost when the j™ agent joins the
resource 1: A, (j) = P.(j) — P.(j — 1), j € [2,...n] where we define A, (1) = 0. We will
say that in a strategy profile s the resource r has a cost p, if P.(c(s),) = p.

Let G be a Congestion Game and C' a partition of N as described above. Using C' we can
form a Coalitional Congestion Game (CCG) G¢ as described above. Agent k’s strategy

in G¢ is a vector in X ey Di-

In a SCG strategy profile s we will denote ¢(s), as the number of agents selecting r in the
profile s (the congestion of r in s). Similarly for CCG strategy profile s® we will denote

¢(s%), as the number of sub agents selecting r in the profile s

Fix a SCG (or CCG) G with R resources and n (sub-)agents. A congestion vector is an
element of N¥ whose elements sum up to n. A SCG (CCG) G and a strategy profile s

14



induce a congestion vector c(s): {¢($), }rer-

Strategy profile s of a Coalitional Congestion Games G induces a private congestion
vector for each of the agents in G¢. Such vector for agent k will be c: ci(si), = |{i €

Ck : sr.; = r}| which is an element if N whose elements sum up to |Cy]|.

Let X be a subset of the strategy profiles space. We denote ¢(X) as the corresponding
set of congestion vectors: VX C S ¢(X) ={c(s) st:se€ X}

Remark 2.1 Note that for any congestion vector v there is a strategy profile s of the
SCG/CCG such that c(s) = v.

Remark 2.2 Let s, and s}, be two strategy profiles of agent k in a CCG. If ¢ (sx) = cx(s},)
then Uy(t_y, sx) = Uj(t_x, s},) VI € N¢ and Vt € S°.

There can be many restrictions on the strategies agents may choose. The most natural

one is to restrict sub agents of the same agent to select different resources, as follows:

Let G be a SCG. and C' be a partition. Using G and C define a Restricted Coalitional
Congestion Game GC, as a CCG, where sub agents of the same agent are restricted to
select different strategies:

GO = {N°¢ S¢,U}, where N¢ and U are as before and S¢ = {S¢}rec where S¢ =
{Xicc, Sk * Ski # sk Vi, J € Ci}.

Remark 2.3 Let G be a SCG and C' a partition. The Restricted Coalitional Congestion
Game G with underlying game G and a partition C is a Congestion game {C, R, %, P}
where X, = {X C R: | X| =|Cyl}.

A Coalitional Congestion Game is an extension to the classical model of Congestion
Games. In regular congestion games each agent selects a vector in {0, 1} when in CCG
he selects a vector in R+ when agent can select a resource more than once. Therefore,

a CCG is not a Congestion Game over the original set of resources R.

Remark 2.4 Throughout this paper we will focus on CCG that have a SCG underlying

game.
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2.3 Congestion Distance

Definition 1 For two congestion vectors u,v we define the congestion distance between

u and v as d(u,v) as follows:

ZreR |UT - ur|

d(u,v) = 5

(2.2)

Remark 2.5 Similarly we define distance for agent’s private congestion vectors.
Lemma 2.1 d satisfies the triangle inequality (d(u,v) + d(v,w) > d(u,w))

Proof:

Let u,v,w be congestion vectors.

Vpr—U Wy —v Uy —Up |+ |Wr—v Vpr —Upr+Wr—0
d(u,v) +d(’U,w> — ET€R|2T r‘ + ZT€R|2 T 7‘| — Z’I‘GRI T 2'r| ‘ T r| Z ZTGR' T 27‘ T T

ZreR |wr—ur| =d

5 (u,w)

Corollary 1 d is a metric, since clearly that d is non-negative, symmetric and d(u,v) = 0

iffu=wv. .

Lemma 2.2 Let G be a SCG or a CCG. Let u,v be congestion vectors of G. d(u,v) <n

and exist congestion vectors u,v : d(u,v) = n.

Proof:

Note that:

J _ 2perlor— | (o Hlurl) X eplorl 3 eplur] _ntn
(u,v) - 2 = 92 - 9 = 9 =N

Therefore, d(u,v) <n

For the second part of the lemma take the following two vectors: v1 =n,vy = ... =vg =

O,us =n,u; =ug=...=ugr = 0. O

16



Remark 2.6 Let G be a SCG or a CCG. For any two congestion vectors u,v of G d(u,v)
Up — U = Y, v, — u,. Therefore,

is an integer. To see this note that > R
d(u U) _ Z'r:ur>'ur uT—vT+ZT:vr>ur Ur —Ur _
v) = =

2

T Upr >V

> riw s, Ur — Ur, which is an integer.
Definition 2 Two congestion vectors u,v will be called adjacent if d(u,v) = 1.

Remark 2.7 Let G be a SCG and G€ be a CCG with underlying game G and the partition
C. Let s,s" be two strategy profiles in GC. If Ik and i € Cy s.t. : c(s)) = c(s]) VI #
ky sk = sy; Vi € Cp\{i} and sy; # sy, then d(c(s), c(s")) = 1. This is since the congestion

18 different in only two resources and by 1 in both of them.

Definition 3 A congestion path between u and v is a finite sequence of congestion vectors
(wo, ..., w;) where wy = u,w; = v and d(w;, w;41) =1 Vi € [0,...,1 —1]. The length of
such path is [.

Remark 2.8 Let G be a SCG or a CCG. Let u,v be two congestion vectors of G and
W, - - ., Wy a congestion path between u and v. The triangle inequality implies that d(u,v) <
Z§=1 d(w; — w;_1) = l. Therefore, the length of any congestion path between u and v is
at least d(u,v).

Lemma 2.3 Let there be a SCG (CCG) G with n (sub-)agents. Between any two con-

gestion vectors u,v in G ezists a congestion path with length d(u,v).

Proof:

Proof in induction on d(u,v). If d(u,v) = 0 - it is the same vector and the path (v = wy =
u) is a shortest congestion path, with [ = 0. Similarly for the case when [ = 1 the proof
is trivial. Assume that the lemma is true for vectors u,v with d(u,v) < m (m > 1). Let

u,v be two congestion vectors such that d(u,v) =m + 1.

Since u # v and the sum of coordinates remains the same Jr;z : v, < v, and u, > v,.

Let us define the following vector w as follows:

w, =v, Vz#ux,r
Wy =V, + 1

w, =v, — 1

17



Clearly w is a congestion vector and d(w,v) = 1. Also note that:

ZZGR ’UZ _ uZ’ Zz#ﬁ,?” |w’f‘ - U’T| + Uy — Uy + Vyr — Uy

m+1=d(u,v)= 5 = 5 = (2.3)
Zz;ﬁm,r |U)Z —UZ| + Uy — (wﬂv - 1) + (U)T—F 1) — Ur .
- 5 -
:ZZER|w2 i = d(u,w) +1

Therefore, w is an adjacent vector to v, such that d(u, w) = m. By the induction hypoth-
esis here is a congestion path from u to w of length m and a congestion path from w to v
with length 1. Combining them we will get a congestion path of length m + 1 from u to
v. O

Definition 4 A congestion path between u and v is a is a direct congestion path if it’s
length is d(u,v).

A set of congestion vectors will be called connected if between any two congestion vectors

in the set there is a congestion path of elements in the set.

A set of congestion vectors will be called convex if between any two congestion vectors in

the set there is a direct congestion path of elements in the set.
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Chapter 3

Simple Congestion Games NE

Before diving into the world of Coalitional Congestion Games, we need to equip ourselves
with work tools that we will use, from the world of the SCG. Those tools will assist us in
the following chapters. Therefore, our first step is to analyze SCG. The main result in this
chapter shows that any SCG Pure NE strategy profile is a greedy profile. Among other
results in this chapter we show that the set of Pure NE congestion vectors is a convex set

and provide a bound for the highest resource cost in any strategy profile.
We use the definition of greedy behavior provided in Fotakis et al. [5]:

Let us consider a dynamic setting with the agents arriving to the game. The agents play
only once and irrevocably choose their strategy upon arrival. Each new agent chooses one

of the best reply strategies given the choices of the agents currently in the game.

We need some preliminary steps to identify congestion in Pure NE strategy profiles, as

follows:
Lemma 3.1 Let G be a SCG. ThenVs,t € NE(G) max,crP-(c(s),) = max.crP.(c(t),)

Proof:

For a strategy profile s let us denote maz,cgP-(c(s),) = Pn($)

Let e,¢/ € NE(G) where Py(e) < Py(€').

Let us denote one of the resources with cost Py(€’) in ¢’ as z and denote an agent who
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chooses z in €’ as 7. We know that:

Py(c(ez)) < Py(e) < Py(€') = Pu(c(e;)) (3.1)

x

Due to monotonicity of the cost functions we get that c(e), < ¢(¢’),. The total number
of agents is the same in e and €', thus there is a resource r satisfying c(e), > c(€’),. The
highest cost in e was Py(e), thus P.(c(e),) < Py(e). Combined with Equation 3.1 we get:

Fy(c(e;, +1)) < Pi(c(er)) < Py(e) < Py(€) = Pa(c(e;)) (3.2)

T

Therefore, agent ¢ who chose x in €’ can deviate to r and pay P,(c(e.) + 1), which is less
than P,(c(¢'),) = Pn(€’). This contradicts the fact that ¢’ is a Pure NE. O

Definition 5 We will denote the highest cost for a resource in a Pure NE strategy profile
of the SCG G as Py: Py = Pn(s) when s € NE(G). For each resource r we define
a, : P.(a. +1) > Py and P,(a,) < Py.

Lemma 3.2 Let G be a SCG. Then 3K : |{r: P,(s) = Py}| = K Vs € NE(G)

Proof:
Let us denote the set of resources that P,.(a, + 1) # Py (actually it is > Py) as X.

From Lemma 3.1 we know that in all Pure NE of GG all agents pay no more than Py. Thus
no resource is selected by more than «, 4+ 1 agents. In addition, since exists agents that
pay Py, in order to prevent deviations all resources are selected by at least o, agents.

Therefore we can say:
e, =a, Ve € NE(G) Vr € X Ve e NE(G) (3.3)

a.<e <a.+1Vee NE(G) Vr¢ X (3.4)

Let e € NE(G). Let us denote the number of resources selected by «, + 1 agents in e as
K. Combined with Equations 3.3 and 3.4 we get:

Z%I Z e+ Z er—lz(Zer)—K:n—K (3.5)

reR rier=ar rier=ar+1 reR

20



Let ¢/ € NE(G). From equations 3.3, 3.4 and 3.5 we can say that:

Z c(e),=n= Z a, + K (3.6)

reR reR
a, <cle), <a.+1 (3.7)

In €’ no resource is selected by less than «, agents. Thus in €’ there are exactly K resources
selected by a,.+1 and agents selecting them receive Py, due to Lemma 3.1, when all other

resources are selected by «, agents. O

Definition 6 In a SCG G, with Py as defined in Definition 5, we define the number of
resources with cost Py in a Pure NE strategy profile of G as K.

Lemma 3.3 Let G be a SCG. Let Py, K and o, be as defined in Definitions 5 and 6. In
any strateqy profile s where there are resources with the cost of Py and all other resources

selected by o, agents, is a Pure NE.

Proof:

Note that due to Lemma 3.1 all agents in the strategy profile s pay at most Py. Resources
with cost lower than Py are selected by «,. agents in s. Thus, if agent ¢ deviates from s;
and selects r # s; we can say that c¢(s_;, ), > a, + 1. Thus P(c(s_;,7),) > Py, which
means agent ¢ pays weakly more when selecting r than s;. Therefore, there is no profitable

deviation from s. O

Combining lemmas 3.1, 3.2 and 3.3 we have that:

Corollary 2 For any SCG exists a natural K, Py € RT and a set of natural numbers
{a, }rer derived from Py, as described in Definitions 5 and 6, such that a strategy profile
s is a Pure NE iff in s there are K resources with the cost is Py and if P.(c(s),) # Py

then c(s), = a,.

Remark 3.1 Let e and €' be two strategy profiles of G, where c(e) = c(e'). If e can be
attained by greedy behavior then due to agents symmetry €' also can be attained by greedy

behavior.

