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Abstract

In this paperwe proposea control relevant bilinear model
estimation methodologyusing the generalizedfrequency
responsefunctiondefinedfor nonlinearsystems.Thecontrol
relevant identification problem is defined as a weighted
multiplicative errorminimizationfunction. This is achieved
by synthesizinga prefilter having bilinear structureto be
usedfor prefilteringthe identificationdataso asto biasthe
frequency contentof thedatafrom closedloop performance
point of view. By fitting a first order bilinear model
to the prefiltered identification data, a control relevant
bilinear model is estimated. The closedloop performance
obtainedusingnonlinearinternalmodelcontrolstrategy for a
representativenonlinearsystemis shown to exhibit specified
closedloop performance,andhencevalidatestheapproach.

Keywords: Generalizedfrequency responsefunction,
bilinear model, non linear internal model control,
controlrelevant identification.

1 Introduction

Most plants existing in real life exhibit nonlinear
dynamics.In recentyears,lot of researchwork is being
carriedouton theidentificationof reducedordermodel
for such nonlinearplants, see, for example, Billings
[1], HaberandUnbehauen[2], Pearson[3], Ling and
Rivera [4, 5] and the referencescited there in. The
commonly used structuresfor the nonlinear models
are the Volterra models,the nonlinearauto regressive
with eXogenousinput(NARX) models,block-oriented
models, such as the Hammersteinand the Weiner
models,andneuralnetwork basedmodels.Thebilinear
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model is a special class of NARX model, which
is shown to capturethe dynamicsof many physical
systemsin a simple structure,especiallyin chemical
engineeringsystems.Bilinear modelscanapproximate
thenonlinearprocessesto anaccuracy restrictedby the
order of the model. They representa mathematically
tractablestructureoverVolterramodels,for anonlinear
plant. Also, bilinearmodelcanobviously representthe
dynamicsof anonlinearplantmoreaccuratelythanthat
representedby a linear model. Hence,modelingand
control of nonlinearsystemsin a bilinear framework
hasbeenextensively studiedby Hsu and Mohler [6],
YeoandWilliams [7,8] andBarteeandGeorgakis[9].
The frequency domain descriptions for nonlinear
systemsis developed by Peyton-Jonesand Billings
[10–12]. In thispaperwe proposeto usethis frequency
domain description for NARX/Bilinear systems to
expressthe model plant mismatch in the frequency
domain. We proposehere to estimatea first order
bilinear model in a control relevant manner. This can
beobtainedby minimizing theweightedmultiplicative
errorin thefrequency rangeof interestfrom closedloop
performanceview point. For achieving this, a prefilter
in bilinearstructureis proposedto be used,to biasthe
identificationdatato containfrequency contentin the
desiredfrequency bandof interest.Theweightfunction
is obtained basedon the closed loop performance
requirements.Theclosedloopperformanceis analyzed
usingnonlinearinternalmodelcontrol(NIMC) strategy
andis shown to besatisfactory.
This paperis organizedin the following manner:The
methodologyproposedfor control relevant bilinear
model estimation is presentedin Section 2. The
algorithmfor estimationof thecontrolrelevantbilinear



model and analysisof NIMC strategy basedsystem
is outlined in Section3. In Section4 the simulation
resultsobtainedfrom a representative nonlinearplant
is presented.The importantfindingsof this work and
scopeof futurework areoutlinedin Section5.

2 Control relevant model reduction
methodology

The proposedmethodologyfor control relevant model
reduction is presentedin this Section. The overall
systemperformancerequirementscan be specifiedin
termsof the complementarysensitivity function ��
	���
 ,
which determinesthe frequency rangeof interestfrom
closed loop performanceview point. This can be
assignedsimilar to that for linear systems, based
on the desiredclosedloop performancerequirements.
The frequency responseof ��
	���
 is evaluatedover the
frequency rangeof interestandis representedas ���	���
 .
Now, using ��
	���
 the frequency domainrepresentation
of thesensitivity function �� 	���
 is definedasis donefor
onedegreeof freedomlinearsystems.Thatis,
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Let the closedloop systemwill be subjectedto a set
point/disturbancesignal representedas � 	���
 . Based
on the natureof the set point/ disturbancesignalsthe
frequency domainrepresentationof � 	���
 is estimated
and is representedas � 	���
 . The threetermsdefined
by ��
	���
 , �� 	���
 and � 	���
 actually define the closed
loopperformancerequirementsandthefrequency band
of importancefrom closedloop performancepoint of
view. Henceusingthesea weightingfactor is defined
asfollows:
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Using the interpretationof the generalizedfrequency
response function proposed by Peyton-Jones and
Billings [10–12] for NARX and Bilinear models,the
modelplantmismatch(multiplicative error)betweenthe
NARX plantandthereducedorderBilinear modelcan
beestimatedin thefrequency domainas,
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where,*,6	/. 032 
 is the generalizedfrequency responsefunction
of theNARX plant,
�,6	/.1032�
 is thatof thebilinearmodel.
Using the above defined weight function and the
multiplicative error description,we definethe control
relevantmodelestimationproblemas
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In thefollowing Section,analgorithmfor implementing
the above defined control relevant bilinear model
estimationproblemis outlined.

