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MISO-Structure-Based Control-Relevant Identification of MIMO
Systems with Steady-State Gain Matching
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The prefilter-based control-relevant identification (CRI) scheme proposed by Rivera et al. [IEEE
Trans. Autom. Control 1992, 37 (7), 964—974] for single-input/single-output (SISO) systems
estimates a model of the system that matches the true system dynamics in a range of frequencies
that are important and relevant for closed-loop performance. In this paper, an extension of this
approach is proposed for the CRI of multi-input/multi-output (MIMO) systems by partitioning
the overall system into individual multi-input/single-output (MISO) structures. Furthermore,
CRI methodologies proposed hitherto have not examined the issue of accurate identification of
the steady-state gain. In this paper, the importance of achieving good steady-state gain match
is emphasized, and a method is proposed to identify a control-relevant model that has a good
match, at steady state (zero frequency), as well as in the control-relevant frequency band, with
the true plant. The effect of the proposed control-relevant prefiltering on the identification of
the high- and low-gain directions is also analyzed in this paper. The proposed methodology is
validated using simulations on representative problems from the literature and on a paper

machine problem.

1. Introduction

The emergence of model-based control has given an
impetus to the idea of estimating models whose end use
is for the design of the controller. This controller, when
applied to the true system, is expected to give desired
closed-loop performance as specified. The branch of
system identification that deals with such strategies is
called control-relevant identification (CRI). The focus of
research publications by Rivera and co-workers,1712
Kwok and Shah,*® Shook et al.,’* and Van den Hof and
Schrama!®16 is mainly centered on CRI. In traditional
system identification, the objective is the minimization
of bias and variance error of the estimated model,
whereas in CRI, the aim is to minimize the model—plant
mismatch in the frequency band that is most relevant
from a closed-loop-performance viewpoint. Rivera and
Gaikwad?® have discussed the modeling issues for achiev-
ing satisfactory closed-loop performance using a model-
based controller. Rivera and co-workers>~72 have
focused on prefilter-based methods for the CRI of SISO
systems for feedback and combined feed-forward/
feedback control design and have also discussed issues
such as input design.?1%12 Kwok and Shah?®® proposed
a method wherein the control-relevant model is esti-
mated with a terminal matching condition that makes
computation easy in a generalized predictive control
scheme. Van den Hof and Schramal® showed that, when
the estimated model exhibits minimum mismatch with
the true system in the closed-loop frequency range of
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interest, the resulting closed-loop system with the
model-based controller exhibits performance as speci-
fied. Schrama and Bosgra!® proposed an iterative iden-
tification and control design methodology in the fre-
guency domain, employing co-prime factor perturbations.
Using an approach similar to that employed for SISO
systems, Rivera and Gaikwad® proposed a methodology
for the CRI of MIMO systems through the prefiltering
route, wherein the prefilter is assumed to be a diagonal
matrix consisting of identical prefilters as its elements.
They also proposed a CRI scheme for MIMO systems
using a multivariable frequency-response curve-fitting
technique® and orthogonal multifrequency input per-
turbations.® Input signal design is also very important
in accurate system identification and has been ad-
dressed by Davies, Gorfrey, Koung and MacGregor, and
Srinivasan and Rengasamy.17-2!

When compared with methodologies proposed for
SISO systems, the CRI of MIMO systems requires that
the following critical issues be addressed: The first issue
is that of accurate identification of gain directionality,
which is important from a closed-loop-performance
viewpoint. Toward this end, Koung and MacGregor1%20
proposed a suitable experiment design for estimating
MIMO systems with accurate characterization of the
low-gain direction at the steady-state condition. They
proposed a method based on singular-value decomposi-
tion for the design of correlated, nonbinary signals.

Li and Lee??? have sought to achieve accurate
characterization of the low- and high-gain directions by
minimizing the error between the plant and model, as
well as their inverses. However, the minimization
requires a proxy plant and its inverse, which they
developed by fitting a high-order autoregressive with
exogenous input (ARX) model to each input/output pair.
These proxy models are used to generate frequency-
domain data, and minimization is performed in a least-
squares sense. However, in their method, as the size of
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the MIMO problem increases, the number of experi-
ments to be performed on the plant also increases.

Prefiltering of the input/output data through an
appropriate filter structure also plays an important role
in the accurate characterization of gain directionality.
Toward this end, Andersen et al.2* proposed that MIMO
models be estimated by combining MISO models fitted
to the low-pass-filtered data obtained with one loop
closed. They also showed that the resulting MIMO
model yielded a reasonable characterization of the low-
gain plant direction.

The second issue that is hitherto unaddressed even
for SISO systems is the accurate identification of steady-
state gain, which is an important requirement from the
viewpoints of closed-loop robustness and performance.
Banerjee and Shah?> showed that, at steady state, the
small-gain condition for stability will never be violated
if the steady-state gain of model exceeds one-half of the
steady-state gain of the plant. Thus, accurate estimation
of the steady-state gain of the system within certain
bounds is important from a closed-loop stability and
performance perspective. From a practitioners viewpoint
as well, it is desirable to estimate a model that not only
matches the frequency response of the true system in
the control-relevant frequency range but also gives a
good match at the steady-state condition. Toward this
end, Inouye and Kojima?® proposed methods for the
model reduction of linear systems, whose steady-state
values of the step responses are identical to those of the
original system, based on constrained-least-squares and
modified-least-squares approximation methods. Also,
Ludlage et al.?” used a priori knowledge of static gains
in MIMO process identification and estimated models
that exhibit steady-state gain match with the original
system by forcing the model steady-state gain to be the
same as that of the original system in the identification
process.

From an implementation viewpoint, the CRI method
of Rivera and co-workers,5~7 which is based on prefil-
tering of input/output data to bias or highlight the
frequency content of interest, is an elegant approach for
SISO systems. For MIMO systems, the frequency-
response curve-fitting methods proposed by them,238-10.12
although practicable, could perhaps lead to computa-
tional complexity as the dimension of the MIMO system
increases. An approach based on prefiltering that is
computationally less intensive is therefore desirable.
Furthermore, the assumption of a diagonal prefilter
consisting of identical elements made in their work3?°
could be restrictive if the control specifications in the
various channels are different.

