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Financial Math
The area of finance has lots of formulas and methods for deriving what will happen to your money when invested, and in turn gives information on how to intelligently invest your money. There are many formulas simply and complexly derived. Prt,† will calculate the amount of interest paid on an investment P with interest rate r over a period of time t. PR-t=PV will calculate the present value PV for any given Principle, interest rate, and/or time.
0.


To find the formula for the sum of any geometric series, a, all terms in the series must be canceled out except for the terms a1(first term), r (common ratio), and n (total number of terms). A typical geometric series can be represented by a=a1+a1r+a1r2+...+a1rn-1+a1rn. To cancel out terms, the equation must be subtracted from an equivalent equation. If both sides are multiplied by r, the second equation becomes ra=a1r+a1r2+a1r3+...+ a1rn-1+a1rn. When a is subtracted from ra, 
ra-a= a1r+a1r2+a1r3+...+ a1rn-1+a1rn -( a1+a1r+a1r2+...+a1rn-1+a1rn), it becomes 
(r-1)a=-a1+a1rn. Both sides are divided by (r-1) to yield 
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.When the a1 is factored out, the equation becomes a=
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, which simplifies to 
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. If this is multiplied by -1/-1, the same thing as multiplying it by 1, it becomes
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To justify the formula for 
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: A typical arithmetic series can be represented using the variables a1 (first term), n (total number of terms) and d (common difference) with the expression a1+(a1+d)+...+(a1+(n-2)d)+(a1+(n-1)d). a1+d is the second term 
(a1+d-d=a1). (a1+(n-1)d) represents the penultimate term because the difference is added to the first term n-1 times. (a1+(n-2)d) represents the antepenultimate term because ((a1+(n-1)d)-(a1+(n-2)d)=d. If the order of the terms in the series is reversed, its sum remains the same. If each term in the reversed series is added to each term in the original series, the sum will equal twice the sum of the original series. When this is done, 2a=(a1+(a1+(n-1)d))+((a1+d)+(a1+(n-2)d))+...+((a1+(n-1)d)+(a1+d))+((a1+(n-1)d)+a1). Incidentally, each term in 2a is equal to a1+(a1+(n-1)d) or a1+an. Because each term in 2a is the same, 2a=n(a1+an). Dividing 2a by 2 yields the sum of a which is found to be 
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1.


Part a is an arithmetic series with d=$.50. a1+d(n-1)=an, so 50+0.5(20-1)=a20. a20 is found to be $59.50, so this can be plugged into the arithmetic formula and it seen that (50+59.5)/2*20=$1095 is earned after 20 weeks.


Part b is a geometric series with the rate being equal to 1% (1.01) and the starting value being equal to $50. If this is plugged into the geometric mean formula, 
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it becomes 
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 or $1100.95.

2. 


The numbers in the rightmost column are decreasing because the # of years of interest column is decreasing. The less amount of time the money has spent in the bank, the lower the amount of total interest it will collect.


Following a1rn-m, the formula becomes 500*1.0621-m, where m is the investment number. The value of n is 21 rather than 20 because 21-m represents the number of years of interest to be compounded, and 20 years are compounded on the first investment.

These numbers are a geometric series. $500 represents the principal investment, or the first number in the series (a1). The common ratio is the interest rate, 1.06%. The amount of time that each investment will be invested for ranges from 20 years (the first investment made in 2005 to the rainy day in 2005) to 0 years (the value of $500 invested in 2025 is $500). The formula for the compounded interest of a given year is the formula for am of a geometric series containing all the years of investment, thus the interest formula 500*1.0620 can be plugged into the geometric mean formula to yield 
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or $18,392.80.
3.

