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The voltage or the current along a transmission line obeys the equation

∂2 u(x,t) /∂t2 +2a∂ u(x,t) /∂t +b u(x,t) =   c2 ∂ 2u(x,t)/∂ x2        (1)

; a ~ 1/time , b ~ 1/time2  , c ~ (length/time)  .
In the theory of electric transmission the telegrapher’s equation reads

LC ∂2 u(x,t) /∂t2 + (RC+LG) ∂ u(x,t) /∂t + RG u(x,t) =  

                                                                           ∂ 2u(x,t)/∂ x2      , 

where u is either voltage or current along the line and 

R ~ ohms/meter   , L ~ henry/meter ,  C~ farads/meter , G ~ 1/(ohms-meter).

Assume the cable length is L =π  , .i.e.      0 < x < π     , t  > 0.     
Let the initial and boundary conditions are
u(0,t)  =u(L,t) = 0                               (2-a)

u(x,0)=f(x)                                            (2-b)

∂ u(x,0)/∂t = g(x)                                                    . (2-c)    
We solve (1) by the forward difference method.

A brief explanation is given.
Visualize the problem in terms of a rectangular grid where X is the abscissa and T the ordinate. The grid is discretized in rectangles of  area ∆x ∆t. 
The first row ,from the bottom up , is given by the specification of u(x,0) .

The second row is obtained  using   ∂ u(x,0)/∂t = g(x) . One has

u(x, 0 + ∆t) = u(x,0) + ∆t (∂ u(x,0)

                    = f(x) + ∆t g(x)                                   .  (3)
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Fig 1. Mesh points of the grid. The value u(i,j+1) is calculated using u(i-1,j) , u(i,j), u(i+1,j) and

u(i,j-1) .

From the third row and up we use the forward difference approximation

u(x,t) = 2*u(x,t-∆t) –u(x,t-2∆t)                                          
      + (∆t)2 { -2a (u(x,t-∆t) –u(x,t-2∆t) )/∆t  -b u(x,t-∆t)
                     + c2[u(x+∆x,t-∆t)-2u(x,t-∆t) +u(x-∆x, ,t-∆t)]/(∆x)2  } .  (4)
The stability problem is related to the factors multiplying the term u(x,t-∆t).
The sum of these factors is ,  
2- 2a∆t - (∆t)2 b - 2c2(∆t)2 /(∆x)2  . Assuming that they are small implies that
               a∆t  +  (∆t)2 b/2 + c2(∆t)2 /(∆x)2  << 1        .                           (5)
A balancing act is necessary to achieve the above inequality. The key term here is c2(∆t)2 /(∆x)2  .
We demand              c2(∆t)2 /(∆x)2  << 1  or

                                  c(∆t) /(∆x) << 1  

The wire of length π meters provides a scale of length , so evidently   
 ∆x  << L =π . For example if we adopt 100 steps , ∆x  =π/100.

Accordingly one  has to select ∆t << ∆x /c  and hope that (5) is satisfied.
[image: image2.emf]An initial square pulse grounded at the end points 

-1.50E+00

-1.00E+00

-5.00E-01

0.00E+00

5.00E-01

1.00E+00

1.50E+00

0.00E+00 5.00E-01 1.00E+00 1.50E+00 2.00E+00 2.50E+00 3.00E+00 3.50E+00

X

u(x,t)

t=.2 s

t=2. s

t=4. s


Fig 1 . Arbitrary values a=5./s ,b=.1/s2 ,c= 1 m/s. The initial pulse is 

is  f(x) =1.  , x ≤ π/2   ,  f(x) =-1 , x > π/2 . Initial speed g(x,0)=0.  
FORTRAN code

c telegrapher's equation 10 febrero, 2009

      dimension uzero(0:200) ,uone(0:200),utwo(0:200)

      data a,b,c,nstep /5.,.1,1.,100/

c      f(x)=sin(x)

      g(x)=0.

      pi=2.*asin(1.)

c transmission line length w length

      wlength=pi

      dx=wlength/float(nstep)

      dt=.1*dx/c

      tsmall=amin1(1./a,1./b**.5,wlength/c)

      tlarge=amax1(1./a,1./b**.5,wlength/c)

      tf=1.*tsmall

      nt=int(tf/dt)

      factor=a*dt + dt**2*b/2. + c**2*dt**2/dx**2

      print*,'factor ,tsmall,tlarge=',factor,tsmall,tlarge

      print*,'nt,tf,dt,dx=',nt,tf,dt,dx

      print*,'  '

c intial values of u (0-th row and 1 st row )

      do 30 i=1,nstep-1

      x=dx*float(i)

      uzero(i)=f(x)

      uone(i) =uzero(i) + dt*g(x)

30    continue

c do 10 is the time loop using forward difference

      do 10 j=1,nt

      kp=int(float(nstep)/10.)

      kount=kp

      t=dt*float(j)

      uzero(0)=0.

      uone(0)=0.

      uone(nstep)=0.

      uzero(nstep)=0.

      do 20 i=1,nstep-1

      x=dx*float(i)

      utwo(i)= 2.*uone(i) -uzero(i)

     $ +dt**2*(-2.*a*(uone(i) -uzero(i))/dt  -b*uone(i)

     $ + c**2*(uone(i+1)-2.*uone(i) +uone(i-1))/dx**2  )

      if(i.eq.kount)then

c      print*,'x,utwo=',x,utwo(i)

      kount=kount+kp

      endif

20    continue

      utwo(0)=0.

      utwo(nstep)=0.

c changes new and old

      do 50 i2=0,nstep

      uzero(i2)=uone(i2)

      uone(i2)=utwo(i2)

50    continue

10    continue

      do 40 i=0,nstep,5

      x=dx*float(i)

      print 100,t,x,utwo(i)

40    continue

100   format(1x,'t,x,u(x,t)=',3(3x,e10.3))

      stop

      end

      function f(x)

      pi=2.*asin(1.)

      if(x.le.pi/2.)f=1.

      if(x.gt.pi/2.)f=-1.

      return

      end