This paper analyzes the role of CRI in the context of
the issues discussed above. Here, an alternate method-
ology is proposed for performing CRI of MIMO systems
by prefiltering input/output open-loop data. The meth-
odology proposed in this paper extends the CRI strategy
proposed by Rivera and Gaikwad in refs 6 and 7 for
combined feed-forward/feedback control design to MIMO
systems. The approach proposed here is based on
partitioning of the n x n MIMO system into n MISO
subsystems, which are then designed for good tracking
and regulatory performances. The interactions from all
other branches to each single loop, including decoupler
effects, are considered as measured structured distur-
bances along with the regular output disturbances. By
considering a 2 x 2 system as an illustration, two
separate prefilter expressions for each channel are
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Figure 1. General 2 x 2 system representation.

designed by specifying different desired speeds of re-
sponse for closed-loop performance in each channel. To
achieve a good match of the steady-state gain of the
identified models with that of the true plant, a modified
input design and prefiltering strategy is proposed. It is
shown here that a full matrix of prefilter transfer
function results as a solution to the CRI problem and
that this approach can accommodate differing control
specifications in each channel relatively easily. The
proposed prefiltering methodology is then used to pre-
filter the input/output data by the appropriate prefilters,
and MISO models are identified by fitting to the
prefiltered data. It has been shown that the resulting
MISO models, when combined into a MIMO framework,
exhibit good gain directionality properties. Using these
representative models, a multiloop internal model con-
trol (IMC) scheme with a decoupler is proposed. Evalu-
ation of the proposed approach is carried out through
closed-loop simulation for tracking and disturbance
rejection involving representative systems taken from
the literature.

The paper is structured as follows: In section 2, the
design of prefilters for each of the SISO channels of the
partitioned 2 x 2 system is presented, along with an
extension for a general n x n system. A method for
obtaining the steady-state gain match of the control-
relevant model with that of the true plant is presented
in section 3. Some issues about gain directionality and
the role of prefiltering for accurate characterization of
the high- and low-gain directions are discussed in
section 4. The methodology for estimating control-
relevant models of the direct branch and the interacting
branch elements in each of the channels of the plant is
proposed in section 5, along with the requirement of
steady-state gain matching. The utility of the overall
identification methodology is demonstrated through
simulations in section 6.

2. Prefilter Design for CRI of MIMO Systems

In the following section, a methodology is proposed
for the design of prefilters for each of the channels of
the MIMO systems. These prefilters are used for CRI
of the direct and interacting branch elements of the
respective channels. The development of the proposed
methodology follows the definition of prefilters provided
by Rivera and Gaikwad®7 for combined feed-forward/
feedback control design. The methodology is illustrated
here for a general 2 x 2 system as shown in Figure 1.
Assuming that the choice of input/output pairing for
control is made appropriately, each input/output com-
bination can be treated as an independent MISO
subsystem. In doing so, all other branches interacting
with each of the single loops are treated as measured
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Figure 2. Closed-loop system with decoupler.

structured disturbances acting on the respective loops,
in addition to the regular disturbance that affects the
particular loop under consideration. A decoupler-based
multiloop IMC strategy is proposed as the control
structure. This representation is shown schematically
in Figure 2. Thus, in addition to good servo properties,
each individual loop will also have specifications for the
rejection of disturbances that affect the output directly
and through the interacting branches. The prefilter
expressions for the control-relevant estimation of the
direct branch and the interacting branch elements of
each of the channels are derived as follows.

Consider channel 1 in Figure 1. The prediction error,
e1(t), for the MISO system between y;, U;, and U, can
be written as

ei(t) = P, @ [P11(2) — P12 (@]Us(t) + [P1(2) —
P1.(2)]U,(1) + v, (D)} (1)

where pi1(z) and pi2(z) are the true system transfer
function elements; P11(z) and Pi2(z) are the respective
nominal model elements estimated; pe,(z) is the noise
model associated with first MISO model; U.(t) and
U,(t) are the inputs to the system and model, respec-
tively; and v4(t) is a stationary noise sequence having
power spectrum ¢,,.
Equation 1 can alternatively be written as

e(t) = Be, '(2) Pra(@) e, (2) Us(t) +
B, 1(2) &,,(2) Up() + Be, (2) n,(t) (2)

where em,,(2) is the multiplicative error of the nominal

model P11(z) with the plant element p11(z) and e,,,(2) is

the additive error of the interacting branch nominal

model Pi12(z) with the respective plant element pi2(z).
These errors are expressed as

_ P11(2) — P11(2)

em“(Z) P1:(2)

and ealz(z) = P15(2) — P1o(2)
)

The error due to model—plant mismatch in the estima-
tions of the direct branch element and the interacting
branch element contributes to the prediction error given
by eq 2, in addition to the contribution due to measure-
ment noise v4(t). Let the contribution to the prediction

error due to the model—plant mismatch of the direct
branch element be e;;(t) and that due to the interacting
branch element be e1»(t). Using these definitions for the
individual contributions to the total prediction error, eq
2 can be written as

ey(t) = ey (t) + e,() + B, (@) v1() (4)

Let f11(z) and f21(z) be the prefilters that must be used
for filtering of the two channel inputs to estimate the
control-relevant model of the elements associated with
the first channel. These prefilters have to be designed
such that the identification errors em,,(z) and e,,,(z) are
biased in a user-specified manner. That is, the indi-
vidual terms contributing to the prediction error, as
given by eq 4, need to be minimized over a desired
frequency range, specified by the filters f11(z) and
f21(z). The objective function for CRI is to design the
prefilters f11(z) and f,1(z) based on (i) the desired closed-
loop specification, (ii) the assumed model structure, (iii)
the nature of the set-point/disturbance signals to which
the closed-loop system will be subjected, and (iv) the
control strategy to be used. Now, using prefilters f11(z)
and f21(z), the expression for the filtered prediction error
can be written as

e (1) = f13(2) ey, (1) + £54(2) e,(1) 5)