To generalize 2b by replacing numbers with variables, it becomes p(1+r)t (the compound interest formula) , where p is the principal investment, r is the interest rate, and t is the amount of years in the future. This formula works because it multiplies the principal investment by 1 plus the rate a total of t times. The reason that 1 is added to the rate is because just multiplying your principal by the interest rate gives you the interest paid. If 1 is added to it, it gives you the total amount of money: your interest paid plus the initial investment. (1.00=100%). 
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is the formula for the future value of the stream of payments. P, r, and t have their same values from before. The formula works because the interest formula for the future value of one investment in a series, a, is the formula of am of the series. Because the principal is the same each year, interest paid each year can be represented as a product of the rate to the power of time and the first term in the series, which is the principal. This is the same way that a term is represented in a geometric series. Because each interest formula is represented the same way as a term in a geometric series, the sum of a geometric series formula can find the sum of a stream of investments.
4. 
This question gives a sum, a rate, and a time period, but asks for a principle, so it can be solved using the formula justified in 3. Using your known values for sum, rate, and time period, the equation becomes
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. When the equation is solved for p, it shows that the principle is equal to $2501.82.
The answer is not $6000 per year(150000/25). This would be the answer if you were independently saving without a bank and not getting paid interest.

This question gives the principle, sum, and time period, but not a rate, so it can be solved for the rate, r, using the same formula. The equation becomes 
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 and when it is solved for r, it shows that r is approximately 1.081749, so the interest rate is approximately 8.175%.

5.


The debt accrues interest in the same way that a principal investment accrues interest, so via the interest formula, replace principal with debt, d, d=170000*1.07530=$1488342.38. This tells us that the present value of the debt is $170000 and its future value is $1488342.38.

For the next problem, you know the sum of the future values of your annual investments, the interest rate, the amount of time you have to achieve the future value, and you need to find the principal. The geometric series formula can be used to yield the equation 
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and when solved the principal is found to be $14394.11.

6.

You know the rate, total, and interest and you must find a principle. There is only one initial investment, so they interest formula can be used to yield the equation p*1.064=1000 and principal=$7920.94.
7. 


When the known values are plugged into the interest formula, P*I18=85000 is the result. When solved for P, it is found to be
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. Using the interest formula yields the future value from the present value. When it is solved for present value, the result is the future value divided by the interest rate to the power of time. This makes sense because the interest rate is multiplied by the amount of time the investment is made for to determine how much interest it accrues, so to go the opposite direction in time, it is logical to divide the future value by the interest accrued by the present value to get the present value. 
8.


The principle and the time are not known, but the total future value (500000) and interest rate (7.5%, 1.075, or 43/40) are, so the present value can be calculated. When subbed into PV=
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As m increases am decreases because the more years you have to accrue interest, the smaller your principle investment may be. Mathematically this makes sense because am is a function of exponential decay (A constant multiplied by a constant less than 1 raised to a power greater than 1).


The net present value can be calculated by using the geometric series formula. The rate is 7.5%, the time period is 20 years, and the future value is 50000 dollars. Because the calculation is based on future value and not present value, the inverse of the interest rate is used because the number is going down, not up, so the interest rate must be between 0 and 1. The resultant formula is 
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9. 


The present value of the first payment is equal to the future value of all other present values, as demonstrated in 8. This creates the equation PV*rt=FV. When solved for PV it is found to equal
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10.

The formula for #8a is 
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. For any term y=ax| 0 < a < 1, y will approach 0, so the limit for the formula of #8 is 0. As x approaches ∞ y approaches 0 because the more times a number between 1 and zero is multiplied by itself, the smaller it gets, because multiplying any number by a number between 0 and 1 will yield a smaller number because x*a|0 < a < 1 = 100a% of x, and 100a is always less than 100. The extra term 500000 does not affect the limit, as 500000*0 is still 0. Conceptually this makes sense: As n goes up, an goes down, because there is a longer amount of time to achieve the same goal (principle) so they initial investment can be smaller. an can never become negative because there is no such thing as negative money because money is a unit of currency and units cannot be negative.

None of my findings were very surprising. Present value was an interesting new concept that I learned about, as I have never really thought about what I will have in the future in terms of what I have now. It also brought up the question of how to factor in rates of inflation. All of this was very relevant as it explained common financial actions that take place all the time and that I may be engaged in in the future. It is also helpful to know how to pay off debts over a long period of time with minimal investment. It was very interesting to discover than present value is calculated by treating future value as a principal, and then multiplying it by the inverse of the interest rate to the power of time. 
† When the formula Prt is used, it is assumed that the variable r represents 1+interest rate.
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