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The potential Ф is the solution of the Laplace equation

∂2Ф /∂ x2 + ∂2Ф /∂ y2 + ∂2Ф /∂ z2 = 0      in V          (1)

with prescribed boundary conditions 

 Ф(S)= f     in S      .

The Rayleigh –Ritz seeks a trial potential ψ that minimizes the integral
                     I = ∫ / grad ψ / 2 d V                            .       (2)

The function ψ is required satisfy the boundary conditions ,

i.e  ψ (S) = f     in S.

Eq (2) comes from the fact that

∫  grad (Ф -ψ ) ∙ grad (Ф -ψ )  d V   ≥ 0                        (3)

which leads to 

∫ / grad ψ / 2  dV  ≥  ∫ { 2 (grad ψ ) ∙ (grad Ф) – (grad Ф)2 } dV .
If  ψ→ Ф  ,

               ∫ / grad ψ / 2  dV   ≥  ∫ (grad Ф)2  dV ≥ 0

A solution is sought un terms of a finite  basis set   ν0 , ν1 … νn such that
                 ψ = ν0 (x,y,z)    + a1 ν1 … + a nνn(x,y,z)      (4)  

ψ must satsfy the BC.  One possible choice  is to let    ν0 = f  in S   and all others ν i = 0 in S. Then ψ (S) = ν0 ( S) = f  .    

The integral (2) becomes a functional of the coefficients a1 ,a2 …an .
                     I (a1 ,a2 …an ) = ∫ / grad ψ / 2 d V                . (5)

To minimize it take n partial derivatives and establish a system of n linear equations.     

           ∂ I / ∂ ai = 0      , i = 1,2…..n                                  .   (6)    

For example let’s start with the most simple expansion 

ψ = ν0     +  a1 ν1 , then , grad ψ  = grad ν0 +  a1 grad ν1 

I(a1)  = ∫{ (grad ν0)2 + 2 a1 (grad ν0)∙ (grad ν1) + (a1)2 (grad ν1)2} d V .   (7)   
∂ I/∂ a1=  ∫{  2  (grad ν0)∙ (grad ν1) + 2(a1) (grad ν1)2}  dV    = 0.     (8)
from which we get 

a1 = -   ∫ { (grad ν0)∙ (grad ν1) } dV/  ∫  (grad ν1)2  dV                .     (9)
 For m elements in the basis set  eq (5) is

I= ∫ { (grad ν0)2 + 2∑ am grad ν0 ∙ grad νm + 
2 ∑n ≠ m an grad νn ∙ am grad νm  +   ∑ (am grad νm)2  } dV     (10)
Taking the derivative with respect to ai and equating to zero gives  

∫ {grad ν0 ∙ grad νi + ∑m ≠ i grad νi ∙ am grad νm 
     + ai ( grad νi)2 } dV  =0                                                             . (11)
If ψ = ν0     +  a1 ν1 + a2 ν2  the system of equations would be 

  a1 ∫ (grad ν1)2  dV   + a2 ∫ grad ν1 ∙ grad ν2 dV    = - ∫ grad ν0 ∙ grad ν1 dV
  a1 ∫ (grad ν2) ∙ grad ν1 dV  + a2 ∫ (grad ν2)2 dV    = - ∫ grad ν0 ∙ grad ν2 dV

                                                                                                       .  (12)
Example . (From ref. 2 )
 Find the potential inside a rectangular trough along the Z axis (see figure)
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Fig 1. Rectangular trough.
The potential is a function of x and z.

Ф = Ф(x,y) .
The analytic solution applies the method of separation of variables.

Ф = X (x) Y(y)                   (13)

∂2Ф /∂ x2 + ∂2Ф /∂ y2  = 0 , leads to 

d2 X/dx2 = - d2 Y/dy2 = -a2                                                  .  (14)

The solutions will be of the form  

Ф(x,y)=(B1cos(ax) + B2sin(ax) ) ( A1cosh(ay) + A2 sinh(ay) )   . (15)
The values of the coefficients Ai , Bi ant the constants a2 are found applying 
the BC.  
Ф(0,y)=0 implies  that B1=0 . 
Ф(c,y)=0 implies  that sin ( ac) =0  ;  a n  = nπ /c  . 

Ф(x,0)=0 = B2sin(ax) *A1cosh(0)  , implies A1 =0.