3 Algorithm for Control relevant model
estimation

The algorithm for control relevant bilinear model
estimationcanbeoutlinedasfollows:
In the following analysis,the set point is assumedto
be of steptype of signal. Assumingtheconditionthat*,6	/.1032�
G� �,6	/.!072�
 is valid in the frequency band of
importance,the closedloop performancespecification
canberepresentedas,

��H� �,I"KJL� �,I" �,
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where, OQP &�R is thefrequency domaindescriptionof the
linearfilter requiredto beusedfor achieving robustness
to the nonlinearIMC basedsystemin the presenceof
modelplantmismatch,andcanbedefinedas,
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The complementarysensitivity function, as given by
Equation(5) explicitly incorporatesthe desiredclosed
loop performancespecification( _ Ra` ), throughthe IMC
filter ( Equation(6)). b�c is the samplingtime chosen.
UsingEquation(6) thefrequency domaindescriptionof��	���
 is evaluatedby estimatingthefrequency response
of O P &�R 	���
 over the frequency range of importance.
Using Equation (1) the sensitivity function d� 	���
 is
obtained.� 	���
 is definedusingthefrequency spectrum
of the step signal. Using thesethe weight function� 	���
 is synthesized,asdefinedin Equation(2).Once
the weight function is synthesized,the further steps
in control relevant model reduction are outlined as



follows:

1. The nonlinear plant to be modeled has to be
perturbedabout the given operatingpoint by an
appropriatelydesignedperturbationsignalandthe
open loop input/outputdata is obtained. In the
analysisfollowedhere,multilevel(3- level) pseudo
randomsignal, of appropriatevariance,suitably
designedfrom a priori knowledgeof theplantare
usedasperturbationsignals.

2. The generalizedfrequency responsefunction of
the given NARX plant is obtainedby following
the proceduregiven in, [10–14]. The frequency
responseis obtained in the output frequency
domain. The frequency responseis recordedasa
vector *,5	/. 032 
 asa functionof frequency.

3. A bilinearprefilteris initialized.

4. The openloop input/outputdatais prefilteredby
the prefilter. Also, dataset generatedby taking
the product of the open loop input/output data
sequenceobtainedfrom theplantwith unit lag,has
to beprefiltered.This is usedasa secondinput in
thebilinearmodelestimation.

5. Usingtheprefiltereddataconsistingobtainedafter
filtering of theinput,theoutputandtheirproduct,a
first orderbilinearmodelis estimatedby assuming
an auto regressive with eXogenous(ARX) input
like structure.

6. The generalizedfrequency responsefunction of
the estimated bilinear model is obtained and
recorded as a vector �,6	/.!072�
 , in the chosen
frequency bandof interest.

7. Themultiplicative errorbetweentheNARX plant
and the estimatedbilinear model in the chosen
frequency bandhasto beestimatedasspecifiedin
Equation(3).

8. Theobjective functiondefinedby Equation(4) in
Section2 has to be minimized as a function of
the prefilter coefficients so that the identification
dataprefilteredby theoptimalprefiltersynthesized
givesacontrolrelevantmodel.

The optimization routine is terminatedwith a set of
optimal bilinear prefilter coefficients, and a control

relevant bilinear model. Now, using this control
relevant bilinear model, NIMC based controller is
synthesizedin thefollowing manner:
Let thebilinearmodelestimatedis representedas,

e�	�9C
f� g & e�	�9h�i�$

j k &�l 	�9h�i�$
 jnm & e�	�96�o�$
 l 	�96�o�$
 (7)

The Equation (7) can be rearrangedusing one step
aheadpredictorform as,

l 	�9C
>� e�	�9 j �$
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 (8)