In writing eq 5 above, it is assumed that the mea-
surement noise, v1(t), makes a negligible contribution
to the prediction error (that is, the signal-to-noise ratio
at the output is >1 (cf. Remark 3). It must be noted
here that only the total prediction error e;(t) is actually
measurable in practice and not the constituent parts
e11(t) and ejx(t). However, we assume for the purposes
of derivation that the latter quantities are measurable
and can be filtered through the prefilters. This assump-
tion, however, does not affect the analysis and imple-
mentation of the resultant prefilters. The identification
objective is to minimize the mean squared filtered
prediction error, V4, defined as

V, = li LS 2 6
1= lim Nt;[elf(t)] (6)

N—o0

Using egs 2, 5, and 6, the frequency-domain expres-
sion for the mean squared filtered prediction error
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Figure 3. Equivalent SISO loop for channel 1.

minimization function can be written as

min V, =
P11,P12
@
gﬂvﬁlz 2.7'[ : | 1:1(eJ‘”)| Ip 11(ej )| |em11(eJ )| ¢U (Q)) dw +
MGk
|a(1w)|¢() do (7)
2T ()

where ¢y, and ¢y, are the power spectra of the pertur-
bation inputs. In writing eq 7, perturbation inputs U;
and U, are assumed to be uncorrelated. The objective
function given by eq 7 is to be minimized by minimizing
emy, and e,,,, that is, by suitably estimating the models
P11 and Pio.

Now, consider loop 1 of the 2 x 2 system, as shown
in Figure 3. This loop is acted upon by the disturbances
due to the interaction effect of the second loop and the
regular disturbance at the output. Also, the effect of the
decoupler element is considered in a manner similar to
that of the feed-forward controller. The expression for
the control error e, (= r1 — y1) for the first channel with
the feedback controller and the decoupler is given by?8

e (2) = 1~61—(Z){ [r1(z) — dy(2)] = P1a(2) Vo(t) +

+ i (2)en  (2)
dcy,(2) p1a(2) ux()} (8)

where €;(z) and 71(z) are the nominal sensitivity function
and nominal complementary sensitivity function of loop
1, respectively, given by

g(@:# and 7 (@:M
ST @ 0@ ) = T @ 6@
©)

and dciz2(z) = Pi2(2)/p11(z) is the decoupler element
between channel 1 and channel 2.

Assuming that the small-gain theorem given by
e e (@) <1, D-m<w<ax (10)

is valid in the control-relevant frequency range,! the
term [1 + 71(2) em,,(2)]7* in eq 8 can be approximated
as [1 — #1(z) em,,(2)], considering only the linear term
in the Taylor series expansion of [1 + 71(2) em,,(2)]*
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Using eq 3 and the above approximation, eq 8 can be
written as

e, (2) ~ & (D1 — 7(2) & @K [ry(2) — dy(@)] —
P12(2) V,(t) — €, ,(2) V,(t) + dcy5(2) P1a(2) Up(t) +

dc;5(2) P1a(2) e, (2) Ux(D)} (11)

Expanding eq 11 and neglecting terms containing the

product of model uncertainties [i.e., em,,(z) em,;,(z) and
emy(2) €a,(2)], €9 11 can be expressed as

e.,(2) = &(D[r.(2) — dy(2)] — €4(2) 74(2) e (D1 (2) —
d1(2)] — €1(2) P12(2) Vo(1)
+ €1(2) i11(2) e, (2) Pro(2) Vo(t) — €4(2) &, ,(2) V(1)
+ €,(2) dcy5(2) P11(2) Uy(t) +
€(2) dcy5(2) B11(2) e, (2) U,(1)

— €1(2) 11(2) e, (2) dcy,(2) Pi1(2) U(t) (12)

a

The above control error can be shown to consist of two
components as follows

e (2) ~ {&,(2)[r,(2) — dy(2)] — €(2) Bo(2) V,(1) +

€(2) dcy5(2) P14 (2) U (1)}
T{-4@) 711(2) e ,(D[r1(2) — d1(2)] +
€1(2) 11(2) e, (2) P12(2) V4(1)
—&(2) ealz(z) V,(t) +
&,(2) deyy(2) Puu(@) e, (2) Unlt)

— €(2) 111(2) e, (2) dcy,(2) P1a(2) Uy(1)}
(13)

The terms in the first braces contribute to the control
error even in the nominal case (assuming P11 = p11 and
P12 = p12). In an IMC context, this component of the
control error could arise as a result of performance
degradation from perfect control due to the introduction
of IMC filter, which is essential from the realizability
and robustness point of view, even when model—plant
mismatch is zero. The second component essentially
guantifies the performance degradation due to model
identification. It is this component that we seek to
minimize in the CRI through appropriate prefilter and
model identification. Hence, the contribution to the
control error from an identification point of view is
written by considering only the component in the second
braces of eq 13, i.e.

e, (2) ~ —& @@, — dy) — {11(2) Pro(@)V, +
des,(@) Pr@IL — 7 @1U})en, (@) — &(2) &, @)V,

(14)

a;

~ =& (@){1,(2)(ry —dy) —
dc,,(2) P11(2) €(2)ul} emll(z) -

[71(2) P12(2)v, +
2,(2) €, (2, (15)
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The objective function for control error minimization
by better model identification can be expressed as

min |le. (2)||, & min ||—€,(2{7,(z)(r; — d,) —
P11.P12 I cl( Nl Pi1,Pr2 lI=&.(@){7,(2)(ry )

[71(2) P12(2)V, + dcy,5(2) P12(2) E(D)ur)len (2) —
€1(2) &5 ,(2)v,l, (16)

Using the triangular inequality property of the norms,
i.e., ||A — Bll2 ~ [|All2 + ||B]|2,%° the expression above
can be decomposed into terms containing em,, and ey,
as

ﬁrﬂiﬁg llec, (@Il ~ |FE)H1 l1€1(2]{771(2)(ry — dy) —

[171(2) P12(2)v, + dc15(2) P14(2) €,(2)u,]} emM(Z)Hz +
min ||&,(2) &, @Vall, (A7)

Using Parseval’'s theorem, the frequency-domain rep-
resentation of the CRI objective function given by eq
17 can be written as

min |le; (€I, ~
P11,P12
. 1 po . iw ~ jow jor jo
min > S e @) PIE i) () — dy(€)] -
[72(6") P12(€!) vo(e") + dcyy(e') Pry(e') € (e)
Uy(&)]} ey (€)1 dov + min %t 7 1EE)
€,,,(") V,(¢)” dow (18)

