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Let  the integral equation for the unknown function φ (x) be 

             ∫  K(x,y) φ (y) dy =  f(x)  , ( 0 ≤  x ≤ 1)           (1)
(the integral over y goes from 0 to 1.) 

with kernel

K(x,y)  = (1-x) y                           (  0  ≤y ≤  x ≤ 1 )          (2) 
             =x(1-y)                             ( 0  ≤ x  ≤ y ≤  1)     .
The kernel is symmetric K(x,y)=K(y,x) and also
K(0,y)=K(1,y) =0 .
Notice that f(x) is not totally arbitrary but must  satisfy the end point values dictated by the nature of the kernel,

f(x=0) = ∫  K(0,y) φ (y) dy = 0   and                                  (3)
f(x=1) = ∫  K(1,y) φ (y) dy =0  .
The analytical solution is given in ref .1  in terms of the inifinite sum

φ (x)  = ∑∞ n=1 an λn { 21/2 sin ( nπx) }                            (4)

with   an  = 21/2 ∫ f(x) sin(nπx) dx      (  0 ≤  x ≤ 1 )     
and λn =(nπ)2 .
The above method presupposes that the integral eigenvalue equation 
        φ (y)  =  λ   ∫  K(x,y) φ (y) dy                               (5)

has been solved.
The purpose of this note is to bypass the solution of  (5) and  solve (1) directly using an arbitrary basis , a set (not orthogonal)  different from the eigenfunctions of the kernel.
The basis set has to satisfy the BC if any required by the Kernel upon both the function f(x) and the eigenfunctions φn (x). These are given in eq (3).
Let  { un (x) } be the basis set and 

The  function φ (x) is expanded in terms of { un (x) }

      f(x) =  ∫  K(x,y) { ∑ cn un (y) } dy                                . (6)
multiplying by each un (x) and integrating yields a system of n-linear equations for the coefficients  c1 , c2 ....cn  . We have
bi ≡  ∫  f(x) un (x) dx = ∫  K(x,y) { ∑ cn ui (x) un (y) dxdy },

                        (  0 ≤  x ≤ 1 )     , (  0 ≤  y ≤ 1 )                  .  (7)  

The system (7) constitutes n linear equations for n unkown coefficients cn.
                      ∑n  K i n cn   =  bi  ( i=1,2,…n)             .          (8)

After solving for cn    the approximate solution to the integral equation is obtained as

                       φ (x)  = ∑n=1 cn un (x)                               . (9)
Example: Let f(x) = x*(1.-x) and use a basis set of only two elements

u1 ( x) = x(1-x)2   ,  u2 (x) = x2 (1-x)                                                     
   The elements b i , K i j  , and the solution c1 , c2 re given below. 
  b1,b2=    0.167E-01    0.167E-01

 kxy(i,j)=

     0.866E-03   0.813E-03

   0.813E-03   0.880E-03

 coef(1),coef(2)=   16.5186749  3.67192388   

The columns from left to right are , x , ∫  K(x,y) { ∑ cn un (y) } dy ,

f(x)=x(1-x) and  , φ (x)  = ∑n=1 cn un (x ) , respectively .
x,fnum,f(x),phi    0.000E+00    0.000E+00    0.000E+00    0.000E+00

x,fnum,f(x),phi    0.500E-01    0.471E-01    0.475E-01    0.754E+00

x,fnum,f(x),phi    0.100E+00    0.923E-01    0.900E-01    0.137E+01

x,fnum,f(x),phi    0.150E+00    0.134E+00    0.127E+00    0.186E+01

x,fnum,f(x),phi    0.200E+00    0.171E+00    0.160E+00    0.223E+01

x,fnum,f(x),phi    0.250E+00    0.203E+00    0.188E+00    0.250E+01

x,fnum,f(x),phi    0.300E+00    0.228E+00    0.210E+00    0.266E+01

x,fnum,f(x),phi    0.350E+00    0.247E+00    0.227E+00    0.274E+01

x,fnum,f(x),phi    0.400E+00    0.259E+00    0.240E+00    0.273E+01

x,fnum,f(x),phi    0.450E+00    0.264E+00    0.248E+00    0.266E+01

x,fnum,f(x),phi    0.500E+00    0.263E+00    0.250E+00    0.252E+01

x,fnum,f(x),phi    0.550E+00    0.255E+00    0.248E+00    0.234E+01

x,fnum,f(x),phi    0.600E+00    0.242E+00    0.240E+00    0.211E+01

x,fnum,f(x),phi    0.650E+00    0.223E+00    0.227E+00    0.186E+01

x,fnum,f(x),phi    0.700E+00    0.199E+00    0.210E+00    0.158E+01

x,fnum,f(x),phi    0.750E+00    0.172E+00    0.188E+00    0.129E+01

x,fnum,f(x),phi    0.800E+00    0.141E+00    0.160E+00    0.999E+00

x,fnum,f(x),phi    0.850E+00    0.108E+00    0.127E+00    0.714E+00

x,fnum,f(x),phi    0.900E+00    0.727E-01    0.900E-01    0.446E+00

x,fnum,f(x),phi    0.950E+00    0.366E-01    0.475E-01    0.205E+00

x,fnum,f(x),phi    0.100E+01    0.000E+00    0.000E+00    0.000E+00
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Fig 1. f(x) =x*(1.-x)
Second example : Let f(x) =sin(πx) , then
b1,b2=    0.645E-01    0.645E-01