Equation(8) is a formal representationof the inverse
of a bilinear system, which is required for the
implementationof NIMC strategy basedclosedloop
system. However, it is to be noted here that the
controller(modelinverse)output l 	�9C
 is dependenton
the next sampleof the controller input, that is, the
control error, .'	�9 j �$
 (replacingoutput e with control
error . in Equation(8)). This is similar to arriving at
non causalstructurefor the inverseof linear models.
By considering l 	�9C
 as l 	�9 j �$
 on left hand side
of Equation (8), the estimationof inverse becomes
causal.This is similar to partitioningthe linear model
into all passandminimumphaseelementsandwriting
the linear model inverseas the inverseof the all pass
element.Thusthemodelinversecanbedefinedas,

l 	�9 j �$
�� .'	�9 j �$
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k & jnm & .'	�9C
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where,l is theoutputof modelinverseand . is theinput
to themodelinverse(afterreplacingoutputof model e
with input to the controller, that is controllererror . ).
Thismodelinversegivenby Equation(9) is augmented
by the IMC filter, OQP &�R 	���
 , asdefinedin Equation(6).
The linear filter OQP &�R 	��F
 is introducedfor robustness
andrealizability. Also, when the control error . does
notbelongto theoutputspaceof model(which is input
spacefor themodelinverse),it is assumedthat OQP &�R 	���

will project . into the appropriatespace. Using the
aboveproposedbilinearmodelbasedcontroller, thetrue
plantperformanceis analyzed.



4 Illustrative example

The control relevant bilinear model estimation
methodologyproposedin this paper is validated by
applying to a representative nonlinear plant having
NARX structure,givenby:

e�	/qr
f� sA �tQe�	/qI�i�$
 j sA �uQe�	/qv�^w?

� sA �xQe�	/qI�^x?
 j w l 	/qy�o�$

j sA �u l 	/qI�^w?
 j sA �tQe�	/qv�i�$
 l 	/qy�o�$

j sA �wQe�	/qI�^w?
 l 	/qI�^w?
 (10)

Therisetime for closedloopresponseis specifiedto be
8 secondsanda samplingtime of 1 secondis chosen.
Thisplantis perturbedby 3-level pseudorandomsignal,
andtheinput/outputdataarerecorded.Usingthis data,
new setof datais generatedwith productof input and
outputvector, which is usedasa secondinput in fitting
bilinearelement.Multi inputsingleoutputARX routine
is usedto fit thebilinearmodel. Using this setof data,
abilinearmodelis estimatedwhichcanbewrittenas,
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 (11)

A prefilter in bilinearstructureis initialized, andusing
the algorithm proposedin Section3, the prefilter is
synthesizedas,
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Similarly, the input and the product of input/output
are also filtered. The control relevant bilinear model
estimatedusing the prefiltereddataset canbe written
as,

e R 	/qr
f� sA ��#uA���Qe R 	/qy�i�$
 j �+ �{#uA�~} l�R 	/qI�i�$

j sA �}'u#t#{Qe R 	/qy�i�$
 l4R 	/qy�i�$
 (13)

The frequency responsecharacteristicsof the NARX
plant, direct estimatedbilinear model,control relevant
bilinear model and the complementarysensitivity
function is shown in Figure 1. This shows the good
matchof the dynamicsof the control relevant bilinear
modelwith that of the NARX plant in the closedloop
frequency band of interest. The frequency band of
interestis up to the bandwidthof the complementary

10
−2

10
−1

10
0

−30

−20

−10

0

10

20

30

m
ag

ni
tu

de
 in

 d
b

frequency in rad

Figure 1: Generalizedfrequency responsefunction
comparison: ‘solid’ True plant, ‘dash dash’ nominal
bilinear model, ‘dot dot’ Control relevant bilinear
model, ‘dash dot’ nominal complementarysensitivity
function

sensitivity function. The closed loop performance
exhibitedby direct andcontrol relevant bilinearmodel
basedsystemare shown in Figure 2. The response
from the control relevant bilinear modelbasedsystem
is superiorandasper specification.Thesesimulation
resultsvalidatestheproposedmethod.

5 Conclusion

A prefilter basedapproachfor the control relevant
bilinear model estimation is proposed. A prefilter
having bilinear structure is synthesizedso as to
minimizethemodelplantmismatchexpressedin terms
of the generalizedfrequency responsecharacteristics
of the NARX plant and the bilinear model. The
model plant mismatch is weighted by closed loop
performancerequirementsoasto biastheidentification
datafrom closedloop performancepoint of view. A
bilinear modelbasedNIMC strategy is employed and
thesimulationresultsvalidatetheproposedapproach.
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