Theorem 1 (Greedy EQ) Let G be a SCG. Any Pure NE Strategy Profile of G is at-
tained by greedy behavior
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Proof:

Let e € NE(G). We will show that a profile ¢’ where c¢(¢’) = ¢(e) can be attained by
greedy behavior.

Let us denote X = {r : P.(a,, + 1) = Py}.

Let us denote X, the set of resources with cost Py in e. From Lemma 3.1 | X.| = K > 0.
Clearly X O X..

Let us denote the congestion vector attained after the first n — K greedy agents chose

their resources as e*. Note that > _pa, =n — K. Thus the first n — K chose resources

reR
with cost less than Py (when they chose it) and we can say that:

ey =a,VreR (3.8)

The last K greedy agents chose resources with the minimal cost. Due to Definition 5
P.(a,+1) > Py. Clearly | X| > |X.| = K. Thus there are at least K resources satisfying:

P(ay+1) = Py (3.9)

Therefore the last K greedy agents will chose different resources in X, due to monotonicity
of P. Let us denote the profile ¢ as a profile where the last K greedy agents chose the

resources in X,. Note that:

Therefore, c¢(e) = c(e¢’). From Remark 3.1 we get that e can be attained by greedy
behavior. [ |

Corollary 3 Let G be a SCG. The profile e of G is a pure NE iff it is attained by greedy

behavior

From Theorem 1 we have one direction. The other direction is Proven by Fotakis et al.
in [5], Theorem 1, where they show that a greedy behavior of agent leads to a Pure NE
strategy profile of G.
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Corollary 4 Let G be a SCG. If P.(m) # P,(m') ¥Ym,m' € N and VYr,x € R then
lc(NE(G))| = 1.
Proof:

The cost of Py is attained on a unique resource - r. Thus from Lemma 3.1:
cle) =a,+1 Yee NE(G) (3.12)

From Corollary 2:
cle)y > a, Yr € R\ {r} Ve e NE(G) (3.13)

Combined with Lemma 3.1 and the fact that that P,(c, + 1) > Py Va # r we get:
cle)y =a, Yx #1r Ye e NE(G) (3.14)

Thus, all e € NE(G) have the same congestion vector. O

Corollary 5 If ¢(NE(G) = {u} then P,(u, +1) > Py Vr € R

Proof:

From Py definition we know that there is a resource z satisfying P,(u,) = Py. Clearly
P.(u; + 1) > Py. Assume that exists a resource r satisfying P,(u, + 1) < Py. Due
to Corollary 2 we can say that P,.(u, + 1) = Py. Let s be a strategy profile satisfying
c(s) = u. Let us denote the strategy profile derived from s by moving one agent from
x to r as t. Obviously ¢(s) # c(t). Note that ¢ is a greedy strategy profile as s, since
the difference between s and ¢ is in the behavior of the last greedy agent who selects r
or z, since in both cases the agent pays Py. According to Theorem 1, ¢ € NE(G) and
c(t) € ¢(NE(G)) in contradiction to the fact that ¢(NE(G)) = u. O

Corollary 6 If |c((NE(G))| > 1 then for any resource r exists a pure NE strategy profile

s such that ¢(s), = a,.. Moreover, in any Pure NE strategy profile s exists a resource r
such that P.(c(s), +1) = P,

Proof:
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If P.(a, +1) > Py then it is obvious. If P,.(a, + 1) = Py note that in G there are at
least K + 1 resources satisfying P,(a, + 1) = Py because there is more than one way to

arrange the last K greedy agents. One of those ways leaves «, agents on resource r.

The second part is obvious since there are more than K resources satisfying P.(a, +1) =

P,. One of those has the congestion of .. a

Now we provide an important property of SCG, which will hold also for CCG and will be

used later in this paper.

Lemma 3.4 (Py in all profiles) Let G be a SCG with n agents and Py as described in
Definition 5. In any strategy profile of G there is an agent paying Pn or more.

Proof:

Assume there is a strategy profile s in which all agents pay less than Py. Any resources r
is selected at most by «,. agents. Thus, all the total number of agents selecting resources
is at most )

less than n agents selecting resources in the strategy profile s which is a contradiction. O

rer @ =n — K agents. From Lemma 3.1 we know that K > 0. So, we have

Corollary 7 The following is a restatement of Lemma 3.4: In any strategy profile of a
CCG with an underlying game G and any partition C' there is a sub agent paying Py or

more.

Lastly, we provide an interesting property of congestion vectors corresponding to Pure

NE strategy profiles:

Lemma 3.5 Let G be a SCG with n agents. ¢(NE(G)) is convex

Proof:

Let u,v € ¢(NE(G)) and t the NE strategy profile such that ¢(t) = v. From Corollary 2
we know that:
u—1<v.<u.+1 VreR, Yu,vec(NEG)) (3.15)

Let us denote Ut ={r:u, = v, + 1} and V* ={r: v, = u, + 1}.
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We use induction on d(u,v) to prove this result. If d(u,v) <1 then it is obvious. Assume
that exists an integer m > 1 such that for any u,v € NE(G) with d(u,v) < m there is a
direct congestion path in ¢(NE(QG)).

Let u,v be two congestion vectors in ¢(NE(G)) such that d(u,v) = m + 1. Since the
sum of coordinates is the same in « and v we have |U™| = [V*|. Since ) _p|u, — v.| =
Y orev+ov+ [ur — o] = [UT| + [VT], we have that d(u,v) = |UT| = |V*], therefore if
d(u,v) > 0 then |[UT| = |[V*| > 0. Note that from Corollary 2 and Equation 3.15 we
know that:

Uy > Vp = Uy = p + L and v, > u, = v, =, + 1 (3.16)

Let us denote two resources r € V1T and x € UT. Let us denote strategy profile derived

from t when we move one agent from r to x as s. We know that:
c(s)y=u=a,+1landc(s), = c(t), — 1 = a, (3.17)

Combining Equations 3.16 and 3.17 we have that ¢(s), = u, = a,+1. Since u € ¢(NE(G))
we know that P,(c(s);) = P.(u;) = Py, from Lemma 3.1. In s resource r is selected
by «, agents and x by a, + 1, whereas in ¢ it is reversed. From the definition of s,
c(s), = c(t), Yz # r,z. Combined with Corollary 2 we get that s is a Pure NE strategy
profile. Clearly d(c(t),c(s)) = 1 and d(u,c(s)) = m. Thus, from induction hypothesis
there is a direct congestion path in ¢(NE(G)) from u to ¢(s) and from c¢(s) to v. When

the two paths are combined we get a direct path from u to v. 0.
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Chapter 4

Congestion Games and CCG

Properties

A central observation due to Rosenthal [18] is that Congestion Games have a Pure NE. In
Monderer and Shapley [13] it is shown that those games have an Exact Potential. An exact
potential leads to the existence of a pure NE. Monderer and Shapley [13] also introduce
the Finite Improvement Path (FIP) property, which is weaker than Exact Potential, but

still leads to the existence of a Pure NE.

A natural question is whether those properties of Congestion Games hold in CCG. We
will show that in the general case CCG do not have any of these properties. We will
show some necessary conditions on G and C' to ensure some of these properties and some

negative conditions.

4.1 Pure NE

One of the more important characteristics of congestion games, as proven in Rosenthal [18],
is that such games posses a Pure NE. An important question is whether this property holds
in CCG. A partial answer to this is provided by Hayrapetyan [7] who show that if the CCG
underlying game is a SCG and the costs are weakly convex (A,(m) < A,(m+1) Vr €
R,m € [1,...,n — 1]) the game has a pure NE. We provide some conditions on the
partition. For example we show that any CCG with MC(C') = 2 posses a Pure NE, but
this result cannot be extended to the general case when MC(C) > 3.
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4.1.1 Positive Pure NE Results

For the positive result we will need some preliminary steps:

Lemma 4.1 Let G be a SCG and C a partition of N. Let GC be a Restricted CCG
with the underlying game G and the partition C. Let s be a strategy profile of GC (where
ski 7 sk Vk € NC Vi, j € Cy). If c(s) € ¢(NE(G)) = s € NE(G)

Proof:

Let us denote the set of all the best reply strategies to s_; as BR(s_x). Let us denote the
closest best reply strategy to s in BR(s_x) as ty, meaning d(c(t},), c(sx)) > d(c(ty), c(sk))
for any best reply strategy t;, € BR(s_x).

Assume cg(ty) # cx(sg). Since s and ¢y are both strategy profiles of GC, agent k select
each resource once both in 5 and s;. Thus exist resources r and z such that: ¢ (tx), =
L, ek(sk)r = 0, cx(sk). = 1 and cx(tg), = 0. Let us denote the sub agent of k who selects r
in t; as i. Note that agent k select each resource at most once (Restricted CCG) and all

other agents behave the same in s and (s_g, ), thus:
c(8)r +1=c(tg,s_)r and c(8), = c(ty, s_k)z — 1 (4.1)

Let ¢} be agent k strategy derived from ¢, by moving sub agent i from r to z. From
the lemma condition we know that ¢(s) € NE(G), thus P,(c(s).) < P.(¢(s), +1). From
Equation 4.1 and ¢) definition we know that c(s_x,t}). = c(s), and c(s_k, t}.)r = ().
Thus:

Pule(s—p th)e) = Po(c(s)e) < Pr(e(s)r +1) = Pr(c(s—k, t)r) (4.2)

Therefore, sub agent i pays weakly less in (#},s_j) than in (¢x,s_). Since i is the only
sub agent of agent k selecting r or x in t; and t, agent k pays weakly less too. Note
that all other sub-agents of k pay the same in (¢, s_y) and (¢}, s_x). Since t;, € BR(s_x)
we have that tj € BR(s_y). Obviously d(c(tx, s—k),c(s)) = 1+ d(c(t), s—x), c(s)), which
contradicts the fact that ¢ is the closest best reply strategy to s in BR(s_x). Therefore,

Ck(tk) = ck(sk)

From Remark 2.2, s is also a best reply strategy to s_,. Since k is an arbitrary agent, s

is a Pure NE strategy profile because it is attained in best reply strategies. a.
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The following Theorem provides us with a structural condition on the partition for Pure
NE existence in CCG. This condition depends only on the structure and the congestion

vector of a Pure NE of the underlying game.

Theorem 2 (Layer NE) Let G be a SCG and C a partition of N. Let G¢ be a CCG
with the underlying game G and the partition C. Let s be a strategy profile of G¢ where
Ski 7 Skj Yk € NY Vi, j € Cy. If ¢(s) € ((NE(G)) = s € NE(GY).

Proof:
Let GC be a restricted CCG with the same underlying game and partition as GC.

Let s be a profile as described in the Theorem. Let ¢; be the best reply strategy for agent
k to s_. We show that cx(t), < 1Vk € N¢ and Vr € R.

Assume this is not true and agent k has a profitable deviation from s to t;, where t;,; =
ty; = r. Since cgx(sk), < 1 we know that c(s_g,tx), > c(s), + 1. Since c(s_g, tg)r > c(),

exists a resource x such that c(s_g, tx): + 1 < ¢(s),.

Let t;. be a strategy profile derived from t; by moving sub agent i from 7 to z. In the

strategy profile (s_g, t}) agent i pays P.(c(s_,t}).). Note that:
(s g, th)e = sk, ti)e + 1 < () (4.3)

From Equation 4.3 and the fact that c¢(s) € NE(G) we get that:
Pr(c(s—k: ty)a) = Palc(s—p,t)z + 1) < Pa(c(s2)a) < Prlc(s)r +1) (4.4)
Using monotonicity of the cost functions and the fact that c(s), +1 < ¢(s_g, tg), we get:
P(c(s)y +1) < Po(c(5—g, ti)r) (4.5)

Combining Equations 4.4 and 4.5 we get that

Po(c(s-k, 1)) < Pr(c(s - ti)r) (4.6)

Thus, sub agent ¢ pays in (s_g,t}), where he chose z, no more than than in (s_g, ),
where he chose r. Note that sub agent j, who selects r both in (s_g,#}) and (s_g, tx),
pays strictly less in (s_g,t}) than in (s_,t;), because c(s_g,t})r < c(S_g,tx)r. From

definition of z, cx(tg)s < ck(Sk)z. Since cx(sk), = 1 and cx(sk). > cx(tx)z, we get that
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ce(te)z = 0. All sub agents who choose R\ {r,z} pay the same in (s_j, ;) and (s_g,t}.).
To conclude, agent k, who doesn’t select x, but selects r in t;, pays strictly less in (s_g, t}.)

than in (s_, tx). This contradicts the fact that ¢, is a best reply to s_.