 kxy(i,j)=

     0.866E-03   0.813E-03

   0.813E-03   0.880E-03

 coef(1),coef(2)=   65.9626999  12.3322268
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fig 2. f(x) =sin( πx)  .
FORTRAN code

c integral eq f(x)=$ K(x,y) u(y) dy       , 0<=x<=1

      real kernel ,kxy

      dimension kxy(4,4),b(4),coef(4)

      data nstep,nbasis/100,2/

      equivalence(dx,dy)

c      u1(x)=sqrt(2.)*sin(pi*x)

c      u2(x)=sqrt(2.)*sin(2.*pi*x)

      u1(x)=x*(1.-x)**2

      u2(x)=x**2*(1.-x)

      pi=2.*asin(1.)

      dx=1./float(nstep)

      sumb1=0.

      sumb2=0.

      do 10 i=1,nstep

      x=dx*float(i)

      sumb1=sumb1+(dx/2.)*(f(x)*u1(x)+f(x-dx)*u1(x-dx))

      sumb2=sumb2+(dx/2.)*(f(x)*u2(x)+f(x-dx)*u2(x-dx))

10    continue

      b(1)=sumb1

      b(2)=sumb2

      kxy(1,1)=0.

      kxy(1,2)=0.

      kxy(2,2)=0.

      do 30 i=1,nstep

      x=dx*float(i)

      do 30 j=1,nstep

      y=dy*float(j)

      kxy(1,1)=kxy(1,1)+dx*dy*kernel(x-dx/2.,y-dy/2.)*u1(x)*u1(y)

      kxy(1,2)=kxy(1,2)+dx*dy*kernel(x-dx/2.,y-dy/2.)*u1(x)*u2(y)

      kxy(2,1)=kxy(1,2)

      kxy(2,2)=kxy(2,2)+dx*dy*kernel(x-dx/2.,y-dy/2.)*u2(x)*u2(y)

30    continue

      print 100,b(1),b(2)

      print*,'kxy(i,j)='

      print 150 ,((kxy(i,j),j=1,nbasis),i=1,nbasis)

      call syslinear(nbasis,b,kxy,coef)

      print*,'coef(1),coef(2)= ',coef(1),coef(2)

      print*,'  '

      call test(pi,dx,nstep,coef,fx)

100   format(1x,'b1,b2=',2(3x,e10.3))

150   format('  ',2(2x,e10.3))

      stop

      end

      function f(x)

      f=x*(1.-x)
      return

      end

      function kernel(x,y)

      real kernel

      if(y.le.y)kernel= (1.-x)*y

      if(x.le.y)kernel=x*(1.-y)

      return

      end

      subroutine syslinear(nbasis,b,kxy,coef)

      real kxy

      dimension kxy(4,4),b(4),coef(4)

      do 10 i=1,nbasis

      coef(i)=1.

10    continue

      niter=3

      do 20 i=1,niter

      coef(1)=(1./kxy(1,1))*(b(1)-coef(2)*kxy(1,2))

      coef(2)=(1./kxy(2,2))*(b(2)-coef(1)*kxy(2,1))

c      print*,'coef1,coef2=',coef(1),coef(2)

20    continue

      return

      end

      subroutine test(pi,dx,nstep,coef,fx)

      real kernel

      dimension coef(4)

c      u1(x)=sqrt(2.)*sin(pi*x)

c      u2(x)=sqrt(2.)*sin(2.*pi*x)

      u1(x)=x*(1.-x)**2

      u2(x)=x**2*(1.-x)

      g(x)=coef(1)*u1(x)+coef(2)*u2(x)

      dy=dx

      nx=10

      deltax=1./float(nx)

      do 10 i=0,nx

      x=deltax*float(i)

      fx=0.

      do 20 j=1,nstep

      y=dy*float(j)

      fx=fx+(dy/2.)*(kernel(x,y)*g(y) +kernel(x,y-dy)*g(y-dy) )

20    continue

      print 100,x,fx,f(x),g(x)

10    continue

100   format('x,fnum,f(x),phi',4(3x,e10.3))

      return

      end