By comparing separately the terms associated with
em,, and ey, in the frequency-domain prediction error
minimization function given by eq 7 and the control-
relevant parameter estimation expression given by eq
18, two separate prefilter expressions can be defined.
These prefilters are used for the CRI of the plant and
of the disturbance functions, respectively. In doing so,
it is assumed that the power spectra of the inputs ¢y,
and ¢y, are unity and that the perturbation inputs U;
and U, are uncorrelated sequences. Thus, the resulting
expressions for the two prefilters are

f11(z) = B, (2) P2 @72, — d)@) —
[17:(2) P12(2) Va(2) + €,(2) P11(2) dey,(2) Ux(2)]} (19)

f21(2) = Pe,(2) &1(2) vo(2) (20)

Similarly, the two prefilters [that is, f12(z) and f22(z)]
associated with the CRI of the interacting and direct
branch elements associated with the second channel can
be written as

f12(2) = B, (2) €,(2) V4(2) (21)

£22(2) = Be,(2) B2o(@) " &@H 71(2)(r, — d)(2) —
[172(2) B21(2) Va(2) + €3(2) B2(2) dCy(2) U1 (2)]} (22)

Thus, for each loop, two separate prefilters based on
(i) the performance specifications, (ii) the assumed
model structure, (iii) the chosen controller structure, and
(iv) the nature ofthe set-point/disturbance signal to
which the loop will be subjected can be designed to
identify the control-relevant models of the direct and

interacting elements associated with the respective
loops. As can be seen, the above-derived prefilter
expression for each channel has an explicit character-
ization of the disturbance and the sensitivity function
associated with the respective channel, as well as the
“disturbance” and decoupler effects due to interactions
from the other channel.

The method proposed in this paper is an alternate
approach to that proposed by Rivera and Gaikwad?3*® for
the CRI of MIMO systems. In their approach, the scalar
prefilter amplitude ratio is iteratively estimated by
minimizing the MIMO control error minimization objec-
tive function. The diagonal matrix with its elements as
the estimated scalar prefilter is used to prefilter the
input/output data to obtain the control-relevant model.
They define the MIMO control-relevant parameter
estimation problem following an approach similar to
that of the SISO case by adapting the matrix fraction
description (MFD) technique. The method proposed in
our paper is a straightforward extension of the meth-
odology proposed by Rivera and Gaikwad®7 for the CRI
of SISO systems for combined feed-forward/feedback
control design. In the method proposed here, it is seen
that a separate prefilter expression results for the CRI
of each of the plant elements. Hence, the resulting
prefilter obtained by following the method proposed in
our paper is, in general, nondiagonal and nonscalar.

2.1. Extension to the General n x n Case. The
above derivation was considered specifically for the
2 x 2 case for simplicity. Likewise for the general case
one could arrive at the expressions for the prefilter by
equating the relevant terms in the prediction error
minimization problem with the corresponding terms in
the control-relevant parameter estimation problem.

The expression for the prediction error minimization
can be written analogously to eq 7 as

min V; =

Pij _
1 .. @)

B (")

. 1 +
j:gzi 27 7

The expression for the control error minimization
function can be developed for the n x n case (refer to
eq 18) and written as

1Bi(€")1% e, (€") Py (@) dov +

, ICHIE
¢y (@)——— do| (23)

e, (&)
BACHTE

j 1 T~ jo ~ o jo jo
min [le; )1l = min —— [ J& (") )r(e") -
dEIN+ 5 {~DiE") By(@) vie") +
=1L=i
de;j(e") pi(e") &(e") uE)1) Pleq, (€)1 do +

: 1 T~ jo jo jo
min 3 SR 6 e do @0

Pij j

By comparing separately the terms associated with
em; and ey, in the frequency-domain prediction error
minimization function given by eq 23 and the control-
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relevant parameter estimation expression given by eq
24, one can arrive at the prefilter expressions as follows

Diagonal prefilter

fi(2) = e (2) Bi(@) "~ &M@ — d)@) + -

i=Ly=i

[7:(2) B(2) vj(2) + &(2) B;i(2) dey(2) (D)1} (25)
Off-diagonal prefilters

n

fii(2) = [Be,(2) €i(2) v4(2)] (26)

==l

In eqs 23—26, V; is the prediction error minimization
objective function for channel i; en; is the multiplicative
error in the estimation of the direct branch element
associated with channel i; ey is the additive error in
the estimation of the elements between output i and
input j; fii is the prefilter for estimating the control-
relevant model of the direct branch element associated
with channel i; fj is the prefilter for estimating the
control-relevant model of element pjj; ¢u,(w) is the power
spectrum of perturbation input i; Pii(z) is the nominal
model of the direct branch element associated with
channel i; pij(z) is the nominal model of the interacting
branch element between output i and input j; Pe(z) is
the nominal noise model associated with channel i;
&i(z) and 7i(z) represent the nominal sensitivity function
and complementary sensitivity function, respectively,
associated with channel i, which implicitly incorporate
the speed of closed-loop response desired for this chan-
nel; vj and u; are the disturbance signals from channel
j to channel i due to plant interaction and to use of the
decoupler, respectively; and dcj(z) is the decoupler
element associated with output i and input j.

Generalization to the n x n case is therefore relatively
easy, as it involves only the specifications of the nominal
models in the prefilter expressions and the desired
performance specifications for each of the channels,
along with the nature of the set-point/disturbance signal
to which each channel would be subjected. Furthermore,
the approach proposed here explicitly accommodates the
dynamic nature of the decoupler and its effect on the
CRI of the plant.