Thus, agent k’s best reply strategy to s_j is a strategy that is allowed also in GC. More-
over, due to Theorem assumptions all other agents also play strategies allowed in GC.

Therefore, due to Lemma 4.1 we can say that si is also a best reply strategy to s_,. W

Corollary 8 Let G be a SCG. Let C be a partition of N with MC(C) = 2. Let G be the
CCG with the underlying game G and the partition C. If there exists a pure NE strateqy
profile e of G where Vr € R c(e), < n° then NE(G) # ().

Proof:

We show that it is possible to arrange the agents in a profile s such that c(s) = c(e),

where all compound agents choose two different resources.

Assume there are v compound agents - 1, ..., and n® — v singleton agents v +1,...,n°

in C. We will denote the two sub agents of compound agent k as k; and k,. Let us
arrange the sub agents in the following order: We first allocate a single sub agent from
each compound agent (1f,...v¢). Then we allocate the singleton agents - v + 1,...n°
Lastly, we allocate the remaining sub agents, by the same order we put their partners

(1s,...vs). We will use y1,...,y, to denote the agents in this order.

Let us define a strategy profile s of G¢ as follows: Take the sub agents v, . .. s Ye(e), and
allocate them on resource 1. Take the sub agents yc(e),+1, - - -, Ye(e), and allocate them on
resource 2 and so on. Obviously, ¢(s) = ¢(e). Note that in y any compound agent has
exactly n® — 1 places between his sub-agents. Since c(e), < n° they will be allocated on

different resources. Applying Theorem 2 on s we get that s € NE(G©). a

Now we concentrate on CCG with partitions satisfying M C(C') = 2 and show that such
CCG have a Pure NE. We will check what deviations can be profitable in such games and

show that exists a strategy profile where all the possible deviations are unprofitable.

Lemma 4.2 Let G¢ be a CCG with an underlying SCG G and a partition C. Let |Cy| =
2. Let s be a strateqy profile of G€, where agent k selects two different resources. If there
18 mo profitable deviation to any sub agent of agent k then there is no profitable deviation

to agent k.
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Proof:

Assume that agent k has deviates from s, to t,. Let us distinguish between the various

sizes of |sx Ntx| - 0,1,2 and show that in all cases it is an unprofitable one.

o If |sx Ntx| = 2 then from Remark 2.2 agent k pays the same both in s and (s_y, tx).

o If |sp Ntx| = 1 then cx(tx) can be attained from ci(s;) by a deviation of a single
sub agent. From Remark 2.2 agent k pays the same in (s_j, ) and (s_g,t},) if
ce(ty) = cx(s}). Thus WLOG ¢ is attained form s; by deviation of one sub agent.
By our assumption any deviation of a sub agent from s is unprofitable. Therefore,
the sub agent deviating from s; to ) pays weakly more. Moreover, the other sub
agent pays weakly more too, since agent k chose two different resources in s;. Thus,

agent k pays weakly more in (s_y, t;) than in s.

o If |spNtx| = 0 then ¢, is attained after two unprofitable deviations from s, and each
of the sub agents pays more in ¢, then in s, meaning agent k pays more in t; than

in sg.

Therefore, if there is no profitable deviation to a sub agent of k£ there is no profitable

deviation for agent k. a.

Definition 7 Let C be a partition with MC(C) = 2. Let G be a CCG with the partition
C. Let s be a strategy profile of G¢. We will denote SA(s) the set of singleton agents of
G®, DR(s) the set of compound agents who select different resources in s and UR(s) the

set of compound agents who select a unique resource twice in s.

Lemma 4.3 Let G¢ be a CCG with an underlying SCG G and a partition C with
MC(C)=2. Let s ¢ NE(G®), where all agents select resource b at least once. Let us
denote one of the resources in R\ {b} satisfying P.(c(s),+1) > Py(c(s),+1) Vo € R\ {b}
as r. Let us denote an agent k € UR(s). Assume that all agents in SA(s) and DR(s)
play their best reply strategies in s and ty = (r,b) is a profitable deviation for agent k.
Then all agents in SA(s_k,tx) U DR(s_, tx) play their best reply strategies in (S_g, tx).

Proof:
Let us check all possible deviations for the relevant agents in (tg, s_x):
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Agents in SA(tg, s_;)won’t deviate, since in (s_y, t) the congestion, thus also the cost of
b is strictly lower than in s whereas the congestion and cost of all other resources weakly

higher and already in s they played their best reply strategies.

Consider an agent in DR(ty, s_x) We check the consequences of possible deviations:

1. Moving a sub agent between resources in R \ {b,r} is not strictly profitable since
doing it was unprofitable in s and their congestion is the same in s and (s_g, tx) it

is not profitable also in (s_g, ).

2. Moving a sub agent from r to R\ {b,r} is unprofitable in s. Since the cost of r is

the only resource whose cost in s is strictly less than in (sg,tx) it is unprofitable in
(Sks Tk)-

3. Due to the definition of r we can say that for any x # b:
P(c(s_g,tr)r) = Po(c(s)r + 1) > Pu(c(s)z) = Po(c(s_g, tk)z) (4.7)

Thus moving a sub agent from a resource in R\ {b} to r is unprofitable for the sub

agent in (s_g, ty).

4. Since the sub agents in R\ {r} had no profitable deviations in s we know that:
Po(c(s—k, th)z) = Pu(c(s)z) < Py(c(s)r + 1) = Po(c(s—k, tr)r) Vo € R\ {b} (4.8)

And since the deviation from s to (s_g,t;) was profitable for agent k, we can say

that for any resource x # b:

Px(C(S_k,tk)x)—f-Pb(C(S_k,tk)b) S PT(C(S_k, tk)r)+Pb(C(3_k, tk)b) < 2Pb(C(S)b) (49)

Combining Equation 4.8 and 4.9 we conclude that moving a sub agent from a re-
source in R\ {b} back to b is unprofitable.

Combining all the steps so far with Lemma 4.2 we get that for agents in DR(ty, s_) there

is no profitable deviation. from (s_g, ). O

Lemma 4.4 Let C be a partition with MC(C) = 2. Let G be a CCG with the partition
C and an underlying SCG G. Let s ¢ NE(G®) where the resource b is selected by all
agents. Assume Py(c(s)y) < Py and P.(c(s),) > Py Vr € R\ {b}. If sy = (b,b). Then in
any best reply strategy ty to s_i cp(tx)p > 0.
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Proof:

Assume exist resources r,x # b such that w, = (r,z) when r,z # b. Note that
c(wg, $_)r = c(s), + 1 and c(wg, $_k)r = (), + 1. Therfore:

P (c(wy, s—k)r) + Pu(c(wg, S—k)z) > 2Pn > 2Py(c(s)s) (4.10)

Therefore, in (wy, s_x) agent k pays at least as in s. Therefore, if wy is a best reply
strategy to s_j then s; is too. Due to Lemma 4.3 if s, is a best reply strategy to s_j
then s is a Pure NE, since agent in UR(s) has no profitable deviation. This contradicts
the assumption that s ¢ NE(G). O

Corollary 9 Let s be a strategy profile satisfying the conditions of Lemma 4.4. Then s
is a Pure NE of GC iff for agent k € UR(s) there is no profitable deviation with one sub

agent.

Now we turn to to prove that all CCG games with M C(C') = 2 have a pure NE.

Theorem 3 Let G be a SCG, C a partition where MC(C) <2 and G¢ a CCG with the
underlying game G and the partition C. Then NE(G®) # 0

Proof:
G is a SCG. Therefore, due to Rosenthal [18], NE(G) # 0.

Let e € NE(G). If c(e), < n®Vr € R then from Corollary 8 NE(G®) # (). Therefore, we

can assume that:

b such that c(e), > n° (4.11)
Note that such resource b is unique since n® > 7. Clearly it is possible to construct a
strategy profile s° of G¢ satisfying the following restrictions:

1. All singleton agents choose b.
2. Among all compound agents, at least one sub agent chooses b.

3. The other sub agents are spread among the resources, so that c(e), = ¢(s%), Vr € R.
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Obviously, ¢(s%) = c(e) thus:

< Py < Po(c(s°), 4+ 1) (4.12)

Due to Theorem 2 if we would refer to all compound agents in UR(s?) as two singleton
agents we would have a Pure NE. Therefore, all agents in SA(s?) and DR(s") play their
best reply strategies in s°. From this if UR(s”) = @) than s° is a Pure NE. To conclude,
we can assume that s° is not a Pure NE, otherwise NE(GY) # (), therefore |[UR(s%)| > 0.

Let m be a positive integer.

Due to Equations 4.11 and Corollary 9 if s ! is not a Pure NE and P,(c(s™ '), < Py <
P.(c(s™ 1), + 1) then the deviation described in Lemma 4.3 is profitable in s™~!. For
such s™~1 (that can be s* due to Equation 4.12) let s™ be the strategy profile derived
from s™~! when an agent in UR(s™"') deviates as described in Lemma 4.3 - with one

sub agent who deviates greedily.

Note that [UR(s™)| = |[UR(s™ !)| — 1 and due to Lemma 4.3 all agents in n \ UR(s™)
play their best reply strategies in s™. Clearly Py(c(s™), < Py < P.(c(s™), + 1) Vr # b,
thus Corollary 9 holds for s™. Therefore, if agent k& € UR(s™) cannot profitably deviate

with one sub agent s™ is a Pure NE.

If exists m < |[UR(s)| such that s™ is a Pure NE we are done. On the other hand, if s™

m+1

is not a Pure NE, we can define s as described above.

If s°, st ... SIURGDI=1 aren’t Pure NE, then we can define SIURGI, Clearly UR(S'UR(SO)|) =

0 thus due to Lemma 4.3 slVRE)) is a Pure NE. [ |

Corollary 10 Let G be a SCG, C a partition with MC(C) = 2. Let G° a CCG and
GC a restricted CCG, both with the same underlying game G and same partition C. If
co(NE(G))\ ¢(G®) # O then exists a Pure NE s of G where b is selected by all agents of
G© at least once and c(s), < c(t), Vt € NE(G).
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4.1.2 Non-Existence of Pure NE in Wider Classes

Now we provide a counter example, to show that the MC(C') = 2 condition is essential.
In Example 7 we will show that if the underlying game is not a SCG then no Pure NE

exist.

Example 2 A Coalitional Congestion Game with MC(C) > 2 may not posses a Pure
NE.

Consider a game with two identical resources A and B and four sub agents, with the

following P functions:

Resource / Agents #: | 1| 2 | 3 | 4
A: 0]12]16 | 18
B: 01216 | 18

From Theorem 1 the profile where agents split equally among resources is a Pure NE. For

example, Agents 1 and 2 choose resource A and agents 3 and 4 choose resource B.

When C = [{1,2,3}, {4}] then G¢ is the following 2 player game:

G°¢ A B

AAA | -54,-18 | -48,0
AAB | -32 -16 | -36, -12
ABB | -36,-12 | -32, -16
BBB | -48,0 |-54,-18

Note that this game has no pure NE, despite the fact that the SCG had a pure NE. This
is since AAB and ABB are dominating strategies for the compound agent. If we omit

the other two strategies we will get a matching pennies games, that posses no Pure NE.

4.2 Exact Potential

An Exact Potential defined by Monderer and Shapley [13] is a function from the strategy
space (of all agents) to R which satisfies:

P(S) — ]P)(S_i,ti) = UZ(S) — UZ‘(S_i,ti)\V/i S N, Vtz‘ € Si,Vs € Sl X 52 oo X Sn (413)
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Monderer and Shapley in [13] show that games without a Pure NE do not posses an Exact
Potential. As previously noted, Rosenthal showed that Congestion Games posses a Pure

NE in [18].

Definition 8 A CCG will be called linear if the resource cost functions are linear.