The solution is obtained from the superposition

Ф(x,y) =  ∑ n Dn sin (an x) sinh (an y)    .

The coefficients Dn are obateined from the BC at y = d , where 

    Ф(x,d) = V0 = ∑ n Dn sin (an x) sinh (an d)   .    
multiplying by each sin (an x) and integrating leads to 

Dn = ∫V0 sin (an x) dx / {sinh (an d)  ∫  sin2 (an x) dx }  ,     0 ≤ x ≤ c .
The final answer is

    Ф(x,y) = (4 V0/π) ∑ n (1/n) sin (an x) sinh (an y)/sinh(nπd/c)    (15)
Our procedure is the same as outlined before except that the integrals are over two dimensions. We have in formulas  9-12  , dxdy  instead of dV.
Let         ν0 =x*(xf-x)*y/yf   ,    y < d                     (16)
               ν0  = V0                 ,      y=d   .    

 incorporating all the boundary conditions.

For ν1 , ν2  … νn  we can select  any function of the form

           νi  = f i (x,y)      with homogenous  BC.

One basis set   :   ψ(x,y) = ν0  + a1 ν1                       
For example let    
                         ν1 = sin (πx/c)*{exp(πy/d) –exp(πy/d) }  , (17)
and    one sets  ν1= 0 when  y= d    .                      

One obtains by numerical integration that   ( see FORTRAN code)

 ∫ grad ν0 ∙ grad ν1 dV  =  -0.102E+07
and that    ∫ (grad ν1)2  dV  = 0.186E+06  thus

             a 1 = -(-0.102E+07)/ .186E+06  =  5.47475052      . 
   The approximate expression for the potential is 

ψ(x,y) = ν0  + 5.47475052 ν1                     .                     (19)
The figure shows Ф(x= .5,y) from eq (15) and the Rayleigh Ritz result 

ψ(x=.5 ,y)  from eq (19).
[image: image2.png]


 Fig 1. Rayleigh Ritz approximation with ψ(x,y) = ν0  + 5.47475052 ν1  . 
Two  basis set   :   ψ(x,y) = ν0  + a1 ν1  + a2 ν2   
with     ν2(x,y) = x y ν1 (x,y) .
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Fig 2. Rayleigh-Ritz approximation with ψ(x,y) = ν0  + 5.47 ν1  -9.89E-3 ν2 .
In this example  a2 ν2   does not add much to 5.47 ν1 so another expression for ν2 is desirable.
   gama0i=   -0.10164E+07   -0.20299E+07

gij:

  0.18565E+06  0.37094E+06

  0.37094E+06  0.83847E+06

 a1=-gama0i(1)/gamaij(1,1)=  5.47475052

 a1,a2=  5.49452305 -0.00989580154

 x,y,phi,phiexact=    0.5000E+00    0.0000E+00    0.0000E+00    0.0000E+00

 x,y,phi,phiexact=    0.5000E+00    0.6571E-01    0.8281E+00    0.8077E+00

 x,y,phi,phiexact=    0.5000E+00    0.1314E+00    0.1665E+01    0.1624E+01

 x,y,phi,phiexact=    0.5000E+00    0.1971E+00    0.2518E+01    0.2458E+01

 x,y,phi,phiexact=    0.5000E+00    0.2629E+00    0.3398E+01    0.3319E+01

 x,y,phi,phiexact=    0.5000E+00    0.3286E+00    0.4313E+01    0.4215E+01

 x,y,phi,phiexact=    0.5000E+00    0.3943E+00    0.5272E+01    0.5158E+01

 x,y,phi,phiexact=    0.5000E+00    0.4600E+00    0.6286E+01    0.6157E+01

 x,y,phi,phiexact=    0.5000E+00    0.5257E+00    0.7365E+01    0.7223E+01

 x,y,phi,phiexact=    0.5000E+00    0.5914E+00    0.8520E+01    0.8369E+01

 x,y,phi,phiexact=    0.5000E+00    0.6571E+00    0.9764E+01    0.9607E+01

 x,y,phi,phiexact=    0.5000E+00    0.7229E+00    0.1111E+02    0.1095E+02

 x,y,phi,phiexact=    0.5000E+00    0.7886E+00    0.1257E+02    0.1242E+02

 x,y,phi,phiexact=    0.5000E+00    0.8543E+00    0.1416E+02    0.1403E+02

 x,y,phi,phiexact=    0.5000E+00    0.9200E+00    0.1590E+02    0.1580E+02

 x,y,phi,phiexact=    0.5000E+00    0.9857E+00    0.1780E+02    0.1775E+02

 x,y,phi,phiexact=    0.5000E+00    0.1051E+01    0.1989E+02    0.1991E+02

 x,y,phi,phiexact=    0.5000E+00    0.1117E+01    0.2219E+02    0.2231E+02

 x,y,phi,phiexact=    0.5000E+00    0.1183E+01    0.2472E+02    0.2499E+02

 x,y,phi,phiexact=    0.5000E+00    0.1249E+01    0.2751E+02    0.2798E+02

 x,y,phi,phiexact=    0.5000E+00    0.1314E+01    0.3058E+02    0.3132E+02

 x,y,phi,phiexact=    0.5000E+00    0.1380E+01    0.3398E+02    0.3508E+02

 x,y,phi,phiexact=    0.5000E+00    0.1446E+01    0.3773E+02    0.3931E+02

 x,y,phi,phiexact=    0.5000E+00    0.1511E+01    0.4188E+02    0.4407E+02

 x,y,phi,phiexact=    0.5000E+00    0.1577E+01    0.4647E+02    0.4944E+02

 x,y,phi,phiexact=    0.5000E+00    0.1643E+01    0.5155E+02    0.5549E+02

 x,y,phi,phiexact=    0.5000E+00    0.1709E+01    0.5717E+02    0.6225E+02

 x,y,phi,phiexact=    0.5000E+00    0.1774E+01    0.6339E+02    0.6975E+02

 x,y,phi,phiexact=    0.5000E+00    0.1840E+01    0.7029E+02    0.7796E+02

 x,y,phi,phiexact=    0.5000E+00    0.1906E+01    0.7792E+02    0.8675E+02

 x,y,phi,phiexact=    0.5000E+00    0.1971E+01    0.8637E+02    0.9586E+02

 x,y,phi,phiexact=    0.5000E+00    0.2000E+01    0.1000E+03    0.9987E+02
FORTRAN code

c Equations (Dover Publications) ,example from page 394

      dimension gamaij(4,4) , gama0i(4)

      dimension gradg0(3),gradg1(3),gradg2(3),gradg3(3)

      data v0,xi,xf,yi,yf /100.0,0.0,2.0,0.0,2.0/

      data nbasis,nstep  /2 ,700/

      pi=2.0*asin(1.0)

      dx=(xf-xi)/float(nstep)

      dy=(yf-yi)/float(nstep)

      epsi=.5*dx

      sum01=0.0

      sum02=0.0

      sum11=0.0

      sum12=0.0

      sum22=0.0

      do 10 ix=1,nstep

      x=xi+dx*float(ix)

      do 20 jy=1,nstep

      y=yi+dy*float(jy)

      xm=x-dx/2.0

      ym=y-dy/2.0

      gradg0(1)=(g0(xm+epsi,ym)-g0(xm-epsi,ym))/(2.0*epsi)

      gradg0(2)=(g0(xm,ym+epsi)-g0(xm,ym-epsi))/(2.0*epsi)

      gradg1(1)=(g1(xm+epsi,ym)-g1(xm-epsi,ym))/(2.0*epsi)

      gradg1(2)=(g1(xm,ym+epsi)-g1(xm,ym-epsi))/(2.0*epsi)

      gradg2(1)=(g2(xm+epsi,ym)-g2(xm-epsi,ym))/(2.0*epsi)

      gradg2(2)=(g2(xm,ym+epsi)-g2(xm,ym-epsi))/(2.0*epsi)

      sum01=sum01+dx*dy*(gradg0(1)*gradg1(1)+

     $ gradg0(2)*gradg1(2))

      sum02=sum02+dx*dy*(gradg0(1)*gradg2(1)+

     $ gradg0(2)*gradg2(2))

      sum11=sum11+ dx*dy*(gradg1(1)*gradg1(1)+

     $ gradg1(2)*gradg1(2))

      sum12=sum12+ dx*dy*(gradg1(1)*gradg2(1)+

     $ gradg1(2)*gradg2(2))

      sum22=sum22+ dx*dy*(gradg2(1)*gradg2(1)+

     $ gradg2(2)*gradg2(2))