Remark 1: Implementation of Prefilters. For
SISO systems, the prefilters can be implemented in the
identification methodology proposed by Rivera et al. by
suitably prefiltering the plant output y and input U by
the prefilter f(z) as shown in Figure 4. The prefilter f(z)
can be synthesized by following either the iterative or
the single-step procedure of Rivera et al.! Assuming that
the measurement noise affecting the output has negli-
gible effects, i.e., assuming that the signal-to-noise ratio
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Figure 6. Prefilter implementation for MISO systems.

is greater than 1, and that the measurement noise is
also uncorrelated with the perturbation input U, its
effect on the prediction error can be neglected. Hence,
an alternate block diagram of implementing the same
prefiltering is proposed here, as shown in Figure 5. In
this case, the input is filtered first, and the filtered input
is applied to the plant. The resulting input/output data
from the plant can then be shown to yield a control-
relevant model. The latter method shown in Figure 5
can be interpreted as shaping the frequency content of
the input by the prefilter toward biasing of the control-
relevant frequencies in the plant input/output data.
Also, the latter alternate method of prefiltering is
feasible only for the noniterative version of prefilter
design, as each iteration in the iterative design requires
plant perturbation. However, if the dominant time
constants of the dynamic elements are known, the
single-step method of prefilter design could be used.!
The prefiltering methodology depicted in Figure 5 is
employed in this paper in view of the MISO nature of
the problem involved and the nondiagonal structure of
the prefilter.

Remark 2. The above-developed nondiagonal, non-
scalar methodology of prefiltering for MIMO systems
can then be implemented using the single-step design
methodology by using the block diagram shown in
Figure 6 (for the MISO case of y;, Ui, and Uy). The
control-relevant models of the direct branch and inter-
acting branch elements of the selected channel are
obtained by fitting a MISO model to the data Ui, Uy,
and yis.

Remark 3. If the disturbances affecting the plant
during data collection, identification of the dynamics of
the plant from the input/output data would be corrupted
by the disturbances. As has been shown by Rivera et
al.,! the effects of noise on the CRI can be attenuated
by the presence of the noise model [pe(z)] in the prefilter
expression.

Remark 4. The derivation of the prefilters is critically
dependent on the assumption indicated in eq 10, which
is also made by Rivera et al.! Although it is easy to
verify this assumption when the plant is known, in
practical terms, only an estimate of the uncertainty can
be obtained via the use of signal processing tools as
indicated by Banerjee and Shah.?®> The only other
justification for the assumption is to check that the
closed-loop performance satisfies the specification, which
we show in a subsequent section (section 6) appropri-
ately.
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Figure 7. Closed-loop response using direct estimated model
(Gmd)-

3. Analysis of Steady-State Gain Match for SISO
Systems

It has been shown that the control-relevant models
estimated by fitting to prefiltered open-loop data exhibit
an excellent match with the true system characteristics
in the control-relevant frequency band of interest. As
has been the focus of such approaches, relatively lesser
importance is accorded to frequencies other than the
control-relevant frequencies. However, as shown by
Banerjee and Shah,?® the role of the steady-state gain
match (that is, the match at zero frequency) is important
from the perspective of stability and performance at
steady state. In the following section, a SISO example
having plant dynamics defined by

2s+1
50s® + 6552 + 16s + 1

Gp(s) =

is considered to illustrate this issue. Assume that a
stationary disturbance having a dominant time constant
of 7 s acts at the output of the closed-loop system and
we seek a control strategy for disturbance regulation,
having a specified speed of response of 1 s, with a
sampling time of 0.1 s. The control-relevant prefilter for
this problem can be derived using an approach proposed
by Rivera et al.! and is obtained as

f(z) =
0.0013 — 0.0027z * + 0.0013z 2
1—3.7872z '+ 5.3752 2 — 3.3883z % + 0.8004z*

Model Gnq, estimated by fitting to input/output data
generated from a appropriately designed pseudorandom
binary sequence (PRBS) perturbation and the control-
relevant model Gy, fitted to the prefiltered input/output
data, can be written as

0.0035z %
1—1.0027z1

0.2047 x 10731
1—0.9999z7 !

Gmd(z) = ’ Gmf(z) =

The steady-state gains of the true plant (k,) and the
direct estimated (kmq) and control-relevant (k) models
are given by

ko =1, Knpg=2.1151, ky=—1.2967

The IMC-based closed-loop system using controllers
based on models Gmg and Gms exhibit unstable re-
sponses, as shown in Figures 7 and 8. Whereas the
unstable response of the system based on the direct
estimated model (Gng) is attributed to its lack of a match
with the true system dynamics in the control-relevant
frequency band, the closed-loop system based on model
Gt exhibits unstable performance that is due to both
the opposite sign of the steady-state gain and the
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Figure 8. Closed-loop response using control-relevant model
without steady-state gain match (Gmy).
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Figure 9. Schematic of control-relevant identification with
steady-state gain match.

presence of its pole outside the unit circle. Also, the
Nyquist plot of the control-relevant model without
steady-state gain match, shown in Figure 13 below,
exhibits a large mismatch in the phase at low frequency
and an encirclement of the point —1 of the Nyquist plot.
Hence, this model-based system results in unstable
closed-loop performance, as shown in Figure 8. In
general, it has been observed that such a performance
degradation is seen for the control-relevant case when-
ever the desired closed-loop speed of response is much
higher than the open-loop speed of response. Hence, to
overcome this problem, we propose that a control-
relevant model be obtained that shows a good match in
the control-relevant frequency band, as well as at the
steady-state condition. In the methodology proposed
here, the latter alternate method of implementation of
the prefilter (noniterative), as shown in Figure 5, is
utilized to ease the task of steady-state gain matching.
To estimate the control-relevant model having a steady-
state gain match with the true system, it is desirable
that the estimation data also be weighted appropriately
at low frequency, in addition to being weighted the same
by the chosen prefilter in the control-relevant frequency
band. Hence, a low-frequency signal of an appropriate
gain is applied to the plant, along with the filtered
regular input, as shown in Figure 9. To generate this
low-frequency signal that is approximately uncorrelated
with the original signal (i.e., the regular input), a cyclic
shift can be performed on the original signal by using a
different seed so as to obtain a cross correlation that is
finite only at large lags. The shifted version of the
regular input generated in this way can then be filtered
through a first-order Butterworth filter having a low
cut-off frequency of the order of 1072 to 10~ rad/s. This
signal, which is rich in low-frequency content, is then
added to the original signal. It is important to note that,
because the sequence length is not altered, this proce-
dure does not increase the experiment time. The result-
ing input to the plant and output from the plant (Ug4¢
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Figure 11. Bode magnitude response comparison: —, true plant
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relevant model without gain match (Gny); - - -, control-relevant
model with gain match (Gms).