In this section we analyze conditions under which games posses an Exact Potential. Fo-
takis et al. showed in Theorem 6 in [6] that a CCG is linear possesses an Exact Potential.
We will show the other direction under minimal demands from the partition C. First note
that the condition M C(C') = 2 which due to Theorem 3 is sufficient to prove existence of

Pure NE does not guarantee existence of Exact Potential, as the following lemma shows:

Lemma 4.5 Let G be a SCG with 2 resources, 3 sub agents and C' = [{1,2}{3}]. Let G
be a CCG. G has an Evact Potential iff the CCOG is linear

Proof:

Let G¢ be the following game when we denote the costs functions P4 and Py of G as

follows:

Resource / Agents #: | 1 | 2 | 3
A: a1 | o | Qg
B: b1 bg bg

The game G will look as follows:

G°¢ A B
AA 2a3, as 2as, by
AB | ay+bi,as | a; + by, by
B,B 2bs, aq 2b3, bs

From Monderer and Shapley [13], Theorem 2.8, Exact Potential exists iff following equa-

tions are true:
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a2+b1—2a3+a3—b1+2a2—a1—bg+b2—a2:0
a2—|—b1—2b2—|—a1—b3—|—2b3—a1—bg+b2—a2:0 (414)
2a3—2b2+a1—b3+2b3—2a2+b1—a3:0

After simplifying the equations we get:

2a9 = a1 + as

2by = b1 + by

Which can happen iff the cost functions are linear. Thus, iff the cost functions are linear

the game G¢ possesses an Exact Potential. O

Now we extend this result to a larger set of CCG:

Lemma 4.6 Let G be a SCG with n > 3. Let C' be a partition of N that has at least one
element of size 1 and at least one element of size 2. Let G be a CCG with a partition C
and the underlying game G. If the cost functions aren’t linear (Ir € R and m € N such
that P,(m + 1) # P.(m) + P.(m + 2)) G¢ will not posses an Exact Potential.

Proof:

Let us denote the resource that has a non-linear cost functions as A, meaning that exists
a natural 0 < m < n — 1 such that 2P4(m + 1) # Pa(m) + Pa(m + 2).

Let us denote the singleton agent as ¢ and the agent with |Cy| = 2 as k. Let us denote a
strategy profile where m — 1 of the sub agents of agents in N\ {k, i} select A as s_(.-

Let us denote as [ — 1 the number of sub agents of agents in N\ {k,i} who select B in

S—{k,i}'

Let us denote the following game derived from G¢ as G’: All agents strategies except i
and k have one strategy - the one they play in s_g ;3. Agents i and & will be allowed to

choose only resources A and B. Note that G’ looks exactly as the game in Lemma 4.5.

Due to Lemma 4.5 G’ has no Exact Potential since P4 is not linear: 2P4(m + 1) #
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From Theorem 2.8 in Monderer and Shapley [13] we know that if G’ doesn’t posses Exact
Potential then also G does not posses an Exact Potential. Therefore, G¢ doesn’t posses

an Exact Potential. O.

Combining Lemma 4.6 with Theorem 6 in Fotakis et al. [6] we get:

Theorem 4 Let G be a SCG, C' a partition that has at least one element of size 1 and at
least one element of size 2. Let G¢ be a CCG with the underlying game G and partition
C. GC will posses an Exact Potential iff the CCG is linear.

4.3 FIP Property

If MC(C) = 2 a Pure NE exists, though an exact Potential may not, Here we wish to
check an interim property - FIP. Games that posses an Exact Potential posses the FIP

property, which leads to the existence of a Pure NE, as shown in Monderer and Shapley
[13].

FIP Property as defined in Monderer and Shapley, [13], section 2:
A path is a sequence v = (s, s ...) of strategy profiles, such that for every k > 1 there
k—1

exists a unique agent, say agent i, such that s* = (s";' 2) for some x # y*! in ;.

v = (5% st,...) is an improvement path with respect to the game G if u;(sp — 1) <
ui(sg) Vk > 1, where 7 is the unique deviator at step k. A game G has the FIP property

if every improvement path is finite.
More formally, FIP property says that any deviation sequence is of finite length.

Example provided by Fotakis et al. [6] that that exist CCG with MC(C) = 2 that do
not have the FIP property. Our example is similar to it, but has strictly increasing cost
functions. Note that in this example three resources have linear costs and one resource

with non-linear cost, by changing only one element of the cost function (P4(1)).

Example 3 A coalitional congestion game G€ with four resources, four sub agents and
a partition C' = [{1,2}{3,4}|, without the FIP Property.

Consider the following example, with two resources and four agents, each representing a

coalition of two sub agents. The P functions are:
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Resource / Agents # | 1 | 2
A 017
B 419114119
C 819|101 11
D 215 8 |11

Following is a cycle of unlimited profitable deviation, from which it is clear that G¢
doesn’t have the FIP Property:

Agent 1 Strategy | AA|AA | BC|BC| AA
Agent 1 Pays 16 14 13 17 16
Agent 2 Strategy | AB|CD | CD|AB|AB
Agent 2 Pays 12 10 11 9 12

Remark 4.1 Note that that due to Theorem 3 G€ posses a Pure NE, despite the fact
that it doesn’t posses the FIP property.
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Chapter 5

Small Coalitions CCG NE

In this chapter we concentrate on the case when the underlying game is a SCG and
partition C' with M C(C) = 2, since there a Pure NE always exists, as shown in Theorem
3. We will look deeper into those Pure NE strategy profiles and on their congestion

vectors.

5.1 Congestion Vectors in Small Coalition CCG NE

Here we check what congestion vectors can be attained in Pure NE profiles in CCG and
Restricted CCG in this case. Then we provide some results regarding the congestion
vectors sets of Pure NE strategy profiles. The main result will refer to convex case, where

we show that all Pure NE strategy profiles of G¢ are close to the ones of G.

Definition 9 Let G be a SCG. Let us denote the following set of Congestion vectors:
ANE(G) ={u:3b st :up, <v, Yv € ¢(NE(G))}.

From Rosenthal [18] we know that ¢(NE(G)), c(NE(G®)) # 0, since GC is a Congestion
Game, as shown in Remark 2.3. Also, from Theorem 3 we know that NE(G®) # 0, since
MC(C) = 2 and the underlying game is a SCG.

We show that congestion vector of a Pure NE strategy profile of G¢, with largest coalition
of a pair, is either in NE(G) or ANE(G) and in many ways it has congestion vectors
similar to those of NE strategy profile of SCG.
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Lemma 5.1 Let G be a SCG. Let u be a congestion vector. Then if v, > u, Yv € NE(G)
and Jv € NE(G) : v, < u, = Po(u,) > Py(up + 1).

Proof:

From Corollary 2 and Lemma 3.1, u,, > «,. + 1. Also from Lemma 3.1 u; < «y,. Therefore,
we can say that Py(u, + 1) < Py < P,(u,). We will distinguish between two cases and in

each we show that the inequality is strict:

e If [¢((NE(G)| =1 then due to Corollary 5 P,(u,) > P,.

o If [¢(NE(G)| > 1 then due to Corollary 6 u, < o, = Py(up + 1) < Py.

Lemma 5.2 Let G be a SCG, C a partition of N with MC(C) = 2 and G a CCG
with the underlying game G and partition C. If exists three resources r,x,b that satisfy
Po(uy) > Py(up + 1) and P,(u,) > Py(u, + 1) then u & ¢«(NE(GC))

Proof:

Assume the contrary. Let s be a Pure NE strategy profile of G¢ satisfying c(s) = u. Let
k be an agent who chooses r in s, with sub agent 7. Then ¢ (sx), = 0 or ¢x(sg): = 0 (or

both) since agent k has only two sub agents. Assume WLOG:

cr(sk)z =0 (5.1)

Let us denote agent k’s strategy derived from s, by moving sub agent ¢ from r to x as t;.
Sub agent 7 pays in (s_g, tx) less than in s, since P,(u,) > P,(u, +1). Note that the other
sub agent j of agent k chooses the same resource 2’ in both s and ¢. From Equation 5.1
x’ # z, but r may be equal to . Thus sub agent j pays weakly more in s than in (s_g, tx).
Therefore, agent k pays strictly more in s than in (s_g, ), making the deviation from
si to tj strictly profitable for agent k in contradiction to the fact that s is a Pure NE
strategy profile. a

Lemma 5.3 Let G be a SCG and C' a partition of N where MC(C) = 2. Let NE(GY)
be a CCG with the underlying game G and partition C. Let v € NE(GY). Then exists at
most one resources b that satisfy c(t), < v, Yv € NE(G).
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Proof:

Assume that in a Pure NE strategy profile t of G there are two resources b and b/
satisfying:
C(t)b < Up, C(t)b/ <y Yve C(NE(G)) (52)

Let s be a Pure NE strategy profile of G. Exists a resource r satisfying c(s), > c(t),
since ¢(s), < ¢(t)p and the number of sub-agents remains the same in all profiles. Then

from Lemma 5.1 we get:
P.(c(t),) > Py(c(t)y + 1) and P,(c(t),) > Py(c(t)y + 1) (5.3)

From Lemma 5.2 we have that c(t) ¢ ¢(NE(G®)) in contradiction to the fact that ¢t €
NE(GY). O

Lemma 5.4 Let G be a SCG with |¢((NE(G))| > 1 and C a partition of N where
MC(C) = 2. Let G¢ be a CCG with the underlying game G and partition C. Let
u € NE(GY) where u, > a, Vx € R and 3r € R such that P.(u,) > Py. Then exists (at

least) two resources 1, xq satisfying Py, (u,, + 1) < Py.

Proof:
Let us define X = {r: P.(a,. + 1) = Py}. Since |[¢(NE(G))| > 1 we know that |X| > K.

Let u be a congestion vector in ¢(NE(G®)) such that u, > o, Vr € R and exists a

resource 7 such that P.(u,) > Py.

If » ¢ X then from the definition of r, u, > «a,. The total congestion of all resources
except r in u satisfies:
Z Uy <n—a, —1 (5.4)
z€R\{r}
There are at most n — a,. — 1 sub-agents choosing resources in R\ {r} and each resource
x € R\ {r} is chosen at least by a, agents. When we count the number of agents we need
in order to allocate at least o, agents on all resources except r and u, > a,. + 1 on r, as

done in u, we get:

Z o | +up>n—K—-—a,+a,+1>n—-—K+1 (5.5)
reR\{r}
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Therefore, at most K — 1 sub agents are left to allocate in after we have allocated «,
sub agents on each of the resources = € R\ {r} and a, + 1 on r. Thus from Pigeonhole
principle, in u at least two of the K 4 1 resources in X, denote two of them z1, x5, satisfy:

Uy, = o . Consequently we will have that at least two resources in X that satisfy

If r € X then from definition of r, u, > «, + 2. Similarly to the case when r ¢ X we will
have at most K —2 sub agents to allocate on the K resources in X \ {r}. From Pigeonhole
Principle we will have that at least two resources in X that satisfy P,(c(s), + 1) = Py.

O

Remark 5.1 Let GC be a Restricted CCG with the same underlying game G and partition
C' as GC. Then Lemmas 5.2, 5.8 and 5.4 with identical proofs holds also in GC.

Theorem 5 Let G be a SCG and C a partition of N where MC(C) = 2. Let G be a
CCG with the underlying game G and partition C, with MC(C) = 2. Then ¢(NE(GY)) C
ANE(G) U e(NE(G))

Remark 5.2 The same result hold also for the Restricted CCG GC, with identical proof.

Proof:
What we will show is if u € ¢((NE(GY)) and u & ¢(NE(G)) = u € ANE(G).
Note that according to Lemma 5.3 we know that such resource b is unique.

If ¢(NE(G)) = {v} then obviously if u € ¢(NE(G)), there is at least one resource b
satisfying up < vy.

Let G be a SCG with [¢(NE(G))] > 1 and u € ¢(NE(GY)) \ ¢«(NE(G)). Let G be a
CCG as described in the Theorem.

If 3b such that ¢(up) < ap then due to corollary 2 u, < v, Yo € NE(G).