20    continue

10    continue

      gamaij(1,1)=sum11

      gamaij(1,2)=sum12

      gamaij(2,1)=sum12

      gamaij(2,2)=sum22

      gama0i(1)= sum01

      gama0i(2)= sum02

      print 100 ,(gama0i(i),i=1,nbasis)

      print*,'   '

      print 110 ,((gamaij(i,j),j=1,nbasis),i=1,nbasis)

      a1= -gama0i(1)/gamaij(1,1)

      print*,'a1=-gama0i(1)/gamaij(1,1)=',a1

100   format(2x,' gama0i=',2(3x,e12.5))

110   format('gij:',2(/,1x,2(e12.5,1x)))

      jump=int(float(nstep)/30.)

      if(nbasis.eq.1)a2=0.

      if(nbasis.eq.2)call coef(gamaij,gama0i,a1,a2)

      call testlap(a1,a2,dx,dy,epsi,nstep,jump)

c % linear system see Palm III page 327

      stop

      end

      function g0(x,y)

      data v0,xi,xf,yi,yf /100.0,0.0,2.0,0.0,2.0/

      pi=3.1415

      g0=x*(xf-x)*y/yf

      if(x.eq.xi.or.x.eq.xf.or.y.eq.yi)g0=0.

      if(y.ge.yf)g0=v0

      return

      end

      function g1(x,y)

      data v0,xi,xf,yi,yf /100.0,0.0,2.0,0.0,2.0/

      pi=3.141593

      g1=sin(pi*x/xf)*(exp(pi*y/yf)-exp(-pi*y/yf))

      if(x.eq.xi.or.x.eq.xf.or.y.eq.yi.or.y.ge.yf)g1=0.

      return

      end

      function g2(x,y)

      data v0,xi,xf,yi,yf /100.0,0.0,2.0,0.0,2.0/

      pi=3.141593

      g2=x*y*g1(x,y)

      if(y.ge.yf)g2=0.

      return

      end

      subroutine testlap(a1,a2,dx,dy,epsi,nstep,jump)

      real lapphi

      data v0,xi,xf,yi,yf /100.0,0.0,2.0,0.0,2.0/

      external g0,g1,g2

      phi(x,y)=g0(x,y)+a1*g1(x,y)+a2*g2(x,y)

      print*,'a1,a2=',a1,a2

      pi=2.*asin(1.)

      mid=int(float(nstep)/4.)

      do 10 i=mid,mid,jump

      x=dx*float(i)

      do 10 j=0,nstep,jump

      y=dy*float(j)

      lapphi=(phi(x+dx,y)-2.*phi(x,y)+phi(x-dx,y))

     $/dx**2+(phi(x,y+dy)-2.*phi(x,y)+phi(x,y-dy))/dy**2

c      print*,'g0,g1=',g0(x,y),g1(x,y)

c      print 100 ,x,y,lapphi

c      print*,'g0,g1,a1*g1=',g0(x,y),g1(x,y),a1*g1(x,y)

      print 110 ,x,y,phi(x,y),phitext(x,y,xf,yf,v0,pi)

c      print*,' '

10    continue

      print 110 ,x,yf,phi(x,yf),phitext(x,yf,xf,yf,v0,pi)

100   format(1x,'x,y,del^2pphi=',3(3x,e10.3))

110   format(1x,'x,y,phi,phiexact=',4(3x,e11.4))

      return

      end

      function phitext(x,y,xf,yf,v0,pi)

      sinch(u)=(exp(u)-exp(-u))/2.

      sum=0.

      do 10 n=1,25,2

      argx=float(n)*pi*x/xf

      argy= float(n)*pi*y/yf

      argf= float(n)*pi*yf/xf

      sum=sum+(4.*v0/(float(n)*pi))*sinch(argy)*sin(argx)/sinch(argf)

10    continue

      phitext=sum

      return

      end

      subroutine coef(gamaij,gama0i,a1,a2)

      dimension gamaij(4,4) , gama0i(4)

      det=gamaij(1,1)*gamaij(2,2)-gamaij(1,2)**2

      a1=-gama0i(1)*gamaij(2,2)+gama0i(2)*gamaij(1,2)

      a1=a1/det

      a2=-gamaij(1,1)*gama0i(2) + gamaij(2,1)*gama0i(1)

      a2=a2/det

      return

      end