and yqs, respectively) are used to fit a control-relevant
model with a steady-state gain match for the above
example given by

0.0059z 1

G (2)=—"—
ms(?) 1—0.99457°"
This model has a steady-state gain of ks = 1.0773. The
closed-loop response obtained using the controller based
on this model [Gms(z)] is stable and satisfactory, as
shown in Figure 10. The Bode and Nyquist plots of all
three models are shown in Figures 11—13, respectively,
along with that of the true plant. From these figures, it
is evident that, whereas the magnitude plot of the
control-relevant model estimated using prefiltered data
(Gmp) exhibits a good match in the control-relevant
frequency band with that of the true plant dynamics,
the phase plot has a significant mismatch with that of
the true plant at all frequencies. This is because the
gain of the control-relevant model without steady-state
gain matching (Gmr) has the wrong sign. However, the
control-relevant model with the steady-state gain match
(Gms) matches the true plant dynamics with respect to
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Figure 13. Nyquist response comparison: —, true plant (Gp);
77777 , direct estimated model (Gmg); — — —, control-relevant
model without gain match (Gny); - - -, control-relevant model with
gain match (Gms).

the gain and phase in the control-relevant frequency
band and at the steady-state condition as well. The
extension of the above-proposed method for the estima-
tion of a control-relevant model with steady-state gain
matching for MIMO systems is outlined in section 5.

4. Issues of Gain Directionality

Multivariable systems generally exhibit strong inter-
actions and ill-conditioning. The frequency response of
an | x m multivariable system described by G(s) results
in a constant complex matrix, G(jw), at any given fixed
frequency w. Let G(jw) evaluated at the frequency w be
denoted as G. This matrix (G) can be decomposed into

G = uzVv" (27)

where U is an | x | unitary matrix of output singular
vectors u;; V is an m x m unitary matrix of input
singular vectors vj; and X is an | x m matrix with k =
min{l, m} nonnegative singular values, g;, arranged in
descending order along its main diagonal and with other
entries equal to zero.

The column vectors u; and v; are orthogonal and of
unit length (orthonormal). These vectors represent the
output and input directions, respectively. That is, when
input in a direction represented by the unit vector v;j is
applied to the plant, the plant output will be in a
direction represented by the unit vector u;. The ampli-
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fication or gain the system provides to the input v;j is
given by oj. That is

[1Gvill ujl |
|2: i |2’ Vi¢0 (28)
Vil Vil

o(G) =

Thus, at any fixed frequency, the plant offers different
amplifications (o1—oy) for inputs of unit norm having
different directions (vi—vk). The largest gain for any
input direction is equal to the maximum singular value

_ 1GV4ll,
0G)=0,(G)=—F—7—, v; =0 (29)
I\ZUP
and the smallest gain for any input direction is equal
to the minimum singular value

GVl
0G)=0(C)=——7—, Vv, =0 (30)
- P

When the ratio of the maximum singular value to the
minimum singular value is very large, then the system
is said to have a large condition number, and the system
is ill-conditioned. That is, the condition number is given
by29

o[G(w)]
a[G(jw)]

For dynamical systems, the singular values and
associated directions vary with frequency. Evaluation
of these quantities in a frequency range corresponding
to the closed-loop bandwidth is of importance from the
perspective of closed-loop performance. The maximum
and minimum singular values are plotted similarly to
the plot of the Bode's magnitude for SISO systems.

From a control-relevant viewpoint, one could analyze
the characteristics of the minimum and maximum
singular values as follows: Let (o and ¢') and (o and ¢')
denote the maximum and minimum singular values of
the plant and the control-relevant model, respectively,
at any given fixed frequency. The problem of minimiza-
tion of the error between the maximum singular values
of the plant and the control-relevant model, as well as
between the minimum singular values, is a multiobjec-
tive optimization problem in the space of the filter
parameters. Because the low-gain directions are rela-
tively more important in feedback control,3931 this
problem can be formulated as a weighted optimization
problem with relatively higher weights accorded to the
matches in the low-gain directions as

Y(G(iw)) = (31)

min[w, (@ — &)° + w,(o — ¢')°] (32)

The above minimization has to be carried out at each
frequency in the control-relevant band, and it can be
carried out iteratively in the space of the prefilter
parameters. However, this requires the assumption of
a plant proxy, as was done by Li and Lee.?223 The role
of accurate characterization of the low-gain direction in
a feedback control context was emphasized by Jacobsen
and Skogestad3%3! and Skogestad and Morari.32 Fur-
thermore, evaluation of the estimated gain directionality
was also discussed in Andersen and Kummel.2334 In this
paper, because the control-relevant prefilter is designed
on the basis of the control-relevant parameter estima-
tion problem with the objective of minimization of the

control error, we examine the role of the prefilter only
in the accurate characterization of the gain direction-
ality. By means of an illustrative example, we also show
that imposing the requirement of steady-state gain
match (in section 6) as an addition to the control-
relevant parameter estimation problem does indeed
result in a more accurate characterization of the high-
and low-gain directions, at least in the control-relevant
region.

In the control-relevant model estimation method
proposed in this paper, even though it is based on a
MISO structure, the data are still collected by simul-
taneous uncorrelated perturbations of all of the inputs.
Moreover, the weighting of the data by control-relevant
prefilters results in a good match of both the low- and
high-gain directions of the model with the true plantin
the control-relevant frequency band. This is illustrated
by the singular-value plot of the true plant and the
control-relevant model as a function of frequency,
presented in section 6. This match can be attributed to
the filtering of the input/output data by the two prefil-
ters designed for each channels, similarly to low-pass
filtering of the closed-loop data, as was shown by
Andersen and Kummel .24

5. Overview of Proposed CRI Procedure for
2 x 2 Systems

The proposed method for control-relevant model
estimation of 2 x 2 system is summarized in this
section.