To complete the proof we show the existence of such resource b when u € ¢(NE(GY)) \
¢(NE(G)) and u, > o, Vo € R:

Assume that u € NE(GY), and there is no such resource b. From Corollary 2 we know
that if u, > o, Vr € R and P,(u,) < Py Vr € R then u € ¢(NE(G)). Since we know
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that u € ¢(NE(G)), we know that exists a resource r satisfying P,(u,) > Py (otherwise
due to Corollary

Lemma 5.5 Pure NE Identify we have a Pure NE).

According to Lemma 5.4, in u two resources bt satisfy min(Py(up + 1), By (uy + 1)) <
Py when P,.(u.) > Py. From Lemma 5.2 we get a contradiction to the fact that u €
c¢(NE(GY)).

Therefore, also in the case when [NE(G)| > 1 foru € NE(GY)\NE(G) 3b: uy < v, Vv €
¢(NEg). n

Remark 5.3 We will denote the unique resource satisfying the condition in Theorem 5

as b.

Now we show another connection between NE(G) and NE(G®). Congestion vectors in
NE(G®)\ NE(G) have a congestion vector of a SCG NE, when we "remove” the under-

selected resource b and split coalitions, as the following lemma says:

Lemma 5.6 Let G be a SCG, C a partition of N with MC(C) = 2. Let NE(G®) be
a CCG with the underlying game G and with partition C. Assume v € ¢(NE(G®)) \
G(NE(G). Then for any two resources r,x # b (where b is selected less than in any NE
strategy profile of G) P.(v, + 1) > P.(v;)

Remark 5.4 This result with same proof also holds for NE(GC)

Proof:

Assume that v € ¢(NE(GY))\ ¢(NE(G)). From Theorem 5 in v exists a unique resource
b that v, < c(t), Vt € NE(G). Assume that exist two resources r, x # b such that:

By (vr) > Pr(ve +1) (5.6)

We can assume WLOG that P, (v,) > Py (vy) V2’ € R.

Let ¢ be a Pure NE strategy profile of G. Since v, < ¢(t), exists a resource z’ such that

vy > ¢(t),. From Lemma 5.1 we get:

PT<UT) Z P$/(Ux/) > Pb(C(t)b) Z Pb(vb + 1) (57)
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Due to Equations 5.6, 5.7 and Lemma 5.2 applied on resources b, x, r we get a contradiction
to the fact that v € ¢(NE(GY)). O

Lemma 5.7 Let G be a SCG, C a partition with MC(C) = 2 and G a CCG. Let
ve NE(G)\NE(G), and b the under-selected resource, as described in Theorem 5. Let x
be one of the resources with the mazimal cost in t. Assume that Py < P,(v,) < Py(vp+2).
Then ezists u € NE(G) such that d(u,v) = 1.

Proof:
Let t be a Pure NE strategy profile of G¢ satisfying c(t) = v.

From assumption ap + 1 < v, + 2, meaning o, < v, + 1. From Theorem 5 and Corollary
2 vy < ay. Therefore:
ap—1 < < (5.8)

We divide the proof into two cases. We show show that in both cases exists a Pure NE

of G adjacent to v.

1. If By(vp + 2) = P,(v,) = P, let us define u as the following congestion vector:

u, =v, Vz#b,x
ub:vb+1

Uy = Vp — 1

Obviously, d(u,v) = 1.

Let s be a SCG profile such that ¢(s) = u. Due to the definition of x no agent pays
more than Py in ¢t. Note that Py(up) < Py thus no agent pays more than Py in s

too. Which means:
le(’ux/) < Py V' € R (59)

From Lemma 5.6 we know that:
Py = Py(vy) < Pu(vy +1) Vo' € R\ {b} (5.10)

Py(vp + 2) = Py(up + 1) = Py = up = . Combined with Equations 5.10 we get
that:
c(v), > a.VreR (5.11)
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Applying Equations 5.9 and 5.10 in Lemma 3.3 we get that s is a Pure NE strategy
profile in G.

2. If P,(vy+2) > Py then in all SCG NE strategy profiles b will be selected by exactly

vp + 1 agents due to Lemma 3.1, Theorem 5 and our assumption.

Let us look on a strategy profile g of G, satisfying ¢(¢) = v. From Corollary 3 and
Lemma 5.6 we know that on R\ {b} the congestion in ¢ is as of N —uv, greedy agents,

one more than chose those resources in any NE strategy profile of G.

Let us denote the strategy profile derived from ¢ by moving an agent from z to b as
¢'. In ¢’ the number of agents who select b is as in any NE of G. Since we removed
one agent who paid the highest cost outside b we will have a greedy formation in
R\ {b} with the number of agents as in any NE of G. Due to Corollary 3 ¢ is a
Pure NE strategy profile of G and clearly d(c(¢’,v) = 1.

In both cases there is a Pure NE s of G which satisfies d(c(t), ¢(s)) = 1. O

Now we turn to provide the main result regarding the Pure NE of G, in the case that

the cost functions P are weakly convex.

Note that convex cost functions is equivalent to weakly increasing A’s in the cost functions
because weak convexity implies A, (m) = P.(m+1) — P.(m) < P.(m+2) — P.(m+1) =
A,(m+ 1) for m > 1 and the definition of A, (1) = 0 keeps this inequality, since the cost

functions are strictly increasing.

Theorem 6 Let G be a SCG and C is the partition of N where MC(C) = 2. Let GC be
a CCG with the underlying game G and partition C. If in G the cost functions are weakly
convez then for any t € NE(GC) exists s € NE(G) such that d(c(s), c(t)) < 1.

Proof:

This theorem is trivial for he case when ¢(t) € ¢(NE(G)). Therefore we will concentrate

on the case when ¢(t) ¢ NE(G).
Let us denote the resource with the highest cost in ¢ as .

Assume that v € ¢(NE(GY)) \ ¢«(NE(G)). Let t be the Pure NE strategy profile of G

satisfying ¢(t) = v. From Theorem 5 exists a unique resource b such that:

c(t)y, < c(s)y Vs € NE(G) (5.12)
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Let s be a NE of G. Since the resource b is selected by more agents in s than in ¢ exists

a resource r such that c(t), > c(s),.

From Lemma 5.1 sub agent can deviate from r to b and pay less, thus all agents selecting
r in ¢t must also select b. Since P.(v,) < P,(v,) we can say the same for = too. Moreover,

deviating from (z,b) to (b,b) must be unprofitable in ¢. thus:

Pb(vb) + Px(vx) < 2Pb(?)b + 1)
P(vy) < 2Py (vp + 1) — Py(wp)

From convexity and weakly increasing A’s we get that:
Py(vy) < By(vp+ 1) + Ap(vp + 1) < Py(vp + 1) + Ap(vp + 2) = Py(vp + 2) (5.13)
Combining Equation 5.13 and Lemma 3.4 we get:
Py < Py(v,) < Py(vp + 2) (5.14)

To complete the proof we apply Lemma 5.7 on v. [ |

Corollary 11 If ¢(NE(G)) C ¢(NE(G®)) then ¢(NE(G®)) is connected. The proof is

direct from Theorem 6 and Lemma 3.5.

5.2 Double Selected Resources

As we have shown in Lemma 5.6, Theorem 5 and Theorem 6 there is much in common
between NE congestion vectors of G and G¢. Moreover, when comparing between G¢
and GC even more common properties appear. Here we look on strategy profiles where
a compound agent selects a resource twice, which can happen only in G¢. We analyze
when in NE a resource will be selected twice by the same agent and show that allowing

such strategies do not extend our strategy space by much.

Definition 10 Let s be a profile of G¢. We denote the set of resources that exists a
compound agent selecting this resource with both his sub agents as MA(s). Meaning:
MA(s) ={r:3kandi,j € Cy such that sy; = sk; =1}.
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The most basic question is what are the conditions where an agent may even consider
selecting a resource twice in a NE. The following Lemma provides the answer to this

question.

Lemma 5.8 Let G be a SCG and C a partition of N with MC(C) = 2. Let NE(G®) be
a CCG with the underlying game G and partition C'. Let s be a Pure NE strategy profile
of GY and r € MA(s). Then c(s), < c(t), Vt € NE(QG).

Proof:

Let us denote the congestion vector v = ¢(s).

If ¢(NE(G)) = v - the condition of the Lemma is met trivially for every resource r € R.

In all other cases we will show that r € M A(s) = v, < a,.. Note that from Corollary 2
this condition leads to v, < wu, Yu € ¢(NE(G)). Thus showing that v, < «, is sufficient.

A resource 7 can be chosen by an agent in s twice only if:
P.(v,) < Pp(vy, +1) Ve € R (5.15)

Otherwise, the agent can move one of his sub agents from r to z. The deviating sub agent

pays less weakly, while the other sub agent pays less strictly, since P, is strictly increasing.

We will distinguish between two cases and show that in both of them we show that
re MA(s) = v, < a,.

1. If v € ¢(NE(G)) then from Theorem 5 v € ANE(G). Thus 30 : Py(v, + 1) < Py.
If r 4 bin MA(s) then due to Equation 5.15 P.(v,) < Py(v, + 1) < Py meaning -
v, < .. If r =0 then from AN E(G) definition and Lemma 3.1 v, < .

2. If v € ¢(NE(G)) we can assume that |¢(NE(G))| > 1 (the other case was proven).
From Corollary 6 there is a resource z : P.(v, + 1) = Py = v, = o, meaning - x
can be in M A(s). If r # x is in M A(s) then due to Equation 5.15 P,(v,) < Py =

P,(v; + 1), meaning - v, < .

Therefore, when v # ¢(NE(G)) r € MA(s) = v, < a. O

This result provides us with an interesting corollary regarding the sets of NE:
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Corollary 12 Let G be a CCG, C a partition of N with MC(C) = 2. Let NE(G) be a
CCG and GC be a Restricted CCG both with the same underlying game G and partition
C. ¢(NE(G)) Ne(GP) # 0 = ¢(NE(G)) C ¢«(G°)

Proof:

Assume the contrary. Let there be a congestion vector v € ¢(NE(G)) \ ¢(GC) and a
Pure NE strategy profile s of G satisfying c(s) = v. Clearly:

Ir v, >n=re MA(s) (5.16)

Therefore, e, < n® < v,. So, we have that v, < e, and e, € ¢(NE(G)), which is a

contradiction to Lemma 5.8. O

Another legitimate question is how many of such double selected resources may exist in
NE. The next Lemma shows that if we look only on Congestion Vectors of NE, we can

decrease this number significantly.

Lemma 5.9 Let G be a SCG, C a partition of N with MC(C) = 2. Let NE(GY) be a
CCG with the underlying game G and partition C'. Let us denote x # r two resources in
R. Assume s € NE(G®) where agent k’s strategy is (r,r) and agent l’s is (x,x). Let us

denote the strategy profile derived from s when agents k and | change their strategies to
(z,7) ast. Thent € NE(GY).

Proof:

All agents in N\ {k,} will have no reason to deviate in ¢, since the congestion on all
resources is the same in s and ¢ (¢(s) = ¢(t)) and they choose the same strategies in s and
t. Agent k didn’t wanted to deviate from r to any other resource z in the strategy profile

s, when he had both of his sub agents in r. This can only happen if:
2P (c(s),) < Polels)y — 1) + Pu(c(s)- + 1) (5.17)
From monotonicity of P and Equation 5.17 we get:
P.(c(s),) < P.(c(s), + 1) (5.18)

Thus moving a sub agent from r to z is not profitable in . Same with = instead of r and

agent [ instead of k. Due to Lemma 4.2 there is no profitable deviation to agents k and [,
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since in t there is no profitable deviation for sub agents of agents k£ and [, who select two

different resources in t. Therefore, t is a Pure NE strategy profile. O

Corollary 13 Let G be a SCG and C a partition of N with MC(C) = 2. Let NE(G®)
be a CCG with the underlying game G and partition C. Let s € NE(GY) such that
|IMA(s)| > 1.

Proof:

Using Lemma 5.9 in induction we get that 3t € NE(GY) such that |[MA(t)] < 1 and
c(s) = (). O
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Chapter 6

CCG Pure NE Total Cost

In this chapter we check the total cost of NE in CCG and compare it with total cost of
NE strategy profiles of the underlying SCG. Troughout this chapter we will assume that
the CCG G¢ has a Pure NE and that Py > 0.

Definition 11 Let G be a Congestion Game or a CCG. We will define the total cost of
a profile e of the game G as TC(e) = Y .pcle), - P.(c(e),). For a SCG (CCG) G we
also define MaxTC(G) = mazeenp@TC(e) and MinTC(G) = mineenp@)TC(e).

Let GG be a SCG. Let us define:

w(G) = max MazTC(G) (6.1)

C is a partition of n

Price of Collusion (PC) is defined in Hayrapetyan [7] as the cost ratio %

Price of Collusion shows how the cost may increase due to formation of coalitions. We
would like to add more criteria to compare increase in the total cost, by comparing also
the best NE strategy profiles, or any two NE strategy profiles of G and G¢. We will look
on specific CCG, rather than on all possible partitions and check how this cost ratio can

increase, or decrease, using the following definition:

Definition 12 Let G be a SCG and s be a pure NE strategy profile of G. Let GC be a
CCOG with the underlying game G. Let t be a Pure NE strategy profile of G¢. We define
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a function TCR : NE(GY) x NE(G) — R as follows:

TCR(t,s) = (6.2)

We will refer to MarTCR(G,C) = maXieyp(Go),seNB(G) ;C—gt% and MinTCR(GC,G) =

C(s
. TC(1)
Me NE(GC),se NE(G) TCO(s) *

For TCR to be well defined we will assume that the CCG Game G¢ has a Pure NE and

that Py > 0. (otherwise due to Lemma 3.1 the denominator will be zero).

TCR measures not only the increase in the total cost of NE caused by collusion, but also
the increase. As we will see in some cases the collusion increases the Total Cost while in

others it decreases the Total Cost.

Remark 6.1 4(G) > max, inNpG)e,ene@G) TCOR(e., €s).

6.1 Lower Bound on NE Cost Ratio

Here we provide a general tight lower bound on MnT'CR since we assume nothing of the
partition. The bound depends only on the number of agents (n) and is equal to 1/n. If

n > 2 it is unattained and if n = 2 it can be attained.

The proof is divided into three parts: First we show that MinTCR > 1/n, then we show
that the inequality must be strict if n > 2 and finally we provide two examples that this

bound is tight, one for the case of n > 2 and another for n = 2.

Lemma 6.1 Let G be a SCG with n agents, C' a partition of n and G a CCG with an
underlying game G. MinTCR(GY,G) < n

Proof:

From Lemma 3.1 the total cost in any NE strategy profile of G is at most n - Py. From
Lemma 3.4 in any strategy profile of G¢ exists a sub agent who pays Py or more thus
TC(t) > Py for any strategy profile t of G¢. Therefore MinTCR(G®,G) > fo\I’V =1/n.

O
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Lemma 6.2 Let G be a SCG, G¢ a CCG with an underlying game G. If n > 2 then
MinTCR(GY,G) > 1/n.

Proof:

Assume that Ve, € NE(GY) TC(e.) > Py. Due to Lemma 3.1, TC(e,) < n - Py Ve, €
NE(G). Therefore, TCR(e.,es) > 1/n.

Therefore, we can concentrate on the case where exists a Pure NE strategy profile of G
with total cost of Py, denote it ¢t. From Lemma 3.4 in ¢ one agent pays Py and n—1 agents
pay zero. Since the costs are strictly increasing and non-negative P.(m) = 0 = m = 1.

Thus all sub-agents select different resources in t.

Let s be a Pure NE of GG. From Theorem 1 s can be attained by greedy strategy profile.
In any greedy strategy profile the first n — 1 greedy agents will choose different resources

with cost zero and the last agent will choose resource r with cost of Py.

If no agent of the first n — 1 agents chose r then T'C'(s) = Py. If one agent of the
first n — 1 agents chose r then T'C'(s) = 2Py. Since the first n — 1 greedy agents chose
different resources, after the last agent chose r its is at most two. Thus T'C'(s) < 2Py
and TCR(GY,G) > 1/2. Concluding, if n > 2 = MinTCR(GY,G) > 1/n. O.

Definition 13 Let us denote the partition C = {1,...,n} - the partition of N into the

grand coalition.

Example 4 For any 0 <e <1 andn > 2 MinTCR(GY,G) = (1+¢)/n in the following
G and C =C

Let there be a fixed n and a small positive 0 < €. Let G be a SCG with n agents, two

resources and the following P functions:

Resource / Agents #: 1 2 .| n-1 |n
. I3 2e (n—l)s

A n(n=1) | n(n=1) | " | n(n=1) 1

B: 1+ = 2 ... n-1 |n

From Theorem 1, in a Pure NE strategy profile s of G all the n agents will choose A thus
TC(s) = n.
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If C =C and t € NE(GC) then c(t)a =n—1and ¢(t)p = 1. In ¢ the cost of resource

Als SE;PIE) and of B is 1+ 7%;1)15) Summing it up we get that TC(t) = 1 + . Therefore:

TCR(GC,G) = 4=

Example 5 For the case that n = 2 the following games have a MinTCR of 2:

Consider a SCG G with two agents and two resources - A and B, where P4(1) = 0, P4(2) =
1, P5(1) = 1, P(2) = 2.

The strategy profile where both agents choose A is a Pure NE strategy profile with Total
Cost of 2.

Let G¢ be a CCG with the underlying game G and the grand coalition. Easy to see that
a strategy profile where one agent chooses A and the other choose B is a NE strategy
profile of G¢ with the total cost of 1. Thus, MinTCR < 1 /2. Combined with Lemma
6.1 we get that MinTCR = 1/2

Combining Lemmas 6.1 and 6.2 with Examples 4 and 5 we get the following Theorem:

Theorem 7 Let G be a SCG with n agents and C a partition of n. Let G¢ be a CCG
with the underlying game G and partition C. If n > 2 then MinTCR(G®,G) > 1/n is a
tight bound for MainTCR. If n = 2 then 2 is the tight bound for MinTCR.

6.1.1 SCG Price of Anarchy

Let G be a SCG. The Price of Anarchy (PA), as described by Koutsoupias and Papadim-
itriou [10] is the total cost ratio between the Pure NE of G with the highest total cost

and the profile that minimizes the total cost:

PAG) — MaxTC(G)

Dy ————r (6.3)
MinTC(GY)

From this we get the following corollaries:

Corollary 14 n is the tight upper bound on the Price of Anarchy in SCG. If n > 2 it is
unattained n and if n = 2 it can be attained. The proof is immediate from Theorem 7 and
Equation 6.5.
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Corollary 15 For any SCG G we can say that:

n>2= ;:gii; <n Vs, t € NE(G) (6.4)
B TC(s)
n_2:>TC(t) <n Vs,t € NE(G) (6.5)

6.2 Upper Bound on NE Cost Ratio

Here we provide an upper bound on TCR. Similarly to the case with MinTCR, we will
show that M axTC’R(GC, G) < n, then we will show that value of n cannot be attained.
Here, however, we do not show that the bound is tight. Hayrapetyan [7] showed that
PC < 2 when all the resources have weakly convex cost functions or all resources have
weak concave cost functions, in Theorems 3.5 and 3.12. Therefore, the convex or concave

case the bound is 2.

To provide the result we provide a bound on the maximal payment an agent can have in
a Pure NE of G¢, as follows:

Lemma 6.3 Let s € NE(GY). Then Uy(s) < |Ck| - Py. In words: agent k doesn’t pay
more than |Cy| - Py in any Pure NE strategy profile.

Proof:

Assume that there is an agent k that pays in s more than |Cy|- Py. Then we will propose

a different strategy to agent k where he doesn’t pay more than |Cy| - Py

Let us denote u = ¢(s) and v € NE(G). Let us denote w as the congestion vector u when

we removed agent k. Clearly ) _,w, =n = Cj. Therefore:

Zmax(w—wr,()) = Z Up — Wy > ZUr—wr = ZUT_ZU)’” :n—(n—]CkD = ‘Ck‘

reR Vp >Wr reER reR reR
(6.6)

Therefore, you can reallocate the |Cy| sub agents of agent k on resources r : v, > w,, such
that if ¢, (r) > 0 then w, + ¢x(r) < v,. Note that v € ¢(NE(G)), thus due to Lemma 3.1

no one of agent k sub agents will pay more than Py.

Agent k who pays more than |Cy| - Py can deviate to this strategy pay at most |C| - Py,

in contradiction to the fact that we were in a Pure NE strategy profile. O
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Corollary 16 For anyt € NE(GY) TC(t) <n-Py. From Lemma 6.8 any agent k € N¢
pays at most |Cy| - Py.

Lemma 6.4 Let GY be a CCG. If exists v such that P.(1) = 0 then c(t), > 1 Vt €
NE(GY).

Proof:

Let t be a Pure NE of G¢ and r such that P.(1) = 0 and ¢(t), = 0. From Lemma 3.4
exists a sub agent ¢ of agent k that pays Py or more in ¢t. Let us denote the profile derived

from t by changing the strategy of sub agent i to r as s.

In s sub agent ¢ pays 0, which is strictly less than in ¢ where he pays Py. Moreover all
sub agents pay weakly less in s than in ¢ since 7 selects a new different resource. Therefore

agent k pays in s less than in ¢ in contradiction to the fact that t is a Pure NE of G¢. O

Lemma 6.5 Let G be a SCG with n agents. Let G€ be a CCG with the underlying game
G. Then MaxTCR(G,G) <n

Proof:

From Lemma 6.3 we know that in any Pure NE of G¢ agent pays at most |Cy| - Py.
Therefore, if t € NE(G) we can say that:

TC(t)< Y |Ckl-Pv=Py- Y |Cil=n-Py. (6.7)

kENC keENC

In any NE strategy profile of G' at least one sub agent pays Py, from Lemma 3.1. Com-
bined with Equation 6.7 we get that TCR(t, s) < % = n. Since we took a general NE

both of G¢ and G we can conclude that MazTCR(G,C) <n O

Remark 6.2 Note that if n = 2 the only coalition formation is 6, which will leave us

with one agent. Then MaxTCR <1 since the compound agent dominating strategy is to
minimize the total cost. If fact for any n and any SCG G, MaxTCR(G, 6) <1

For the case n > 2 similarly to the first case, we have an unattained bound lemma:
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Lemma 6.6 Ifn > 2 then MaxTCR(G®,G) <n

Proof:

Assume that Ve, € NE(G®) TC(e,) > Py. Due to Lemma 6.3 TC(e.) < n- Py Ve, €
NE(G®). Therefore, TCR(e.,es) < n.

Therefore, we can concentrate on the case when exists a Pure NE strategy profile of G¢,
with total cost of Py, denote it s. Similarly to Lemma 6.2 in s there are n — 1 agents
who pay 0 and one agent pays Py. Moreover, all agents select different resources, since

the costs are strictly increasing.

Let t be a Pure NE strategy profile of G¢. Due to Lemma 6.4 we know that n — 1 sub
agents select the n — 1 resources satisfying P.(1) = 0. The n'* sub agent, denote him i,
chooses resource r. Clearly ¢(t), < 2 thus resource r is selected by at most one more sub

agent - j.

From the congestion vector of s we know that exists resource = such that P,(1) = Py.
Therefore, if in ¢ sub agent j pays more than Py he can deviate profitably to a unselected

resource x, contradicting the fact that ¢ is a Pure NE.

Thus, T'C(t) < 2Py, since all sub agents except i and j pay zero, and i and j pay at most
Py. To conclude TCR(t,s) < 2. Therefore if n > 2 MaxTCR(G®,G) <n O.

Combining Lemmas 6.5, 6.6, Remark 6.2 and Corollary 16 we get the following Theorem:

Theorem 8 Let G be a SCG with n agents and C a partition. Let G¢ be a CCG with
the underlying game G and any partition C. Then MaxTCR(GY,G) < n.