1. To achieve good estimation in the MISO frame-
work, the inputs must be uncorrelated. For this purpose,
a set of signals corresponding to an uncorrelated se-
guence, such as a pseudorandom binary sequence
(PRBS) or an inverse repeat sequence (IRS), with a
length equal to 2.5 times the settling time of the process,
is used as perturbation inputs for the two channels of
the plant to be modeled, and the plant input/output data
are recorded. These perturbation inputs are designed
on the basis of a priori knowledge of the dynamics of
the plant, as specified in refs 12, 18, and 21. The
prefilters f11(z) and f21(z), which must be used for the
CRI of the direct and interacting branch elements of the
plant associated with the first loop of the MISO struc-
ture are synthesized as follows:

2. The IMC filter associated with the feedback con-
troller of the first channel is defined as

B (1 — efTs/Tcll)Z
—Ts/ten

fimcl(z) - s —e

where T is the sampling time chosen and 7, is the
desired speed of response for the first channel.

3. The terms appearing in egs 19 and 20 are initial-
ized as

o 1
7)=—F—
pll( ) ,— e_Ts/Tdoml
. 1
12 7z — efTs/Tdoml

1(2) =2 i, (2)

where nk is the delay in the number of sample units in
the estimated models, which is assumed to be unity.
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Figure 14. Schematic of control-relevant identification with
steady-state gain match of channel 1 elements of MIMO systems.

Tgom1 IS the open-loop dominant time constant as
measured from the channel 1 output, obtained from the
step test on the system.

4. The noise model is initialized according to the
model structure used to fit the model. It is taken as
unity for the output error (OE) model structure, and in
the case of an ARX model structure, it is initialized as

z
—Ts/Tdom1

P, (2) =
Z—e€

5. The signals (r; — d1)(z), uz(z), and v,(z) are assumed
to be step-type signals.

6. According to the above steps, prefilters fi1(z) and
f21(z) are obtained using eqs 19 and 20. The inputs are
filtered by the respective prefilters, and the plant is
perturbed with these prefiltered signals as inputs, as
shown in Figure 6. (Channel 1 is shown only for
illustration.) A discrete MISO model having a first-order
with unit delay structure is fitted to the resulting inputs
and the output in channel 1 of the system (that is, Uy,
Uzf, and yiy).

7. A similar approach is followed, and the control-
relevant models for the direct and interacting branch
elements associated with channel 2 are estimated.

8. Thus, the control-relevant model of the plant is
obtained by combining the two MISO control-relevant
model sets estimated.

By extending the methodology proposed in section 3,
the control-relevant model with steady-state gain match
can be obtained for the MIMO system. The methodology
is described in the following steps, again for the case of
2 x 2 systems:

1. The prefilter expressions f11(z), f21(z) and fi2(2),
f22(z) for each of the channels are obtained as per the
above procedure.

2. The shifted versions of the regular inputs to the
two channels are generated. These shifted versions of
the regular perturbation inputs are passed through an
appropriately designed first-order Butterworth low-pass
filter (Ipf1) with a cut-off frequency in the range of 1072
to 10 rad/s. These low-pass-filtered, shifted versions
of the regular perturbation inputs are superimposed on
the regular inputs of the respective channels filtered by
the prefilters f11(z) and f,1(z), respectively, as shown in
Figure 143. The resulting inputs to the plant and the
output in channel 1 of the plant (U11s, U215, and yi15) are
recorded.

4. Similarly, both inputs are filtered by prefilters
f12(z) and f,2(z) corresponding to the second channel. The
shifted versions of each of the regular inputs are filtered
with a second first-order digital Butterworth low-pass
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Figure 15. Schematic of control-relevant identification with
steady-state gain match of channel 2 elements of MIMO systems.

filter (Ipf2) with a cut-off frequency in the range of 1072
to 107* rad/s. The prefiltered and low-pass-filtered
signals of the respective channels are superimposed, and
the plant is perturbed again with the resulting signals,
as shown in Figure 15.

4. The corresponding inputs and output for channel
2 (U12r, Ugop, and yop) are recorded.

5. A discrete MISO model having a first-order with
unit delay structure is fitted for each combination of
input/output data specified above.

6. The MISO models thus obtained are suitably
combined to generate a model of the given 2 x 2 system.
The resulting model is expected to exhibit a good match
of the steady-state gain of each of the model elements
with that of the true system, in addition to having a
minimum mismatch with the true plant dynamics in
the control-relevant frequency band.

6. Simulation Results

In the following subsections, the proposed methods
for the MISO-structure-based control-relevant identifi-
cation of MIMO systems and the steady-state gain
match of the estimated control-relevant models are vali-
dated by application to two 2 x 2 illustrative examples.

6.1. Paper Machine Problem. The paper machine
control design problem given in ref 35 is used to validate
the proposed method for the CRI of a 2 x 2 system. The
state space model of the plant is derived from the plant
dynamical equations. The parameters of the state space
model are as follows

02 011 01
x=[-0050 0 |x+]|007]|u
0 0o -1 10
_[roo0],
Y=lo1o0

From the open-loop step response of the system, the
longest settling time is measured as 175 s, and the
corresponding dominant time constant is 75 s. On the
basis of the relative gain array (RGA) analysis, the
pairing of controlled and manipulated variables for
control is chosen as (1, 1) and (2, 2). The specifications
for the closed-loop speeds of response are chosen to be
2 s for channel 1 and 8 s for channel 2. In accordance
with these specifications, the sampling time is chosen
as 0.2 s (one-fifth to one-tenth of the fastest closed-loop
speed of response), and with these known specifications,
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the control-relevant models are estimated according to
the steps given in section 5. The nominal model for the
same system is also estimated directly by fitting MISO
models to the input/output data. The magnitude re-
sponse of all four transfer function matrix elements of
the direct estimated and control-relevant models are
plotted along with those of the true plant elements in
Figure 16. A good match between the true plant dynam-
ics and the dynamics of the control-relevant model is
exhibited in the control-relevant frequency band, when
compared with that of the direct estimated nominal
model. Plots of the singular values of the control-
relevant model, direct estimated model, and the true
plant are shown in Figure 17. A good match of the
minimum and maximum singular values of the control-
relevant model with those of the true plant can be seen
in the control-relevant frequency range. The closed-loop
simulation results obtained using IMC-based decoupled

time in seconds

Figure 18. Closed-loop tracking performance comparison: —,
direct estimated nominal model; — — —, control-relevant models.

multiloop control with the control-relevant model and
the direct estimated nominal model are shown in Figure
18. The closed-loop performance obtained from the
control-relevant model-based system is better as per
specifications, when compared with that obtained using
the direct estimated model.

With the same experimental conditions, the above
procedure is also carried out with the reverse pairing
of controlled and manipulated variables. Whereas the
direct estimated model-based system exhibited unstable
closed-loop performance, the control-relevant model-
based system performance was similar to the perfor-
mance obtained with the original pairing.

6.2. Example 2: Results on Steady-State Gain
Match. In the following subsection, the results obtained
from the control-relevant estimation of a MIMO system
with a steady-state gain match requirement are pre-
sented. A good match of both of the singular values of
the resulting control-relevant model with steady-state
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gain match with those of the true plant is illustrated
here at steady state (zero frequency), as well as in the
control-relevant frequency range, which ensures that
the proposed method estimates a model that captures
both the high- and low-gain directionalities of the plant
very well. The following MIMO system is considered for
an illustration of the method

P(s) =
2s+1 -1-08
50s® + 6552 + 165 + 1 50s° + 65s% + 165 + 1
1+06 s+ 10

80s® + 100s? + 30s + 1 80s® + 100s? + 30s + 1

The open-loop step response yields settling times of
44 s for channel 1 and 106 s for channel 2. The open-
loop plant has dominant time constants of 25 s in
channel 1 and 58 s in channel 2. The steady-state gains
of the plant elements are given by the gain matrix Gp

1 -o0s8
Gp_[o.a 10 ]

With a sampling time of 0.4 s and desired closed-loop
specifications of 2 s for channel 1 and 4 s for channel 2,
the models are estimated using input/output data and
prefiltered data and with the proposed method for the
steady-state gain match requirement. The steady-state
gains of the direct estimated model Gd, control-relevant
model Gcr, and model with steady-state gain match Gss
are given as follows

1.6078 —0.8207
1.1636 2.5673

Ger — |1:8759 —1.467 |
" [1.9601 34.4323

Gss — 1.0363 —0.8138
0.6166 10.1866
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Figure 20. Singular-value comparison for example 2: —, true
plant; —-—-— , control-relevant model without steady-state
match; - - -, control-relevant model with steady-state match;

— — —, direct estimated model.

The amplitude ratio plots of the individual elements
of the three models are compared with those of the true
plant elements as shown in Figure 19. The frequency
response of the control-relevant model having the
steady-state gain match exhibits good agreement with
the plant at low frequencies, as well as in the control-
relevant frequency range. This highlights the fact that
the signal design procedure developed in section 3
supplements the filter design procedure developed in
section 2. The singular values of the three models and
the true system are plotted in Figure 20. This figure
shows that the control-relevant model without steady-
state gain match exhibits a good match of its singular
values with those of the true system at the closed-loop
frequency band of interest. However, the control-
relevant model with the steady-state gain match re-
quirement exhibits a better match of its singular values,
especially the minimum singular value, with those of
the true plant not only at the control-relevant frequency
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example 2.

band but also at zero frequency. The closed-loop per-
formances obtained using the control-relevant models
with and without steady-state gain match requirement
are shown in Figure 21. It is observed from this figure
that the control-relevant model with steady-state gain
match does exhibit marginally better control perfor-
mance than the control-relevant model without steady-
state gain match. Although the present illustration does
indicate the role of the steady-state gain match in
achieving an accurate characterization of the low-gain
directionality, it does not adequately justify the im-
provements in control that result from this character-
ization. The significance of the steady-state gain match,
importantly when the specifications are tight, is il-
lustrated in section 3. Issues related to the proposed
steady-state gain matching methodology in accurately
characterizing the gain directionality and their role in
enhancing the feedback control performance are cur-
rently under investigation. Finally, one of the key
assumptions made during the derivation of the prefilter
was that the magnitude of the product nen, is smaller
than 1 at all frequencies. As stated in remark 4, it is
possible to verify this assumption for the simulation
case. Figure 22 shows the magnitude plot of the product
nem as a function of frequency for the two channels,
respectively. It can be seen that the magnitude of the
product is substantially smaller than 1 at all frequen-

cies, thus justifying the assumption made in the pre-
filter derivation.

7. Conclusions

The prefilter-based control-relevant identification
scheme of SISO systems is extended here for n x n
systems. Once the pairing of manipulated and controlled
variables is done, the system is decomposed into n MISO
subsystems. The interaction from all other channels is
treated as a measured structured disturbance on each
of the loops. With this consideration, the method
proposed by Rivera and Gaikwad'>~7 for the control-
relevant estimation of SISO systems for combined feed-
forward/feedback control is extended here for the CRI
of multivariable systems. In addition, a method to
achieve the steady-state gain match of the control-
relevant models with that of true plant is also proposed.
The methods are seen to work satisfactorily on various
case studies.

The validity of the methods is demonstrated by
application to different problems of varying complexity.
As the control-relevant identification method proposed
here is based on partitioning the n x n system into n
MISO subsystems with appropriate disturbance trans-
fer functions, the validity of the approach is also
therefore critically dependent on the nature of decou-
pling that is employed. This issue needs to be further
analyzed. Also, the control-relevant model estimated
using the proposed approach of fitting to the prefiltered
data is shown to exhibit good matches of both the
maximum and minimum singular values over the
frequency range of relevance from closed-loop perfor-
mance. The method can be extended to systems having
more than two inputs and outputs in a relatively
simpler way by considering the interaction of various
branches on the particular single-loop system properly
as additive measured structured disturbances and by
superimposing different interacting branch elements.

The methodology proposed here to obtain a control-
relevant model with steady-state gain match is based
on the addition of an appropriately scaled shifted
version of the regular perturbation signal passed through
a low pass filter, to the prefiltered regular perturbation
signal. The same technique is extended to estimate
MIMO systems with steady-state gain match. In the
case of MIMO systems, it is observed that the control-
relevant model with steady-state gain match accurately
captures the low-gain direction characteristics of the
true plant not only in the control-relevant frequency
band, but also at the low-frequency (steady-state) condi-
tion. This is an added advantage of the proposed method
over conventional MISO estimation routines. A system-
atic approach such as the use of multifrequency input
signals3®® that suitably biases the model to reflect the
control-relevant as well as lower-frequency (steady-
state) properties of the plant will be the focus of further
study.
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