Corollary 17 Ifn > 2 then:

PC<n. mineene)TC(€)

6.8
mazeenpeTC(e) (6.8)

Proof:
Note that if n > 2 then:
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MaxXc¢ partition of N MCI,J}TO(GC>

Pe = MaxTC(G) B (6:9)
 MAXC partition of N MazTC(GY) MinTC(G) B (6.10)

= MinTC(G) MazTC(G) '

MinTC(G)
p— . .].1
C’parg%z%}ri of N M(L’L’TCR(G, C> M(l[L‘TC(G) (6 )
mineenp@TC e)

<n 6.12
mCLJ]e/eNE(G)TC(el) ( )
Therefore an upper bound on MaxTCR, provides a bound on PC. a

Corollary 18 Price of Anarchy of G is tightly bounded by the number of sub agents.

Proof:

From Corollary 16 the total cost in any Pure NE strategy profile in G¢ is at most n - Py.
From Lemma 3.4 in any strategy profile the total cost is at least Py. Therefore, the price
of anarchy is bounded by n. The bound is tight since SCG is a private case of a CCG,
and from 14 the bound on the price of anarchy of SCG is n. a

6.3 Small Coalition Case

For the case when MC(C)=2, we can provide a better upper bound for TC'R and in some
cases this bound is tight.

Lemma 6.7 Let G be a SCG and G¢ a CCG with a partition C satisfying MC(C) = 2
MazTC(G) <9

and underlying game G. Then MazTCG)

Proof:

Let e be a Pure NE strategy profile satisfying TC(e) = MaxTC(G®) and q a Pure NE
strategy of G such that TC(q) = MaxTC(G).

If ¢(e) € NE(G) then clearly %C;S(Cg) <1
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If ¢(e) ¢ NE(G) - from Theorem 5 in e there is a resource b selected by less sub agents
than in any Pure NE Strategy profile in G, including gq.

Let us denote By(c(q)y) = D. MaxTCR = TC(q) > ¢(q) - D since there are ¢(q), sub

agents selecting b, each paying D and other agents pay weakly more than zero.

Let us denote the set of resources r satisfying c(e), > ¢(q), as X. (since c(e)p, < ¢(q)p we
know that X # )). From Lemma 5.1 sub agents who chooses r € X in e must also choose
b. Thus in the strategy profile e at most c(e), sub agents choose resources in X. Since
e € o( NE(GY) it is unprofitable for agents to deviate in e from (b,7) to (b,b). Therefore:

Pr(er) + Pb(eb) < 2Pb(6b + 1) S 2Pb(qb) =2DVre X (613)

Since only compound agents select resources in X, we know that there are at most c(e),
such compound agents. Thus the total cost of sub agents who select X U {b} in e is at
most 2D - ¢(q)p. On other resources the congestion in e is at most as in ¢, which we will

denote 3, we get:

TC(q) =D -cq)h+ 5
TC(e) <2D-c(ep) + 3 (6.14)

4
MazTCR(G) <9

MazTCR(G) —

TCR(e,q) <2=

|

We now turn to provide a tight bound on TCR when we take the opposite NE, with the
highest total cost:

Lemma 6.8 Let G be a SCG and a partition C with MC(C) = 2. Let G¢ a CCG with the
partition C and underlying game G. Than Ve such that c(e) € NE(G)\c(NE(G®)) 3q €
NE(GY) : TCR(g,e) <

< .=, where n° is the number of agents in G°.

Proof:

If c(e) € c(NE(GY)) then from Corollary 8 we can say that c(e) € ¢(G¢). This can only
happen if there is a resource b such that c(e), = n°+ 1 > . Let us denote the cost of

resource b in e as D.
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Since more than n¢ agents select b where each pay D and the rest pay zero or more we
know that:
TC(e) > (n°+1)D (6.15)

Let us arrange the agents in a profile ¢ of G where c(t) = c(e), as described in Theorem
3:

1. All singleton agents choose b.

2. Among all compound agents, at least one sub agent chooses b.

3. The other sub agents are spread among the resources, so that each resource r, will

be chosen c(e), times.

We know that c(t) = c(e) € ¢(NE(G) \ ¢«(NE(G)). From Corollary 10 we know that
exists a Pure NE of G, ¢ such that;

1. e(q)p < c(t)s

2. In g all agents select resource b at least with one sub agent.

Thus in ¢ all singleton agents pay less than D. Moreover we can say that:

Thus, if in e compound agent k will deviate from (r,b) to (b,b), he will pay at most 2D.

Since this deviation is unprofitable, any compound agent pays in ¢ at most 2D.

To conclude we have that T'C'(e) < nD, since the singleton agents pay less than D and the
compound at most 2D. Combined with Equation 6.15 we can say that TCR(e, q) < T
O

Implementing Lemma 6.8 on a Pure NE strategy profile e of G, such that TC(e) =
MinTCR(G we get the following result:

Corollary 19 If c(e) € ¢(NE(G)) then obviously %CCS(%C)) =1.

If c(e) € ¢(NE(G®)) then A]/\[}:L:T%(Cg) < 5. Moreover - if in C there is a singleton agent

the inequality is strict.
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Example 6 Now we provide an example similar to example 3.13 in Hayrapetyan et al.

[7], which shows that AJ/\[/;?TLTTCC((GGC)) >

n —
nc+1

n

nc+1

. Therefore, 1s a tight bound, but it may

be unattained.

Let there be 0 < € < 0.1. Let G be a SCG with two resources, four agents, two compound

agents (each with 2 sub agents) and the following P functions:

Resource / Agents # | 1 2 3 4
A 0 1 142 | 1+3¢
B 1-3e | 1-2¢ | 1-0.1e | 14-¢

Note that n =4 and n¢ = 2. What we need to show is that:

MinTC(G®) 4 n
— > - —€= £
MinTC(G) =~ 3

B — 1
nc—+1 (6 7)

From Theorem 1, in all NE strategy profiles of G 3 agents choose B and the one A, where
agents pay less than 1. Thus MinTC(G) =3 — 0.3¢

G¢ in strategic form will looks as follows, when the tabular entries represent costs:

G°¢ AA AB B,B
AA|2466,2+6| 2+4¢,2—¢ 2,2 —4e
AB| 2—¢,2+4+4¢ 2—e,2—¢ | 1—-¢,2-02¢
B,B 2 —4e,2 2—021—¢| 246,242

The unique NE strategy profile is {AB, AB}, where two sub agents chose each of the
resources, with the total cost of 4 — 2¢. Since this is the unique NE of G up to agents

permutation, we can say that MinTC(GY) = 4 — 2¢ To conclude, for ¢ < 0.1 we have:

AMnTC«ﬁU__4—2g:>§
MinTC(G)  3-03e ~ 3

1.6¢ 4 n
€= —¢
nc—+1

3-03: 3

(6.18)
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Chapter 7

Future Research and Extensions

In this chapter we show similar models to ours and provide some preliminary results
regarding them. First we alter the coalition cost and analyze Pure NE in this model.
Then we extend the possible underlying games and show that a Pure NE may not exist
there. Lastly, we shift from the cost model to utility model, and show that our Total Cost
Ratio bounds fail to work in this case, as any bound except the trivial ones - unattained

0 and oo.

7.1 Different Coalitions Approach

Here we turn to a model similar to the one defined in Fotakis et al. [6] and provide some
results regarding the congestion vectors of NE profiles. Unlike in the cost approach CCG
dealt trough the paper, here the setting is of time approach CCG, defined as follows:

CCG is a Coalitional Congestion Game, with the same set of agents and strategies
as defined earlier. However, agents utility differs from before and is defined as follows:
Vs¢ eS¢ /U;C(sc) = min;ec, Ui(s°) and Ue = {(/]\,j}kec.

Such definition is reasonable when the costs are in context of time and you wish to know
when the last sub agent of your agent will complete his path on the graph. The original
model is reasonable in the money context, that the road has an actual monetary cost,

which each of the sub agents pay.
Let G be a SCG, GS be a CCG.,. We will denote as before the set of NE profiles in G
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as NE(GS) and we will use the congestion function ¢ as defined earlier. Note that all

results regarding SCG from chapter 3 and many others, are valid in this section too.

Lemma 7.1 Let G be a SCG. Let G be a CCG with the underlying game G. Let t be a
profile in GS. c(t) € «(NE(G)) =t € NE(GS)

Proof:

Let us denote an arbitrary agent k in G<..

Let s be a pure NE strategy profile of G such that ¢(t) = c(s).

Let us denote a possible deviation of agent k from t; as t;. We will show that this

deviation is not profitable.

If e(t_x, t;,) = c(t) agent k just rearranged his sub agents, leaving the highest cost for his

sub agents as it was and this deviation is not strictly profitable.
If c(t_g, t),) # c(t) then:
Jx,r € R:c(t_g, ty), > c(t), and c(t_i, t}.)s < c(t)s (7.1)

Since agent k& was the only agent deviating from ¢ and the congestion of r increased due
to it we know that ¢4 (¢)) > 0. Let us denote one of the sub agents of k& who chooses r
in ¢} as ¢. Note that the lower bound on agent k’s cost is the cost of sub agent 7. Since
¢(t) € NE(G) and due to Corollary 2 we know that:

c(t_g, t))r > c(t), = c(s)r > a, = c(t_g, t;.)r > P. (7.2)

Therefore agent k pays in (¢,,t_x) at least Py. From Lemma 3.1 in the profile ¢ agent k
paid at most Py. Meaning - the deviation to t) wasn’t strictly profitable. Since ¢} is an
arbitrary deviation, agent k has no profitable deviations from ¢. Since k was an arbitrary
agent we have that t € NE(GY). O

Lemma 7.2 Let G be a SCG. Let GS be a COG with the underlying game G. In any
NE strategy profile GS the lowest cost for any agent is Py.

Proof:
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Assume that ¢ is a NE strategy profile of G, with a resource r satisfying P,(c(t),) > Py
and P.(c(t), > P.(c(t),) Vx € R. Let us denote the agent who chooses a resource r with

one of his sub agents as k.

Let us remove agent k and put instead of him |C}| greedy singleton agents, as done in
Lemma 6.3. Due to Lemma 6.3 we get that no one of those greedy agents pays more than
Py . Since agent k pais more than Py he can deviate profitably from ¢ to the strategy of
the greedy sub agents and pay Py. This contradicts the the fact that ¢ was a Pure NE
strategy profile of G<.

From Lemma 3.4, in any profile exists a sub agent paying Py or more, therefore, the
highest cost for an agent in any strategy profile cannot be lower than Py. Thus, in any

strategy profile of G< the highest cost of an agent is Py. O

Corollary 20 If ¢(NE(GQ)) = 1 then ¢(NE(GS)) = ¢«(NE(G)), since this is the only

congestion vector where the cost of all resources is at most Py.

7.2 Extended Underlying Game

In this section we look on CCG with a non-simple Congestion Game as the underlying
game. We provide an example that such CCG possess no Pure NE even if the underlying

game has only three agents and three resources.

Example 7 Ezists a CCG with three sub agents and three resources without Pure NE,
when the underlying game is not a SCG.

Let G be a Congestion Game with three identical resources and three agents. Each agent

of G chooses two of the three resources. The cost of each resource is P(n) =6 — %.

Let C' = [{1,2}{3}], and G is the CCG with underlying game G and partition C. After

omitting identical strategies due to sub agents symmetry G looks as follows:
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G° AB | AC | BC
AB,AB | -16,-8 | -14,8 | -14,-4
ACAC | -14,4 | 16,4 | -14,-4
BC,BC | -14,4 | -14,4 | -16,-8
ABAC | -11,-7 | -11,-7 | -12,-6
ABBC | -11,-7 | -12,-6 | -11,-7
AC,BC | -12,-6 | -11,-7 | -11,-7

Note that the compound agent’s strategies (AB,AB) , (AC,AC) and (BC,BC) are dom-
inated by the other three strategies. In the remaining three strategies it’s a matching
pennies game, thus posses no Pure NE. Therefore, in case of a non-Simple Congestion
Game as the Underlying Game, the CCG may not has a pure NE, even for the simplest

examples.

Less sub agents or less resources will lead to a trivial CCG - in case of two sub agents the
CCG will have one agent and in case of two resources sub agents have only one strategy.
However, narrowing down the sub agents strategy space may leave us with a CCG that

posses a Pure NE.

7.3 Extended Resource Functions

Here we assume that the agents gain utility when selecting resources. Here, similarly to
the cost case, we assume that Py > 0 and G posses a Pure NE. The Total Cost (TC)
in such model is the Social Welfare, but we will keep our old notation of TC' and TCR

when we will refer to Social Welfare and Social Welfare Ratios.

Remark 7.1 Note that all the results regarding NE of SCG and CCG proven earlier in
this paper are valid here. This is since adding/subtracting a fized constant to the costs,
which doesn’t affect the NE of the game.

Since TCR is the ratio between two positive numbers R* is the maximal possible image
of TCR. As the following examples shows TCR are tightly bounded by 0 and oo, thus

any possible value of TCR may be attained, as the following examples show:

Example 8 Consider the following ezample with two resources (A, B) and two sub agents.

The resource utilities functions are as follows, when M is an arbitrary large number:
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Resource / Agents Number | 1
A M
B 1

Note that from Theorem 1 in any Pure NE strategy profile s of G both agents choose A
making TC(s) = 4. Let C be a grand coalition of the two agents (C' = {1,2}) and G a
CCG.

In any pure NE strategy profile ¢ of G one sub agent will choose A and another B, making
TC(t) = M + 1. Thus TCR(t,s) = 2t which is unbounded when M — co. Since this
is a two sub agents case, it can be extended to a model with increasing or decreasing A’s,

linear, non linear or any cost functions.

Example 9 Consider the following ezample with two resources (A, B) and four sub agents.

The resource utilities functions are as follows, when M is an arbitrary large number:

Gs| 1123 |4
A:l12]10] 8
B: M| 7|35

From Theorem 1 in any Pure NE strategy profile s of G there are three agents who choose
A and one who chooses B, making the TC(s) = M + 3 -8. Let G be the CCG with
underlying game G and the partition C' = [{1,2}{3,4}]. In strategic form G looks as

follows:

Ge | AA AB BB
AA: | 12,12 |16, M+8 | 20, 14
AB: | M+8,16 | 17,17 |15.5,7
BB: | 14,20 | 7,155 | 0,0

In the unique NE strategy profile ¢ (marked in bold) both agents play (A,B) thus T'C(t) =

34. Therefore, TCR(t,s) = %, which goes to zero when M — oo.

Combining those two examples we get that in the utility model TC'R can receive any
positive value, and the only bounds on it are 0 and oco. This means that the social welfare
ratios between NE strategy profiles of G and G¢ can be anything. From this we can also

say that the Price of Anarchy for SCG is unbounded in the utility case.
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98PN

NOT DYPNYNN P20 MY MNWNIN NNX XN (Congestion Games) MM YPNYN NNAVN

YT DY OININND VR OPNWN [21]-2,0MaNN NPy NNOND vindw 12 nwy) 1952 mva 115w 099w
DNY ¥ L9012 . MY ,NNAYN ,NNAND NPY PO ,NPYA DY ANT PN INND 01D DM,V I TN

N OIPNY QOIN Y PN L,[13]-2 909 191N 9THNY ,MDAN PAYN .12 NINXIND MDD M7 MNON
ANWNL NYN ARWNAL YIDOY DY DIVYN .0 INWNI DY NXIIAP NN INX ARYN 1M1 PNV D5 .R Danwn qoN
IN) DYYN NPXPNY MY ININD DIYYNN NN .DNPAYN MM IWP KDY ,NT ANYN 1INV DNIPNYH NN
Dy DMYYNN DIDD NIN MDAN PRVNI JPNY DY DIDYNN 1D 10D .1 ARWN 909 NV TINN P (Moyin

Simple ) ©VIVAN MAXN YPNYN NNIWNI XN DN DXPNYA HY NIVN NP NN .INIY DXANYNIN

N2V ANYNA P NN MOYM R-n TR arwn 9Ma oIpnvinn TRR 9 onav (Congestion Games
AN ANWN 1INV DNPNYN 19010

DMPXONIP MDY IPNWN I NIPIY ,([7]-1 [6]-2) MO Y9I NNINNT PIY ITINA NI NHNN TIND
NPION MY 3TN, ONPNYN DY NPHONIP NI NADIN MY MDAXN YPNYN DTN DX NI Y ITIN
DYANWYN MHINIP NNIN M1INYI MDY PNYN NN DXPNYN (NPONIPA DM12NN) DNOPNYN .(Partition)
990 PAVNNN TNV ,OYNIPN 1IN DY DIMDYNN DI NXIN TPNONIPN YW DIDYNN DML DDV

PRYN DNN TN DU NPRNNY NPIY DN PRYNRN NN DPNYNRN DIPNYN DN MDAN YPNYN HTIiNa
25wD ,0M)PNYN NNIY DY NMNIN M2N DY D27 DMPN DIV NMINIXNA DIAN .OMINNKN ONIPNYN DI D1 1715
NON ,NODNNN DX D2APHNY NIN 1PNV XD 1Y 2NN .pNRYNND NN DPNYNRN DNPNY 919001 NOUDW JIN NNNX
5oNONY HON ,OWNY .NANN NMN DY DINN DNPNY DY DYDIVIINI MAYNND ¥ NNT NVINNY ,N2ND
PNYNN DY SONDI DX .NMDNN PN NNKN DY TIDY NAYD DIIINY MNOYN 1900 ¥ 1AV 1YW PpRvn Yy
PON NN NOWN D DN NNT NNIIYD DM MDAN PAWN D3PI NNSYA NINDHNT NN M2 NNOWN 5D H1aY

NNY HTINN NN .NIDWN DY NODNNN NN DAPHN VPIIOM ,D72APNA TIDYY MNIYN 901D D¥INN VPN
DPONIP MDY PRWN DY NIN YaAP)

Y12 . TN NS, AWNNN PYTH ,NNIAND MDINNA NPYA DY AN PN OWINOY MDANN YPNYN ITIN ,INNIND
:NANNN DOWN ,IVOONIPN DTN TNSN NN PNANY ,NONT N2 NINT WNHnnD

NI .ANNX TR (P2 NN MWD NPRWYN ONY (X 192N) NNIYRID .INDN NYIN MI2N SNY ¥ HTina
,D20NNN MNWN THND NI2NN MY NNYWI TIRYN DI .-21 1 DIN0IW DNONNN NN THNX DN NIIND DNY
IMIY DNMN) NN ON .11NI YONND ININ ITIN MADN NPXRYN NN ,NINIY JONNA NDN DY DIVWNM
2PN NOY RNNTA VAN VWA MDY PNAWN DIAPI ARYN 1IN JONNDY VNN JPNYN NN THIRYNON

19 195 .ANIVIAY NPRYN DD YOIN 1ONHY NHN MOLIDNNY N N1Y2INN NN XON ,DNMN DPN MOLONNN
NIMA N N92N NAY NMMVIVONRN D 2D 1Y .NHANA NPXYNN DY DIMIIPYNN TO NIN 192NN DY DDYNN



DYH ARYN D5 NINAD 51D JPNY 1PV ,D7) MY PRYNI NPPIN NN NMYIAY NPXRYNIN ONYDY 1 10NN NX
YONND NN N 17N HY NPRWNHN SNV TUND ,NIMIN NN IPOONIP PNYNL INT DMIYD .ANPH DY NNN
DXVITI XY ,NY PRYN YNNY 1N XD ,DOARVNN DN DNONNDI DIPNYN DN MIINYI 000 DTN 395 .
LDMPHONIP MANPNWN DV DTN WNNYnD

SAPITI TIRYND OIMOWNN NN PTNYI NNI0N NN NHINTH NN YWNNND >TI2 D900 1NN

3] 2] 1 o9 7 YorN
NIRYN

50 3] 1 1yonn

4 201 2 yonn

55 — NPRWYN SNV PP DX .DNNX DI NN DY NN IR 2 /0N JDNNY NYDN NNN TPRWN P71 DN, Swnb
599 MY PAYN PN DININND DIMIWNN DY PRYNNY IR DX NHNI .90 MR NY DYYN NNN
ANV DNPNYI DXARWN LD

PNY NINNRM (NPXWN ONY NNYNRT N172ND) NT ROT NNKR 7DINONRIP NI NI PRYNI NPOYNIPN MIIN
AC={1,2; 3 : 82N 12IN2 YWY (NTN> THPRWN MWD NI2ND) T2
S YAPOTI P DIRNNN NIVHONIPT MPIANN PRYNI DINOWNN DD

2 1 /a5 00 / /N 9V 1900
343,1 | 5+5,5 1,1
142,2 | 3+13 1,2
4+4.4 | 242,1 2,2

NN, 1 ONNY NMOYS 1IN 2 NN 2 10NN NOY NPRYNN YNV DX MOYD 1IN /K 172N DX ,NONTY

Sy NNN QOO NN DOWN 2 NHAM ,INDYY THIRWYN D DY NYTN NV TN 4=2+2 05wn 'N 172N
DY TORYNIN

: MININ MNONN YNYWY N2 MON»NN v ,[13]-1 Y9N NPDIDIN DNITHINY , MDY YPNYN YW MI9D2
ININIDID L(S1,...,S) 9791192 1 DY DYWNN NX Uj(s1,...,55) -2 2D 1 1PNV DY MMIVIVON ;-2 1Ho) .1
YNV 959 1 1PNY D25V 15 ,0MWUNNY NPIVIVONRN 9791719 2N 19N ,PT 18PN X0 pnn
: IOPNN INAN INNWNRN 11PNV DY s, t; IV NPMIVIVON
PT(sy, ... sn) — PT(sy, ... Si-1, ti, Sit1s +.- Sn)= Ui(s1, ... Sn) — Ui(s1, ... Si-1, tiy Sis1, -+ Sn)

9159 PT moxpna nn»p pnwna ox (Exact Potential) 721710 SN0V v pnvndy 910N

II



MY INTIPN DAPNN NITOA NN D919 TUNI ,NMIVIVON 1291719 DY NITO NN NDOW DDoNn .2
FIP m5n nX v G pRwnd 9nx) 21WnNn IRXIND NONIND ,TI0D TR JPNY DY MIVIVORND NNV

2D TN NN G-2 MY 9O Y5 o (Finite Improvement Path property)

DNY YV DOPNYND MDAX YPNWYN Pay M pw MY FIP nnon nx v moax spnwnd » no [13)-2
PPY VINOYOITI TIN NNV DPWN MY DNY ¥ > NN [18]-2 195 OTIP NN Y271 .PNTN HNOXIDID
TN ONONIVIN

MONYY NPPON MV .DMMPOINIP MDAX PNYNAI NINMPNN DX MNON DRN NN NPDIDIAN NYRYN

PRYNY L ITR NPINY 1N DIVYNN NPIPNN 17D 2D NN [6]-2,5WN5 .N119DA 125 NINNY 1N WN

SPYN ONY PRYNY ¥ RIX MNP 1 DIARWNHN 5Y DITUN NPEPNN N0 D NN [7]-2) 721710 INONIDIS
YN SPWN NP OPP AN P DRI IIN DNON DPPY DIPO0N) DMNI1IN DININ PON NN NNV WN)
NN ,0NI . MNMPNN PPN NMNINN NVITY 95 DN DIPRYRY MNHDNTI NNVP NPHINIPN 12 NIPHRI NNV
DPHINIPN MANN NPV MYIT NNN PN ININIVI PHVNY ¥ DN DIPHI NN PN

IN) DIMYWNN 9D TUD VTINN, HPwN M1 (Social Welfare) myniann noyInn XN NpRIY Q0N DINN
o3 [10]-2 97NV ,(Price of Anarchy) 1°957XN 9°n1N2 10H NN .PNYNIA DIPNYN 595 S (MYINN
YN) DPYN MPY D¥9)9) NPNIINT NOYIND NN DOPNRNN NPIVIVDONN D¥9I9 DY NYPNIAND NOWIND
MY 1YW MDY PHYNI MR NN NTY,[3]-) [2] DY MINIIND NN 22N J2 19 .DMIN IWWIND
NPOORIP MAN DY NYOYNN NN JN2I VX 1D 1D OHDON NAPNY TPHNINIIDN IN NINPD NN DXANWNN

DY TINA NNV YR DPYN MNY DY HPNIANND NDVIND P2 DN DY DXI0N XY ,NPNIIND NOWNIND DY
LDOPYTN P DMIONNN PHN IUNRD ,D0MNWUN
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